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Abstract. During the past three decades, the generalized convolution has been interested in
research by international and domestic mathematicians. Moreover, mathematicians also apply
them in solving problems about integral equations, integro-differential equations, and so on.
Therefore, the study of generalized convolution is a hot topic. In this paper we introduce and
study the new generalized convolution of two functions f, g with the weight-function for the
Fourier cosine integral transform and Fourier sine integral transform. We prove the existence
of this new generalized convolution in the space L(R+).The essential factorization equality
with the appearance of two distinctive integral transforms namely Fourier cosine and Fourier
sine and some properties as noncommutation, disassociation which are different from other
forms of convolution of integral transform are proved. Finally, we apply this new convolution
in solving a system of integral equations of Toeplitz plus Hankel type and receive a solitary
solution in the closed form.
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Tom tat. Trong ba thap nién tro lai day, tich chap suy rong dwoc cac nha toan hoc quéc té va
trong nuGc quan tam nghién ciu. Pdng thoi cac nha toan hoc ciing tng dung chlng trong viéc
giai cAc bai toan vé phuong trinh tich phén, phuong trinh vi tich phan,... Vi vay, viéc nghién
ctu tich chap suy rong la van dé thoi sy. Trong bai bao nay, tich chap suy rong méi véi ham
trong d6i vai hai phép bién ddi tich phan Fourier cosine va Fourier sine dugc ching toi xay
dung va nghién ciu trong. Ching tdi chang minh sy ton tai cua tich chap suy rong méi nay
trong khdng gian L(R-). Pang thirc nhan tir hda cot yéu vai su ¢6 miat caa hai phép bién doi
tich phan khéc biét 1a Fourier cosine, Fourier sine va ham trong cing mot sé tinh chat khéc
nhu tinh khong giao hoan, tinh khong két hop khac véi céc tich chap cua mot phép bién doi
tich phan duogc phét biéu va ching minh. Cudi cuing 1a 4p dung tich chap suy rong méi duoc
xay dung dé giai hé phuong trinh tich phan kiéu Toeplitz-Hankel va nhan duoc nghiém dudi
dang dong.

Tir khoa: cac phép bién doi tich phan Fourier, Fourier cosine, Fourier sine, tich chap suy
rong, phuong trinh tich phan kiéu Toeplitz-Hankel.

© 2021 Truong Dai hoc Giao thdng vdn tai

1. MO PAU

Tir dau thé ky 20 dén cudi nhimg ndm chin muoi cua thé ky trudc tich chap véi s6 lugng
rat it va hau hét la cac tich chap don doi voi mot phép bien doi tich phan, do do trong dang
thac nhén tir hoa cot yéu chi cd mat mot phép bién doi tich phan. Biéu nay dan téi pham vi
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tng dung han hep, khong giai quyét duoc nhiéu van dé mé rong cua noi tai phép bién ddi tich
phan va tich chap cling nhu nhi€u linh vuc khoa hoc ung dung khac. Nam 1998 V. K.
Kaichev va N. X. Thao da dua ra phuong phap kién thiét dé xac dinh tich chap suy rong doi
voi ba phép bien doi tich phan bat ky K;, K,, K3 voi ham trong y(y) ma doi véi ching ludn
¢6 dang thire nhan ti hoa then chét

Ky (f *9)(y) = 7(Y)(K2 F)(K30)(y).

Tu tuéng va k§ thut ciia phuong phap ndy mé duong cho mot so tich chap suy rong méi doi
véi hai va ba phép bién d6i tich phan khac nhau xuat hién.

Trong vong 3 thap ky tro lai day céc tac gia V. K. Kaichev, N. X. Thao, V. K. Tuan va N.
M. Khoa va mét sb tac gia khac da nghién ctru vé tich chap suy rong dbi véi cac phép bién doi
tich phan [1-8]. Tiép theo huéng nghién ctu ndy, & day cac tic gia tap trung xay dung va
nghién cau tich chap suy rong c6 ham trong y(y) =sinay dbéi voi cac phép bién doi tich
phan Fourier cosine va Fourier sine. Cac tinh chit dic trung cua tich chap nay duoc dua ra va
chirng minh. Bac biét maot 16p hé cua bai toan mo phuong trinh tich phan Toeplitz-Hankel:

+00
F)+ [ [k (x+y)+kp(x=Y)If (y)dy =g(x),x e .,

0
nho tich chap suy rong nay giai duoc va cho nghiém dusi dang dong. DOng thoi tir nén tang
tich chap suy rong nay ta co the tiep tuc nghién ctru phép bien doi tich phan dang chap twong
ung, cac bat dang thac kiéu tich chap suy rong, phuong trinh vi tich phan dang chap, phuong
trinh dao ham riéng va cac tng dung khac trong vat ly, trong xu ly tin hiéu, xir ly anh,...

