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Abstract. Beam resting on the elastic foundation is a common structure in the construction
engineering, especially in civil engineering, for instance, ground beams, buoys floating on
water, piles resting in foundation or rails acting on railway sleepers. The well-known computing
models used in design based on the assumption that beam is fully contacted with foundation. In
fact, there are some non-contact regions between beam and foundation, and hence, the above
assumption is not always valid. As a result, such conclusions or recommendations made by
construction consultants are sometimes inappropriate with the actual behaviors of beam and
foundation. This paper proposes a new element in FEM, so-called anisotropic beam-foundation
element. Each proposed anisotropic beam-foundation element characterizes a combined model
between beam element and foundation. This anisotropic beam-foundation element allows the
FE analysis of beam resting on foundation considering contact and non-contact regions between
beam and foundation. The behavior of beam and foundation is presented through explicit
formulations. As a result, the analysis of beam resting in foundation with these explicit forms
leads to faster convergence compared to other methods.

Keywords: beam resting on elastic foundation, FEM, nonlinearity, anisotropic restraints,
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Tom tat. Dam trén nén dan hoi la ket cau pho bién trong xay dyng cong trinh noi chung, cong
trinh giao thdng noi riéng, cac két cau co thé ké dén nhu: Dam moéng dit trén nén dan hoi, hé
phao néi trén mat nudc, hé coc trong dat, ta vet trén nén da ba lat. Cac md hinh tinh 4p dung
trong thiét ké hién nay gia thiét rang dam luén ludn tiép xtc véi nén. Trong khi d6, nhiéu truong
hop ¢6 mot bo phan caa dam khong tiép xGc vai nén nén viéc mo hinh nhu trén 1a khong thuc
su phii hop. Theo d6, cac két luan, khuyén céo trong cong tac tu van khdng sat vai thuc té 1am
viéc cua dam. Trong nghién ctu nay, tac gia cong bd maot loai phan tir mai ¢6 tén 1a dam-nén
di huéng. MGi phan tir dim-nén di hudéng 1a mé hinh héa cua mot phan tir dim va nén trong
pham vi cua n6. Phan tir nay cho phép phén tich dam trén nén dan hdi c6 ké dén sy tiép xic va
khong tiép xdc giira dim va nén bang phuong phap phan tir hitu han. Ung xtr cua phan tir dam
va nén trong pham vi cua n6 dugc mo ta bang cac biéu thirc toan hoc rd rang khién cho viéc
phan tich dam trén nén dan hoi vai loai phan tir ndy s& hoi tu nhanh hon so véi cac phuong
phép khéc.

Tur khoa: dim trén nén dan hoi, phuong phap phan tir hitu han, phi tuyén, lién két di huong,
dam-nén di huong.

© 2021 Truong Dai hoc Giao thdng vdn tai

1. PAT VAN PE

Hién nay, cac md hinh tinh dam trén nén dan hoi trong nghién ciru ciing nhu trong tinh
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toan thiét ké cong trinh hau hét chua xét dén su khong tiép giira dam va nén. Khi tinh toan cac
tc gia thuong sir dung cc md hinh nén c6 mot hé s nén hodc hai h¢ s6 nén. Céc cdng bo co
thé ké dén nhu: Vi Dinh Lai va cong su [1], Léu Tho Trinh va cong su [2], Anil K. Chopa [3],
gidi thiéu phuong phap tinh dam trén nen dan hoi theo md hinh theo Winkler c6 mot hé s6 nén;
Vii Thi Bich Quyén [4], tinh dam trén nén dan hoi vi mé hinh nén Winkler bang phuong phap
phan tir bién, Pham Hoang Anh [5], tinh dam trén nén dan hoi co diéu kién bién phuc tap véi
moi hinh nén Winkler bang phuong phap giai tich.

