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Abstract. The purpose of this work is to determine the effective elastic properties of fiber
reinforced composite with unidirectional cylindrical fibers periodically distributed
accounting the perfection of the interfaces between fibers and matrix in case of squared fiber
distribution. The local solution of the periodic elasticity problem is found in Fourier space by
using the Green operators and closed form expressions of factor depending on the fiber
volume fraction — method based on the fast Fourier transform (FFT) of the solution. The
numerical results obtained by FFT method are finally compared with an analytical solution
derived from the generalized self — consistent approximations and Voigt — Reuss bounds.
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Tom tat. Nghién cau ndy duoc thuc hién nham xac dinh tinh chat dan hoi ¢6 hiéu cua vat
liéu tong hop c6 chira cdt soi duoc phan bd tuan hoan vudng va chay doc theo mot phuong
trong trudng hop lién két gitra cbt soi va pha nén 1a hoan hao. Nghiém ung suit, bién dang
cuc bo cua bai toan dan hoi tuan hoan s& duoc xac dinh trong khdng gian Fourier théng qua
viéc sir dung cac toan tir Green va cac biéu thic chinh xac cua yéu to phy thudc vao ty 18 thé
tich cua cot soi — day chinh 1a phuong phap dya trén bién d6i nhanh Fourier (FFT). Céc két
qua s6 nhan dugc bang phuong phap FFT s€ duoc so sanh véi cac nghiém giai tich tinh theo
phuong phap Tu tuong hop tong quat va cac bién Voigt — Reus.

Tir khoa: Bién dbi nhanh Fourier, Composite gia cudng cdt soi, tinh chat dan hdi co hiéu,
phén bo tuan hoan.

© 2020 Truong Dai hoc Giao thdng vdn tai

1. PAT VAN PE

Ngay nay vat liéu composite gia cuong cot soi (Fiber reinforced composite - FRC) duoc
nghién ciru va ap dung ngay cang pho bién rong réi trong tat ca cac linh vuc caa doi song nho
cac uu diém ma nd mang lai. Do vay viéc nghién cuu tinh chat vi mé (tinh chat c6 hiéu) cua
composite duoc nhiéu nha khoa hoc quan tim va da cho ra doi nhidu md hinh xap xi khac nhau
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[1 - 5] dya trén nghi¢m cua bai toan Eshelby [6] hodc phuong phép 5O [5] duatrén phan tir hiru
han dé du béo tng xu tong thé cua vat lieu composite nham muc dich t61 wu hod trong viéc ché
tao vat liéu mai. Cac mo hinh xap xi ké trén thu duoc chii yéu thdng qua cac bién ddi giai tich
toan hoc dua trén cac théng s6 dau vao cua vat liéu nhu hinh dang, phan bs, mat d6 va lién két
giita céc pha trong vat liéu. Di voi cac vat liéu FRC véi ciu trdc phan bd tan hoan ciu thanh
tir cac phan tir gidng hét nhau (c&c nhan tuan hoan) chira day du cac thdng tin co 1y va hinh hoc
cuia cac pha thanh phan, thi thay vi phai nghién ctru ca cau tric véi khi lugng tinh toén 16n thi
ta chi can nghién ciru mot nhan tuan toan qua dé giam duoc khdi lwong tinh toan. Trong trudng
hop ndy mdi nhan tuan hoan duoc coi 1a mot phan tir dai dién dic trung — REV.,

Dé nghién ciru img xtr ctia vat liéu ¢6 cu trac tuan hoan thi ngoai cac phuwong phap giai
tich x4p xi ké trén va phuwong phap phan tir hitu han v6i khdi lwong tinh toan 16n, phirc tap thi
chung ta c6 thé 4p dung phuong phap s6 dua trén bién d6i nhanh Fourier (FFT) duoc dé xudt
bai [7] va sau d6 da duoc phat trién pho bién [5, 8-10] voi céc uu diém nhu: giai quyet bai
toan trén mot nhan tuan hoan thay vi trén toan mién vt liéu, thyc hién cac tinh toan sd it phirc
tap, d6 chinh xac cao.