Mot sb cac tich chap da biét sau duoc dung trong viéc thiét 1ap mot sé tinh chit cua tich

chap mai. Tich chap cua phép bién d6i tich phan Fourier cosine F. cua hai ham f va g
[9,10]:

+o0

1
f* =—— | f( d 0, 1
(F 29 (x)= 5 | F(9)0cy)+ gy Dy, x> (1)
va théa man dang thirc nhan tir hoa:
Fo (17 0) 0 =(FH)(y)-(Feg)(y). w0 ®

Tich chap véi ham trong y,(y) =siny cta hai ham f va g ddi véi phép bién dbi tich phan
Fourier sine F; [11]:

(f:gj 2\/_I X)[g (x+1+t)+g(|x+1-t])sign(x+1-t)

3
g(|x—1+t])sign(x—1+t)+g(|x —1—t])sign(x —1—t)]dt.
Véi tich chap nay ta nhan dugc dang thic nhan tir hoa:
n
Fs(f;:gj(y):siny(st)(y).(Fsg)(y),vwo. @
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Tich chap suy rong cua hai ham f va g di véi cac phép bién d6i tich phan Fourier sine va
Fourier cosine [9,10]:

(120)00 == [ F (Do (x-y) -0 (x+y) 1y x>0 ©
véi dang thirc nhan tir hoa:
FS(f’:g)(y):(FSf)(y).(FCg)(y),Vy>O. ©)

Tich chap suy rong cua hai ham f va g dbi véi cac phép bién d6i tich phan Laplace
L c6 dang [9,10]:

(1%0)(x)=] F (x-t)a (t)dt x>0, @)
thoa man dang thic nhan tir hoa:
L(19)(y)=(LF)(¥)(La)(y), vy >0. ©)

2. TICH CHAP SUY RONG VOI HAM TRONG

2.1. Pinh nghia

Tich chap véi ham trong »(y)=sinay,(a>0) ddi voi cac phép bién doi tich phan
Fourier cosine, Fourier sine cua hai ham f va g duwgc xac dinh boi:

(fig)(x)=ﬁff(y)[g(|x+y-a|)+g(|x-y+a|) o
-g(x+y+a)-g(|x-y-a|)]dy,x>0.
2.2. Dinh Iy
Cho f, g lacachamthugc L(; ,). Khi dé tich chdp (9) thugc L(; ) va théa mén dang
thizc nhén tu hdéa sau:

}/ -
F. ( f *gj(y)zsm ay(Fsf)(y).(Fea)(y), vy >0. (10)
Chieng minh. Tir (9) gia thiét f,geL(; ,), taco:

1) () des = ] f(y)|{f|g(|x+y—a>hx+f|g(|x—y—a|)|dx

» . (12)
+J.|g(x+ y+a)|dx+f|g(|x—y—a|)|dx}dy

Mat khac ta cé
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[19Gcra+y)xs [190x-a-yDix= [ lo®kt+ [ 190th =2 [ g@®dt (12)

y+a -y-a 0

Tuong tu,

[lax+a-yhix+ [lg(x—a+yx=2[|g(t)ldt (13)
0 0 0
Tu (11), (12) va (13) ta nhan duoc

+00 3‘ 2+oo +o0
!I(f g)(x)ldxs\/;£|f(t)|dt£|g(t)|dt<+oo

Vay tacod (f ’y*g)(x) e L(j ,). Xuat phat tir cac dang thirc

+00 +00

sinax(F, f)(x)(F.9)(x) =E _f Isin axsin xu cos xv. f (u).g(v)dudv,
T 00

. . 1
Sin aX.sin Xu cos xv :Z[ cosX(U—V—a)+cosx(u+VvV—a)—cosx(u+V+a)