Dé mo phong gan véi tng xu thuc té cua dam trén nén dan hoi, cac tac gia da xem xét dén
su tiép xtc va khong tiép xdc giira dam va nén: Z. Celep va cac cong su [6], khao sat tac dung
dong cua dam dai hiru han trén nén mét chiéu; Diego Froio va cac cong su [7], phan tich dam
trén nén phi tuyén, duéi tac dung cua tai trong thay ddi theo thoi gian di dong; P. Castro Jorge
va c4c cong su [8], nghién ctu tic dung cta dam hai dau lién két khép trén nén dan hoi, chiu
tac dung cua tai trong khong doi di dong véi mo hinh nén Winkler, nén mot chiéu va nén phi
tuyén bac 3; Cristiano Viei Rodrigues [9], phan tich dam trén nén phi tuyén, chiu tac dung cua
bd dao dong di dong bang phuong phap phan tu hitu han; D. Froio va cac cong su [10], st dung
phuong phép s6 tinh dam gian don trén nén phi tuyén bac 3, dudi tac dung cua tai trong thay
dm theo thoi gian di dong; S.M. Abdelghany va cac cong su [11] khao sat trng xur ciia dam trén
nén phi tuyén, chiu tac dung cua tai trong di dong bang phuong phap Galerkin va Runge-Kutta;
Salih N Akour [12], phan tich dong dam trén nén phi tuyén chiu tac dung cua tai trong diéu hoa
phan bé trén bé mat dam, sir dung phuong phap Runge -Kutta dé giai; D6 Xuan Quy va cac
cong sy [13], nghién ctru (tng Xxur co hoc cua thanh co lién két di huéng chiu tac dung cua tai
trong dong; DS Xuan Quy va cac cong su [14], nghién ciu thuc nghiém ng xt cua cd lién két
di hudng chiu tac dung cua tai trong dong.

Trong bai bao nay, nhom tac gia st dung phuong phap phan tir hiru han dé phan tich tinh
dam trén nén dan hoi ma & do co xét dén su tiép xuc va khong tiép xdc gitta dam va nén. Dé
mo ta duoc su tiép xic va khong tiép xdc giira dam va nén, nhom tac gia xay dung mot loai
phan tir, ¢ tén 1a phan tar dam-nén di huéng. Phan tar ddm-nén di hudng cho phép md phong
ung X cua dam nén va tuong tac gilra dam va nén trong pham vi cua no, gilp cho viéc phan
tich dam trén nén dan hOI c6 ké dén sy tiép xdc va khong tiép xUc gitra dam va nén véi sé lugng
phan tir it hon nhung van dam bao d6 chinh xac nhu mong muén.

2. XAY DUNG MA TRAN PQ CUNG CUA PHAN TU DAM-NEN DI HUONG

2.1. Twong tic giira dam va nén
Dam tiép xdc véi nén Dam khong tiép xdc véi nén
Puong dan hoi cua dam

------------------

Puong truc dam *

Hinh 1. So db bién dang cua dam trén nén dan hoi.

Hinh 1 1a so db bién dang cua dam trén nén dan hoi khi chiu tac dung cua tai trong tap
trung P. Theo chiéu dai dam c6 doan dam tiép xdc vai nén va c6 doan dam khong tiép xuc véi
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nén. O cac doan dam tiép xdc vai nén, phan luc cia nén cé quan hé bac nhat véi do vng cua
dam theo Winkler. Nguoc lai & cac doan dam khong tiép xtc véi nén, phan luc caa nén bang
khong. Phan luc cia nén vao day dim duoc tinh theo d6 vBng ciia dam theo cdng thie thé hién
trén cong thuce (1) [13].

p=2w+|wl Q)

Trong d6: p - phan lyc cia nén, ¢ - 46 cing caa nén khi dam chuyén vi xuéng dudi, w - do
vOng cua dam. Céng thuc (1) dugc sir dung dé mé ta twong tac gitta dam va nén trong truong
hop nay. M6 hinh nén c6 tng xtr nhu vay duoc goi la md hinh nén mot chicu.

M® hinh nén di huéng 1a loai mé hinh nén c6 do cimg thay d6i khi d6 véng cua dam thay
doi. Cong thuc (2) duge ding dé tinh phan lyc ciia nén vao ddy dam, trong do c2-do cing ciia
nén khi dam chuyén vi Ién trén, wo - d6 léch chuan, mé ta nén bi ép trudc hoic gitra dam va nén
c6 khe ho [13].

p= CZ+61 22 (W —wp) + Cl lw — wy| ()

Trong bai bao nay, tac gia sé s dung cong thirc (2) dé mo ta twong tac giita dam va nén.
2.2. Thanh l1ap céng thikc tinh ma tran dé cieng caa phan tie dim-nén di hwéng

Phan tir dim va nén trong pham vi cia n6 duoc thay thé bang mot phan tar dam-nén di
huéng c6 cung chiéu dai véi phan tir dam va cac thanh chuyén vi nat nhu hinh 2. Chon ham d6
vong cta dam c6 dang da thac bac 3, nhu cong thirc (3). Trong do: a - chiéu dai phan ti, x -
hoanh d6 cua mat cét can tinh d6 vang; w1, Wz - d6 véng ciia dam tai nat 1 va nat 2 phan ta; 61,
6> - gbc quay tai nat 1 va n(t 2 caa phan ti.

nén co do y

cungc, Ty

Dam X

Nut 1 Nut 2

nen c6 do Phén tir dam-nén di husng

cung Ci1 . . .