Trong nghién ciru nay, phuong phap FFT s¢ dugc ap dung dé xéc dinh tinh chat dan hoi co
hiéu ctia FRC hai pha véi pha sgi dugc xep song song va tuan hoan theo phuwong vudng goc véi
soi. Bai bao nay duoc bd cuc thanh 5 phan: phan 2 s& gi6i thiéu cac phuong trinh co ban cua
bai toan, phuong phap bién d6i nhanh Fourier duoc trinh bay ¢ phan 3, trong phan 4 s& dua ra
cac vi du s ap dung phuong phap FFT dong thoi so sanh cac két qua thu duoc voi mo hinh
Christensen and Lo [5, 11] va cac bién Voigt-Reuss [11, 12], két luan va kién nghi ctia nghién
ctru s& duoc trinh bay trong phén 5.

2. CAC PHUONG TRINH CO BAN CUA BAI TOAN

Vat ligu composite gia cuong cot soi (FRC) dugc xem xét ¢ nghién ctru nay bao gom mot
pha nén duoc gia cudng bang cac soi phan b doc theo mot phuong va sap xép mot cach tuan
hoan (Hinh 1.). Goi Q la mét phan tur thé tich dai dién (Representative elementary volume -
RVE) bao gém mét pha nén Q@ trong d6 pha soi QM  duoc phan b tuan hoan. Céc vat liéu
cau thanh nén FRC déu duoc gia sir 1a dan hoi tuyén tinh va ddng nhat. Trong hé toa do Descarte
(X1, X2, X3) lién két v6i mot co so truc giao (e1, e, €3) Vai vec to don vi es 1a huéng cua cac soi,
ing xtr dan hoi ctia pha nén va soi tuan theo dinh luat Hook:

c®(x) = LY(x0): e¥(x) 1)

trong d6 6® (x), €@ (x) vai i = 1, 2 1an luot 1 ten xo (tng suét va bién dang trong vat lidu i tai
toa d6 x va duoc xac dinh théng qua vec to chuyén vi u (x) theo cdng thuc sau:

£D(x) = g [Vu®(x) + VTu® (x)] )

Ten xo dan hoi cuc bo dugc biéu dién dudi dang

LY = D xOCOLD +|1- > O (x)] L® ©)

617



Tap chi Khoa hoc Giao théng van tai, Tap 71, S6 05 (06/2020), 615-625

trong d6 L{Y véi a = 1,2 14 ten xo dan hdi bac bon cua pha nén va pha cot. Ten xo nay duoc
viét theo qui uwdc Kelvin dudi dang ma tran 6X6 nhu sau [11, 12]

L1111 Li122 L1133 V2L33p3 V2L3zy3 V2L3sy,]
Lyz11 Lazzz  Lazss V203993 V20Lyp13 V2Lpp1s
Lasin Laszz Lssss V2L3333 V2L3zy3 V2L3syy

V2Ly311 V2Lp320  V2Lgas 2Lp323 2Lp313 2Ly3q5
V2Li311 V2Li311 V2Li333 2L4323  2Ly313  2L4312
V2Ly211 V2Lygp;  V2Lypss 2lizes 2lizis 2liaiz

trong truong hop don gian khi vat liéu 1a dan hoi va dang hudng thi

(1-v)E vE vE
1-2v)(1+v) A1-2v)(1+v) A-2v)(1+v)
vE (1-v)E vE 8 8 8
1-2v)(1+v) 1-2v)(1+v) A-2v)A+v) 0 0 0
VE VE (1-v)E
L={0-20)0+v) A-20)1+v) (1-2v)(A+v)
E
0 0
0 0 0 (1+v) .
0 0 O 0 0
0 0 0 (1+v) -
0 1+ v)d

Vv6i E, v 1an luot 1a mo dun dan hoi va hé sé poisson cua vat lidu. ¥ (x) 1a ham dic trung cta
pha cbt soi (1< i <N cho truong hop tong quat ¢ day i = 1) déc trung bsi mién QO , ham nay
co dac diém sau:

. & ®
(l)x={1neux€§2' 4
¥ 0néux ¢ QO @

Ten xo tng suat o(x) phai thoa man phuong trinh can bang:
V-o(x) =0 (5)

O cip d6 vi md, vat liéu FRC duoc coi la dong nhat. Ung xir dan hoi ¢6 hiéu ctua n6 duoc viét
nhu sau:

X =L¢T:E (6)
O day L¢/7 1a ten xo dan hoi c6 hiéu cia FRC, £ va E lan luot 12 ten xo (ng suat va bién dang

vi mo cua vat liéu tong hop duoc dinh nghia nhu sau

1
r=— on)®°xdx, E=——| u®°xdx 7
210 aﬂ( ) AN (7

Trong d6 n 14 vec to phap tuyén don vi ciia mat bién 0, |Q] 1a thé tich cua vat liéu FRC va
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phép ®° 14 tich ten xo dbi xing cua hai vec to ava b nhu sau a®°b = %(a ®b + b®a).