—cosx(u—-v-a)],

ta nhan duoc

1 +00 +00

sinax(F f)(X)(F.g)(x) =— cosx(u—v—a)+cosx(U+v—a)—cosx(u+V+a
(Fs F)()(F.9)(x) 2ﬂ££[ ( ) +cos X( )—cos x( )
—cos x(u—Vv+a)] f (u)g(v)dudv.
Vi phép doi bién y=u va t=u+v+a taco
ij' Icosx(u +v+a)f(u)g(v)dudv=ij I cosxtf (y)g(t—y—a)dtdy
27 0 0 27 0 y+a
+00 +00 +o y+a
:ij jcosxtf(y)g(|t—y—a|)dtdy—ij .[cosxtf(y)g(y—t+a)dtdy. (15)
2 5 % 27 5 %
Twong tu, V&i phép ddi bién y=u, t=v—u—a taco
ij J.cosx(u—v+a)f(u)g(v)dudv=iI _[ cosxtf(y)g(t+y+a)dtdy
27 5 % 27 oy
+00 +00 +0 0
=ijjcosxtf(y)g(t+y+a)dtdy+ij j cosxtf (y)g(y +t+a)dtdy. (16)
2r 5% 27 D s
Hon nira ta co
+0o 0 +o0 Y+a
I I cosxtf(y)g(y+t+a)dtdy=_[ jcosxtf(y)g(y—t+a)dtdy (17)
0 -y-a 0 0

Tur (15), (16) va (17) ta nhan duogc:
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+

00

L

5 j w[cosx(u+a+v)+cosx(u—v+a)]f(u)g(v)dudv
4 0

0

—+00 400

:_% [ [cosxt[g(t—y—al)+g(t+y+a)] f(y)dtdy. (18)

Véi ky thuat doi bién tuong tu, ta co:

z—j .[[cos X(U+Vv—a)+cosx(u—v—a)] f (u)g(v)dudv
790

+00 +00

=%j [cosxt[g(t—y+al) +g(t+y—a)]f(y)dtdy (19)

Tu (14), (18) va (19), ta nhan dugc:

sinax(&f)(x)(&g)(xh%jcosxt{j fW[g(t+y-ah+g(t-y+al)

0
—g(t+y+a)+g(It—y—a)]dy}dt.
Tir dang thac cudi va (9) co diéu phai ching minh
2.3. Dinh Iy
Trong khong gian cac ham lién tuc thugc L(; .), tich chdp véi ham trong (9) khong giao
hodn va cé dang thizc lién hé véi tich chdp Laplace nhu sau:

* I 4 L reian(e * _ *
(f g)(x)_ (g fj(x)+m[5|gn(a X)(f*9)(x a|)+(ng)(x+a)] (20)
oday f ’L‘g la tich chdp vai toan tu tich phan (7).
Chirng minh. That vay, véi cac phép doi bién t=y+x—a, t=y—Xx—a, t=y+Xx+a,
t=y—X+a, taco

+00

(f%j(x):%“ GUtD Ft-x+a)dt+ | gUthf(x+a+td

X—-a —X-a

- fg(|t|)f(t—x—a)dt—fg(|t|)f(t+x—a)dt .

X+a

_L —+o0 N ) ) ) i

'z\/_zﬂ{l[f('x t-al)+ f(x+t+a)— f(x-t+a)—f(x+t-a)]g(tadt
- J ot fxeaxts | gt focrasiat [ gGepi-x-ayn
x-a —(x+a) X+a

~ [ lgqtp] f(X+t—a)dt}

—(x-a)
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3,( 1 0 0
:—(g fj(x)+2\/ZLj gt ft—x+a)t— [ g(t)f(x+t-a)t

—a —(x—a)

- T g(t)f(t—x—a)dt+ jw g(t) f (x+t+a)dt |.

X+a —(X+a)

Vi phép bién d6i u=—t ta duoc

[ gQtDft—x+ahdt=—] g(uf(u+x-ald

-(x+a) a+x
[ gQthf(x+a+tdt=—[ g(u)f(u-x-adu

Do d6

a— X—a

[ gQuDf(u+x—apdu— [ gul)f(u—x+adu

[x—a

= 2sign(e - x) [ g(u)f (| x—a|-u)du = 25ign(a—x)( f ’L*g)(| x—al).

Vi phép doi bién u=t—x+a, U=t+X—a, U=t—X—a, U=t+X+a taduoc

0 0 0

[ aQthft-x+a)t- [ g(t)f(x+t-a)dt— [ g(t)f(t-x-a)it

X—a a—X X+a

+ f g(t]) f (t+x+a)dt =25ign(a—x)(f’:g)(| x—al)+2(ffg)(x+a).