Phan tr dam va nén
Hinh 2. M6 hinh phan tir dam-nén di huéng.
3x2 | 2x3 2x 3x 2x x?  x3
w=(1-H+ ) w+ (-t G)e+ (F-Hw+ (-5 O

Thé nang bién dang dan hoi ciia phan tir dam-nén di huéng duoc tinh bang tong cua thé
nang bién dang dan hoi ciia phan tir nén va thé nang bién dang dan hdi cua nén trong pham vi
cua phén tr dam (4). Trong dé: U - thé nang bién dang dan hoi cua phén tr dam-nén di huong,
Uz - thé ning bién dang dan hdi cua phan tir dam (5), Uz - thé ning bién dang dan hoi caa nén
trong pham vi cua phan tu dam(6) E - m6 dun dan hoi cua vat liéu dam, J - md men quén tinh
chbng udn caa mat cit ngang phan tir dam.

U=U1+U2 (4)
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U = 30y B Gdx

()
(6)

Str dung nguyén ly cuc tiéu thé ning tinh duoc ma tran d6 cing caa phan tir dam - nén di

hudng nhu cong thuc (7).

[k] = [k1] + [k;]

(7)

Trong d6: [K1] - ma tran d6 cang cua phan tir dam (8), [Kz] - ma tran do ciing cia nén trong

pham vi phan tir dam (9).

- 12E] 6E]
a3 az
6E] 4E]

2

(k4] = iZE] ZE]
el Tz

22 2E]

a? a

TPy, TP,
_|TPy, TP,,

k] TP TP,
TP, TP,

12E]

6E ]
a2
2E]

oy ®)

aZ
4E]
“a
TPy,
TP,,
TPs, ©)
TP,

Trong d6 cac thanh phan TPjj trong ma tran [k2] dugc xac dinh theo hinh dang bién dang
trong nén dan hoi cua phan t dam, c6 4 loai ma tran do ciing nen trong pham vi cta phan ti
dam nhu trén hinh 3,4,5,6 twong ing duoc tinh theo cong thic (10), (11), (12), (13).

nén c6 do cing ¢,

nén c6 do cing ¢,

Hinh 3. Puong dan hdi caa phan tir dam khong cit véi dudng chuin w.

nén c6 do cung ¢,

nén c6 do cang ¢,

Hinh 4. Puong dan hdi cua phan tir dam cit duong chuan wo tai x = xu.
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nén c6 do cing ¢ nén c6 do cang ¢,

nén c6 do cung Cs

Hinh 5. Pudng dan hi cua phan tir dam cat dudng chuan wo tai X = X1 Va X = Xa.

nén c6 do cing ¢, nén c6 do ciing ¢z

Hinh 6. Pudng dan hdi cua phan tir dam cat voi duong chuan wo tai X = Xg, X = X2 VA X = Xa.

- Loai 1: Puong dan hoi ciia phan tir dam khong cat vai duong chuan wo (hinh 3)

13 11 9 13
TP,, = —=c,1a, TP,, = —c,a? TP, =—=c,a, TP,, = ——c,a? TP,, =
111 ;s C1la, 1312 10 C14° 13 25614 1;;3 220 €147 1212
3 2 3 2
—cq,a°, TP,; = —c,a*, TP,, = ——c,a°, TP;3 =—cqa, TP;, = ——c,a 1
105 172 7723 7 4o 17 0 1124 140 177 7733 7 35 F1% 1134 210 177 (10)
1
TP, c;a
a4 = T2 C1

- Loai 2: Puong dan hoi ciia phan tir dam cat dwong chuan wo tai x = x; (hinh 4)

7
4x17 ZX16 9X15 X14 2x13 4’a7_x1
TPy =ci ([ +3 5 - Ee 4 2 B ) g (a—xy + 25—
11 1\M T 76 a5 5 a% | a3 a2 2 107 g6
2@5-x,%) | 9@5x") | (@t-x")  20a-x")
as + 5 gt + a3 - a? !

2.X'17 7.X'16 8x15 1X14 ZX13 xlz 2 —x17+x27 7—x16+x26
TP12=C1( - - +C2 - - = +

7 a’ 6 a* 5 a3 2 a? 3 a 2 as 6 a*

5 4 3
8 —x15+x2 1 —x14+x2 2 —x13+x2 1 2 1 2 (11)
s @ 2 =2 3 -0ttt
5 a 2 a 3 a 2 2
4 x4 X1 9x, 1x:%  xq 4a’-x,7  2(a®-x,%)
TPz = ¢4 -—— —— —=—0—-—=+=)tc|—-
6 as 5 a* 2 a3 2 7 6 as
gas—xl _la*—x ad-x,
5 a* 2 ab a? !
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5
TP. = (2 x7  5x.°  3x;5  1x* 1x13) L 2a’-x,7 5a®-x,° " 3a%-x; n
14 7 "1 \7 g5 6 a* 5 a3 4 a2 3 a 2\7 a5 6 a* 5 a3

4 a2 3 a
TP, = ¢ (1 X1 2x%  6x5 xq n 1x 3) L 1a’-x,7 2a®°-x.°  6a°-x;
22 7 M1 \7 g4 3 a3 5 a? 371 2\7 at 3 as 5 a?

5
2x,7  7x.% 8x4°  3x.* 2a’-x,7  7a®-x.® 8a°-x
TPy =c (-2 + 1 S 30 ) o (-2 4 1 2y

7 a5 6 a* 5 a3 4 aq?
4
3a*-x;
4 a2 !

5
TP, = (1x17 1x,%  3x,5° 1x14)+ 1a’-x;7 1a®-x,®  3a°-x;
24 1\7 ¢ 2 a3 5 a2 4 a 2\7 a* 2 a3 5 a2
4
1 4—.X'1
4 a )’
5
4 x,7 %% | 9x,° 4a’-x;7 2(a®-x,%)  9aS-x,
TP33:C1 ___2_5+__4_ +C2 - — S + - " ,
7 ab a 5a 7 ab a 5 a
5
2x17 | 5x.% 3x° 2a’-x47  5a%-x,® 3a®-x;
TPyy=ci\—c—5t+-—F—=)tal-——Ft-———)
7 a 6 a 5a 7 a 6 a 5 a

1x,7 1x; 1x,° 1a7-x,7 1a%-x,%  1a5-x;°
TP44_:C1 —— -t -— +C2 = - = + - .
7 a* 3 ad 5 a2 7 a* 3 ad 5 a2

- Loai 3: Buong dan hdi ciia phan tir dam cat duong chuan wo tai x = X1, va X = x2 (hinh 5)

4X17 ZX16 9X15 X14 ZX13 4 _x17+x27
TP :c(x +-—-- F-—t—F—"—7FF )t Xy F+c————
11 T\ T 7 g6 as 5 a* a3 a? 2\ 117 as

5
2(—X16+X26) + 2—x15+x2 +
as 5 a* a3 a?

2@°-x,%) | 9(@5-x") | (@toxh) 2(a3—x23))

4 4 3 3 7 7
—-X1"+x 2(—x1"+x 4a’—x
1 2 (—x1 2)>+c1(a—x2+;72—

as 5 a* a3 a?

2x,7  7x%  8x 1x 2x3 1 2 —x17+x57
TP,, = Cl(_L__;_F_;__;__;_F_XIZ)+CZ s N M

7 ad 6 a* 5 a3 2 a? 3 a 2 7 as
5 4 3
7—X16+XZ6 + 8—X15+XZ 1—X14+XZ 2—x13+x2 lx 2 + 1x 2 + c 2a7—x27
6 a* 5 a3 2 a? 3 a 271 T2 1\7 a5 (12)
5 4 3

7a%-x,%  8a’-x, 1a%*-x, 2a3-x, 1 5, 1 5
- = - = - = +-a°—=-x,°],
6 a* 5 a3 2  a? 3 a 2 2

4x,17  2x:%  9x,° 1x*  x,3 4—xy7+x,7 | 2(=x1%+x,5)
TPz =ci(—7 6 — T i ;s Tt )t 5 + S -

7 a a 5 a* 2a a a a

5 4 3 6 5

9 —x154x, 1—x1%+x, " (—x13+x27) n 4a’-x, n 2(a®-x,) 9(a’-xp")
5 a* 2 a3 a? 1 ab as 5 a*