—(a+x)
Do d6 nhan duoc (20). Ta ching minh xong dinh ly.

2.4. Pinh Iy
Trong khong gian cac ham lién tuc thugc L(; ), tich chdp véi ham trong (9) khong két
hop va théa mén cdc dang thirc sau:

4 e 4 Ve
a) f*[g*hj: g*(f*hj

b) ff(gihjz(ffh)ig

o day f*h la tich chap suy réng doi véi phép bién doi tich phan Fourier sine va Fourier

cosine (5).
Chirng minh. Sir dung cac dang thicc nhan tir hoa (6), (10) ta chitng minh dé dang dinh ly
nay.
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3. AP DUNG GIAI HE PHUONG TRINH TiCH PHAN

Xét hé phuong trinh tich phan

Af () +—— fco(t) g(t=yN+g(t+yDhldt=k(y),

23 +0
E! FOw(y+t-ad+y(y-t+al)-p(y+t+a)-y(y-t-al]d (21)
+49(y) =h(y), y >0,

Oday a@>0; A4, 4, A, 4, lacachang sb phac; ¢, w, k, hel(; ,) dabiét; f va g la
hai 4n ham.

3.1. binh ly

Véi diéu kign 1+ CF, (¢’};l//)(y) # 0, thi hé phuong trinh tich phdn (21) c6 nghiém duy
nhat nghiém thugc L(; ) xdc dinh béi:

() =2 {40k(Y) = Al T(Y) - (AN + 2 (o)1 ). (22)
g(y)=%{Ah(y)—4(kiv/>(y)—4(h;I)(y)%((kiw);zlj(y)}
O day, | eL(; ) va dwoc xdc dinh nhu sau:

(1)) = CFC((D*Vy/)(y) A=A, C__ﬂz/ﬂ;
1+ CF, (p*p)(y) A

Chirng minh. Viét lai hé (21) & dang
A f (y)+ﬂz(co’1*g)(y) =k(y),
Ja(F 5 )(Y) + 449(y) =h(y), y > 0.

Str dung cac dang thirc nhan tir hoa caa tich chap (5) va (9) ta nhan duoc

{%(Fs £)(Y) + 4 (Fso) (V) (F. 9)(Y) = (FK)(Y)
Asinay(Fg F)(Y)(Few)(y) + 4, (F.9)(y) = (F:h)(y),y > 0.

Ta tinh cac dinh thac
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A:‘ A 2 (Fso )(Y)
A (Fow)(y)sinay A

_ /1{1+ CF, (gp’{l//)(y)} #0, =44, %0.

(Fk)(y) A (Fsp )(y)
(Rh(y) 4

- 34 {uf—fsinay(& f)(y)(&w)(y)}

4

A = =4 (Fek)(y) =2 (Fep) (¥)(Fh)(y)-

Do @6,

(F f)(y) = A _ A A CF.(p*w)(y)

A A2 ; y>0
1+ CR (9™y)(y)

Theo dinh Iy Winner-Lévy [12] ton tai ham | e L(; .) sao cho:

CF.(p*w)(Y)
L+ CFR (p*w)(y)

(D) =

Tir day va dang thirc nhan tir hda (6) ta co:
1
(Fs F)(y) = Z[Al'Al(Fd)(y)]

:%{(Fs K)(Y) Ay = 4, (Fs@)(Y)(Fh)(y) ~ [ (Fsk) (V) 4,
-4, (st)(Y)(Fch)(y)] (Fcl)(y)}

=R = LFs () - Fy (D) + Fs (0 M) FD())
= (RO = 2F (700 = Fk () + 2 (0 1))
Do d6
1
() = kA= 2 @) = (D) + 4 (001 ().
Vi ki thuat bién doi tuong ty, ta nhan duoc

g(y)=%{Ah(y)—ﬂg<kiw)<y)—4(h:cI)(y)m((kiw;Ij(y)}
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Tu k(y), h(y) va cac tich chap trong cong thuc (22) thuoc L(; ), tasuyra f,geL(j ,).
DBinh 1y dugc chirng minh

4. KET LUAN

Trong bai bao nay ching toi dd xay dung va nghién ciru tich chp méi voi ham trong
y(y) =sinay, (a >0) doi voi cac phép bien doi tich phan Fourier cosine, Fourier sine. Sau d6
ap dung tich chap nhan duoc dé giai mot 16p hé phuong trinh tich phan kiéu Toeplitz-Hankel.
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