1(a*-x" | (@3-x2")
= 2) 4 — 2))

N
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TP =c (2 x1 le6 + 3X15 + 1x14' 1x13) + c 2 —x17+x27 5 —X16+XZ6 +
14— ™ 5 6 a* 5 a3 4 q2 3 a 2\7 as 6 a*
4 3 5
E—xl +x2 n 1-x*4x,  1-x3+x T 2a’-x;7  5a%-x,° Eas—xz n
5 a3 4 a? 3 1\7 a5 6 a* 5 a3
4 3
1(14—962 _ la3—x2
4 a2 3 a !
1x1 le6 6X15 .X'14 1 1 —X1 +x2 2 —x16+x26
TPy = o (o - P+ - S b (P 1+
4 5
6—x15+x2 —x1%+x; 1X 3 4 1x 3) 4 ¢ la —x27 2a®-x,%  6a5-x,
5 a? a 371 372 1\7 g4 3 a3 5 a2
4 4
a" —X,

1 1
+3a° —§x22> :

a

TPy =c (-2 4120 25 4 25

7 a5 | 6 a* 5 a3 4 q2
5 5 4 7 7 6 6 5 5 4 4

8 —x1"+x, + 3—x1 +x2 +c 2a’-x, + 7a°=x, 8a’—-x, 3a*—x,
5 a3 4 a? 1 as 6 a* 5 a3 4 q? !

227 | 7x:®  8x% | 3xit + 2—>c17+xz7_|_7—9616+xz6
2 as 6

5
TP c (lﬂ 1x,° Ex15_1x14)+ (l—x17+x27_1—x16+x26+§—x15+x2 _
24 — t1 4 3 2 2 4 3 2
7 a 2a 5a 4 a 7 a 2 a 5 a
5
1—x1%4x," L 1a”-x,7 1a6—x26+3a5—x2 Lat—x,"
4 1\7 a* 2 ad 5 a2 4 a !
5
TP =c (ixL_Z.x16+2x15)+ (i—x17+x27_2(—x16+x26)+2—x15+x2 >+
33— L1 5 4 2 6 5 4
a 5a 7 a a 5 a
5
4a’-x37  2(a®-x,°) " 9a%-x,
1 ab as 5 a% !
5
2x,7  2x 3x 2 —x17+x,7 5 (—x,%+x,6 3 —x1%+x
TPSFCl(‘;?JF;ai ga—?)”Z(‘; e B e B
5
c 2a”-x,7 +5(a6—x26) 3a’-x,
1 7 ad 6 a* 5 a3 !
6 6 5 5
1X1 1X1 1X1 1—x17+x27 1(—x1 +x2 ) 1—x1 +JC2
TP44—01(‘—4‘§$+5? tel7ma 5 e ts e )7
5
c 1a’ ~x; _1(a®-x, )_I_l(a —X2 )
1\7 a* 3 a3 5 a2 ’

- Loai 4: Puong dan hoi cua phan tar dam va duong chuan wo 6 giao cat ¢ X = X1, X = X2 Va
X = x3 (hinh 6)

7 6 5 4 3 7 7
X1 2.%4 9xq X1 2.X4 4 —x1"+x2
TPy =c (x +-—=— -——t - +clx, —x +———
11 T\ T 7 g6 as 5 a* a3 a? 2\"2 1 a®
2(—x18+x,%) | 9 —x4 +x2 P 2(—x13+x23) 4—x,7+x35
+ - + — +cilxs —x + -———
as 5 a*4 a3 a2 1\*3 2 26
5
2(—x26+x16) 9 (=x55+x3") . —xot+xs" 2(—x23+x3 ) 4a’-x37 (13)
S + = " + — 3 +cla—x3 + -——
a 5 a a3 a ab
2(a®-x3% 9 aS—xs"  a*-x3* 2(a3-x3")
as + 5 gt + a3 a? '
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2x 7x,%  8x 1x,% 2x3 1 2 —xq17+x;7
Tplz_cl(_;_ oy 8xnl 1x 2nc 1, )_|_C2 22T

5 6 a* 5 a3 2 a? 3 a 2 as
5
Z—X16+XZ + E—X15+XZ _ l—x14+x2 _ E—x13+x2 _ lx 2 + lx 2 + c 2 —X2 +X3 _
6 a* 5 a3 2 a? 3 a 271 272 1 as
6 5 4 3
7 (=x2°+x3°) n E(—x25+x3 ) 1-xpt+xst  2-xp%+4xgT lx 2 lx 2) 4 ¢ 2a’-x37
6 a* 5 a3 2 a? 3 a 272 3 2 as
5
7a®-x3%  8aS-x3 1a*-xs"  2a3-x3° 11 1 2
6 a* 5 a3 2 a? 3 a 2 273 )
TP.,. = (_3x_17+2x16_2x_15_1£+£) +c _i—x17+x27+2(—x16+x26)_
13 1 7 ab as 5 a* 2 a3 a? 2 ab as

5 4 3 7 6 5
9 —x15+x2 1 —x14+x2 —X13+XZ 4 —x27+x3 2(—x26+x3 ) 9 (—XZ5+X'3 )
2 ~= + A + -2 -

5 a* 2 a3 a? ab as 5 a*

4 4 3 3 7 7 6 6 5 5 4 4 3 3
4—X"+x3 X3 +X3 +c _4a’-x3 +2(a -X3 )_ga —x3 la’—x; +a —X3
7 a3 a? 2 ab as 5 a* 2 ad a? !

le 5x1 3X15 1X14 1X13 2—x17+x27 5—X16+XZ6
TPy, = c B U M A T -2
14 1 2\7 @ 6 a*

7 a5 6 at 5 a3 4 q? 3 a

5 3 7 6 5
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Can cr vao sb luong giao diém giita duong dan hoi cua phan tir dam va dudng chuan wo,
ma tran d6 ctng cua nen duoc lya chon tuong Gng la cong thuc (10), (11), (12), hoac (13).
Trong qué trinh tinh néu dang cua duong dan hol ctia phan tir dam tuong ng vei cac hinh 3.3,
4.a, 5.a, 6.a thi cdng thic tinh ma tran do ciing nén duoc &p dung truc tiép, néu ¢ dang nhu cac
hinh 3.b, 4.b, 5.b, 6.b thi trong c4c cong thuc tinh ma tran d6 cang ctua nén trén, vi tri cua c1 va
c2 duoc doi cho nhau.

3. SU DUNG PHAN TU DAM NEN - DI HUONG TiNH DAM TREN NEN PAN HOI
CHIU TAC DUNG CUA TAI TRONG TINH

3.1. Thuat toan
Phuong tinh co ban ciia phuong phap phan ti hitu han duoc viét nhu cong thirc (14)

[K){A} = (P} (14)

Trong d6: [K] - ma tran d¢ cimg tong thé cua két cau, {A} - véc to chuyén vi ciia ket cau,
{P} - véc to tai trong. Ma tran d¢ cung [K] cua két cau dugc xay dung trén co s& ma tran do
cing caa cac phan tir dam-nén di huéng nhu céng thic (7).

Do trong (7) co chura [ko], ma [k2] chi xac dinh dugc ro rang khi biét chinh xac duoc duong
dan hoi caa phan tir dam tuong tng nén [K] khdng thé tinh ngay duogc, hay phuong trinh (14)
1a phuong trinh phi tuyén. Dé giai phuong trinh (14) tac gia sir dung phuong phap 1ap Newton,
trinh tu giai duoc thuc hién nhu sau:

Trinh ty giai phuong trinh (14):

_ - Bude 1. Cho véc to chuyén vi {A} = 0, lap véc to tai trong {P}, 1ap ma tran d6 ctiing cua
phan tir dam [ka].

- Budc 2. Suy ra thong s6 dau céc phan t, xac lap duong dan hoi cua céc phén ti, 1ap ma
tran do cing cua nen tuong ung [kz], 1ap ma tran d6 cng cua phan ta dam-nén di hudng tuong
ung, 1ap ma tran d6 cing két cau. Giai phuong trinh (14) dugc véc to chuyén vi {A1}.

- Budc 3. Kiém tra diéu kién dimng I3p: Néu théa man thi dung tinh toan, néu khong thoa
mén thi cho véc to chuyén vi mai theo phuong phap giai 1ap Newton va quay lai budc 1.

3.2. Panh gia d¢ tin cay cia phwong phap tinh

Mot dam chiu lyc nhu hinh 7. Dam ¢6 md dun dan hdi E = 2.10° kN/m?, mit cat ngang c6
J=184.10" m* F = 268.10° m2. Do ciring cta nén ¢ = 1 kN/m2. M6 men uon cta dam xét hai
treong hop M =5 kN.m va M = 20 kKN.m.
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Hinh 7. Dam trén nén dan hoi.
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b) BIEU PO DO VONG CUA DAM TRUONG HOP M =20 KN.M
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Hinh 8. Biéu d6 do vong cua dam khi phan tich bang phuong phap giai tich (duong ___), phuong
phap phan tir hitu han véi mo hinh lién két di hudng ( duong , o ) V@ M hinh dam-nén di huéng
(duong ) trwong hop M =5 kN.m (a) va M = 20 kN.m (b).

562



Tap chi Khoa hoc Giao thong van tai, Tap 72, S6 5 (06/2021), 552-564

Trong muc nay, tac gia s€ tinh va so sanh d6 vong cua dam theo phuong phép giai tich véi
mo hinh nén Winkler, phuong phap phan tr hitu han véi lién ket di huéng va phuong phap
phan tir htu han vai phan ta dam - nén di huéng.

Loi giai giai tich dugc tinh theo tai liéu tham khao [1]. Loi gidi theo phuong phap phan tu
hitu han véi md hinh lién két di huong [10] va phan tir dam-nén di hudng c6 duoc khi roi rac
hoa dam thanh 20 phan tir (v6i s6 lwong phan tir 13 20 két qua phan tich sé ¢6 sai s6 dudi 0,2%)
va nén mot chiéu cé thong sé ¢1 = 1 kN/m?, ¢2 = 0, wo = 0.

Truong hop mo men udn M = 5 kN.m két qua phan tich cho thay, toan bo dam c6 chuyén
Vi Xuong dudi, dam tiep xdc vei nén trén toan bo chicu dai. Co the du doan rang ket qua phan
tich dam theo mé hinh nén Winkler hay mo hinh nén mét chiéu la giong nhau.

Hinh 8.a phan énh ding dy doén nhu vay, két qua phan tich dam bang phuong phap giai
tich, va phuong phap phan tur hitu han la rat sat nhau dbi v6i ca md hinh lién két di huéng hay
md hinh phan tir dAm — nén di hudng. Sai s6 vé do vong 16n nhat caa phuong phép phan tir hiru
han so vai phuong phap giai tich bang 0,0024% khi str dung mé hinh lién két di huéng va bang
0,0021% khi str dung mo hinh dam-nén di hudng.

Hinh 8.b cho thay mot phan caa dam cé chuyén vi 1én trén, dam khéng tiép xuc véi nén,
m6 hinh nén Winkler khdng con phi hop nira, md hinh nén mét chiéu sé cho két qua sat voi
g xtr thyc té cua dam. Két qua phan tich cho thay loi giai bang phuong phap giai tich khac
S0 V6i phuong phap phan tir hitu han, sai s6 vé do véng l6n nhat bang 25,8300% khi st dung
mo hinh lién két di huong va bang 25,8861% khi st dung phan tir dam-nén di huong. Két qua
phan tich bang phuong phap phan tir hitu han khi s dung ma hinh lién két di huéng va phan
tar ddm-nén di hudng rat sat nhau, sai sé vé do véng bang 0,0446%.

Thong qua khao sat nay cho thay,‘ phan’tu dam-nén di hudng cho phép mo td duoc sy tiép
xUc va khong tiep xuc gitra dam va nen. Ket qua phan tich cling cho thay do chinh xac va tin
cay khi sir dung phan tir dam-nén di hudng dé phan tich dam trén nén dan hoi.

4. KET LUAN

Tac gia da xdy dyng dugc mot loai phan tir méi, phan tir ddm-nén di hudng, cho phép phan
tich dugc dam trén nén dan hoi c6 do clirng nén theo hai chi€u chuyén vi khac nhau, c6 khe hé
gitta dam va nén Wo # 0.

Két qua phan tich cho thay do tin c@y khi st dung phan tr ddm-nén di huéng dé phan tich
dam trén nén dan hoi ¢ xét dén sy tiép xtic va khong tiép xtic giita dAm va nén.

Hudng nghién ctru trong tuong lai: Nhom tac gia du kién s& nghién ctru Gng dung phan tir
dam- -nén di huong dé giai cac bai toan dong, on dinh va ung dung vao giai cac bai toan trong
thue té ki thuat.

LOI CAM ON
Nghién ctru nay dugc tai tro boi Trudng Pai hoc Giao thong van tai trong dé tai ma sb

T2020-CT-004. Tac gia xin chan thanh cam on sy dong gop y kién ciia cac thay c6 bd moén Sirc
Bén Vit liéu - Truong Pai hoc Giao thdng van tai.

563



Transport and Communications Science Journal, Vol 72, Issue 5 (06/2021), 552-564
TAI LIEU THAM KHAO

[1]. Vii Pinh Lai, Strc Bén Vat Liéu, tai ban 3, NXB Giao thdng van tai, Ha Noi, 2010.

[2]. Léu Tho Trinh, DS Vin Binh, On Dinh Cong Trinh, 1an 1, Nha xuat ban Khoa hoc va Ky thuat, Ha
Noi, 2002.

[3]. Anil K. Chopra, Dynamics of structures, fourth ed, Theory and Applications to Earthquake
Engineering, Prenice Hall, America, 2012.

[4]. Vii Thi Bich Quyén va cong sw, Phuong phap phan tir bién tinh ndi lyc va chuyén vi hé¢ dam trén
nén dan hoi theo mdé hinh Winkler, Tap chi KHCN Xay dung, 2 (2017) 6-12.
http://ibst.vn/upload/documents/file _upload/1512721967Vu-Thi-Bich-Quyen.pdf

[5]. Pham Hoang Anh, Nghiém giai tich roi rac cho bai todn dam trén nén dan hdi Winkler, tap 2, Ky
yeu Hoi nghi Co hoc toan qudc, Ha N¢i, 2014, tr7-12.

[6]. Z. Celep, K. Giiler, F. Demir, Response of a completely free beam on a tensionless Pasternak
foundation subjected to dynamic load, Structural engineering and mechanics, 37 (2011) 61-77.
https://doi.org/10.12989/sem.2011.37.1.061

[7]. D. Froio et al., Critical velocities of a beam on nonlinear elastic foundation under harmonic moving
load, Procedia Engineering, 199 (2017) 2585-2590. https://doi.org/10.1016/j.proeng.2017.09.348

[8]. P. Castro Jorge, F.M.F. Simdes, A. Pinto da Costa, Finite element dynamic analysis of beams on
non-uniform nonlinear viscoelastic foundations under moving loads, Proceedings of the 9th
International Conference on Structural Dynamics, EURODYN 2014, Portugal, 2014, pp. 841-845.

[9]. C. Rodrigues et al., Finite element dynamic analysis of beams on nonlinear elastic foundations under
a moving oscillator, European Journal of Mechanics - AJ/Solids, 68 (2018) 9-24.
https://doi.org/10.1016/j.euromechsol.2017.10.005

[10]. D. Froio, R. Moioli, E. Rizzi, Numerical dynami analysis of beams on nonlinear elastic foundation
under harmonic moving load, ECCOMAS Congress 2016, VII European Congress on
ComputationalMethods in Applied Sciences and Engineering, Greece, 2016, pp. 4794-4809.
https://doi.org/10.7712/100016.2149.7515

[11]. S. M. Abdelghany et al., Dynamic response of non-uniform beam subjected to moving load and
resting on non-linear viscoelastic foundation, Beni-Suef University Journal of Basic and Applied
Sciences, 4 (2015) 192-199. https://dx.doi.org/10.1016/].bjbas.2015.05.007

[12]. S. N. Akour, Dynamics of Nonlinear Beam on Elastic Foundation, Proceedings of the World
Congress on Engineering 2010, London, U.K, 2010.

[13]. B3 Xuan Quy va céac cong su, Nghién ctu ang Xur co hoc cua thanh co lién kég di huéng chiu tac
dung cua tai trong dong, Tuyen tap cong trinh khoa hoc toan quoc Co hoc vat ran lan thir X1V, Thanh
pho H6 Chi Minh, 2018, tr. 549-556.

[14]. Q. X. Do et al., Experimental research on dynamic response of beams with anisotropic restraints,
The 5th international Conference on Enginneering Mechanics and Automation, Ha Noi, 2019, pp. 98-
104.

[15]. Nguy@n Xuan Lyu, Phuong phap phan tir hitu han, NXB Giao théng van tai, Ha Noi, 2007.

564


https://doi.org/10.12989/sem.2011.37.1.061
https://doi.org/10.1016/j.proeng.2017.09.348
https://ui.adsabs.harvard.edu/link_gateway/2018EJMS...68....9R/doi:10.1016/j.euromechsol.2017.10.005