Hinh 1. Vat liéu FRC va mét nhan tuan hoan.

3. XAC PINH TiNH PAN HOI CO HIEU BANG PHUONG PHAP FFT

Ap mot chuyén vi ddng nhat 1én miat gidi han 9Q caa vat liéu Q:
u(x) = E%, x € aQ 8)

Trong d6 E° 14 ten xo bién dang khong dbi dat tai bién. Quan sat diéu kién bién phuong trinh
(8) va phuong trinh bién dang vi mé (7) c6 thé thay rang ten xo bién dang vi mé E = E°. Do
vat liéu FRC nghién ciru & day c6 tinh tudn hoan trong mat cat vudng goc véi cac soi nén ta
chi can nghién ctu mot nhan tuan hoan U thay vi nghién ctru toan bo vat liéu Q, nhan tuan
hoan U dugc dinh nghia nhu sau:

U={x€ Ql-2, <% Ao —5 < x5 <3 9)

V6i a = 1,2; 2A,Va 24, 1a kich thuéc cua nhan tuan hoan trong mat phang vudng goc Véi
phuong doc truc soi va h 1a chiéu dai soi, chiéu nay nay phai da 16n so véi A,. Khi vat liéu co
phan b vudng ta chon 24, = 21, = 1, béan kinh soi s& thay ddi tir 0 dén gié tri 1; ng véi ty
1& phan tram thé tich soi khac nhau.

O day ta dwa ra khai nhiém “méi truong d6i chimg” vdi ten xo dan hdi L, dong thoi dat
AL = L — L, phwong trinh (5) viét lai nhu sau:
V-[(AL+L©®):g] =0 (10)
Ten xo bién dang £(x) c6 thé duoc tach thanh hai phan nhu sau
e(x) = E% + €' (x) (11)
trong d6 £*(x) 1a truong ten xo bién dang nhiéu tuan hoan, vec to chuyén vi lién hé véi trudng

ten xo bién dang nhiéu tuan hoan duogc ky hiéu 1a u*(x) theo phuong trinh (2). Thay phuong
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trinh (11) vao (10) ta duoc:
v- []L(O): (E° + s*(x))] +V 1=V [LO: (V' ®)]+V T (12)
Vi

7(x) = AL: [E® + £ (x)] = [L — L©]: e(x)

N
= [L@ - LO]: e(x) + Z[]L(i) -  LOy®:e(x) (13)

=1

1a truong ten xo phan cuc. Ap dung bién d6i nhanh Fourier (FFT), cac truong chuyén vi u,
bién dang € va ten xo phan cuc T duoc Viét lai dudi dang nhu sau

N N Nk

w0 = ) WO, w00 = ) HO, e = ) e (14)
$ § §

trong phuong trinh (14) i = v/—1 126 40, va cac vec to 0*(§), ten xo (&), £(&) lan luot 12 cac

bién ddi Fourier roi rac cua u* (x), T(x), £(x); §=(&,,&,,0) = (n;—” n;—” ,0) VGi N1 vanz2 = -Nie,
1 2
- Nk+2, ...,0,1, ..., Nk la mot vec to s6ng roi rac 2D, tong cua no chinh la tat ca cac vec to séng

roi rac va bang 2NkX2Nk. Pua biéu thie (14) vao phuong trinh (12) ta ¢6
= Y D £+ ) g (Ege ¥ = 0 (15)
pqklSl5q*k rq q
3 3

Tuong ty, trudng (ng suit phan cuc duoc viét trong khdng gian Fourier nhu sau:

N

2 0 ~ i i ) i& xa ’

fra = Z(L;csz - L;;kJ Bu(§el™ + Z Z(ngzkl - Lg;kl)x Vel e, (16)
& i=1 ¢

mm npm
PRI

Y = A A= - 5 \ - i i&!. =R =X
= -Ni+1, - Nks2, ...,0,1, ..., Nk va bién d6i Fourier ciia ham dic trung y e * duoc biéu dién
nhu sau:

G day, vec to s6ng roi rac §' duoe dinh nghia boi §'=(¢1, ¢3,0) = ( ,0) Vi nf vany

yDeidx — 2 Fy@ei€' x| eiéx = Z}?m (& —§De™ 17)
5 §
Vol
. Py 1 . ! i
Fly@ei¥*] = — | e ilE)xgx = 3D (g - ¢") (18)
Ul Jyw
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thay phuong trinh (17) vao (16) ta nhan duoc biéu thirc cua truong ang suét phan cuc
N
A 2 0 ~ i A(i ~
tpg(®) = (L = Liom )2 () + E(ng,kl ~ 12 )50 » (@) (19)
i=1

v6i ky hiéu * 1a tich “convolution” [7, 10] trong khéng gian Fourier. Bién d6i Fourier
1D (& = &) cna yP(x) duoc goi 1a hé sé hinh dang va kich thuéc cua pha hat dwoc tinh nhu
sau

e_i(f_fl)'x(i)

P0G =) = [ e e%az (20)

o®
cling luu ¥ rang hé sé nay phu thudc ca vao kich thudc va hinh dang cia pha cét [7].

Tir phuong trinh (15) va (19) ta c6 thé xac dinh phan nhidu caa vec to chuyén vi trong khdng

gian Fourier nhu sau:

-1
;= [Lg,";klqul] gl 21)

Ap dung bién doi nhanh Fourier va két hop voi phuong trinh (2) cho vec to chuyén vi nhidu
taco

1 .. s
e = 2 [T i, + U7i,] (22)

Thay (21) vao (22) ta dugc

i = 5 (Lt eate + (K &a] Euti) T (23)

Két hop phuong trinh (19) va (23) ddng thoi xét dén tinh chat 8(§) = E°(§) + £*(§) voi

o E'néué=0 , ...
E = { , dan toi
© Onéu £+0 anto
N
F0 _ 2 ) ) © \a @ @) Ya@) .~
Ekt — ekt + Fktpq {(qu‘l]l - quvl)gvl + Z(quvl —_ quvl))((l) * Evl} (24)
i=1

phuong trinh (24) viét lai duéi dang ten xo

N
EO=g+ f‘{(IL(Z) — L©®):8 + [L® — LO] Z)E(") * ?:} (25)

=1
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Trong d6 T ktpq(§) ten xo toan tir Green trong khong gian Fourier dugc biéu dién nhu sau:

Ceena = g {[Kaabt] oo + (K00 808)] Gatic + [10uttl] Gt

[L(t(;;)lq fp fl] fp fk}

$®<

hay duéi dang ten xo nhu sau: T' = FI0F;

Trong khong gian Fourier ten xo (ng suit duoc tinh thdng qua ten xo bién dang nhu sau

N
3(5) = LP&() + (LD — L) Y [70 2]
i=1

(26)

(27)

Dé xéc dinh trudng nghiém vec to chuyén vi u, ta s& giai phuong trinh (25) trong khéng

gian Fourier theo thuat toan sé sau:

e \ong lap tha 1:
sl(yl'YZ) = EI
' (V1,¥2) = L(y1, ¥2)€' (1, ¥2),
e Vonglapi>1:
Gia sir rang céc gia tri X (yy, v,), 6 (y1, v,) 1a da biét,
ai(fl' 52) = F(o'i(YL 3’2) )r
Kiém tra do hoi tu
- Vong lap sé dung lai khi
”31.(51,52) - ai_l(fl'fz)”

CCE R
- Vo
B8, &) = 8161, &) — T0(6, 608 (61, &),
8y, y,) = F1(8941(5,8)),
0" (y1,¥2) = Ly, ¥2) €4 (1, y2)-
4.ViDU SO

(28)
(29)

(30)

(31)

(32)
(33)

(34)

Dé biéu dién cac két qua s6 nhan duoc tir phuong phap bién doi nhanh Fourier, & day ta
chon vat liéu FRC duogc cau thanh tir pha nén va pha cot déu 1a dan hoi, dang huéng véi mo
dun dan hoi 1an luot 1a Em = 3.45Gpa, EF = 73.1Gpa. H¢ s Poisson cua hai pha nay lan luot
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nhan gid tri vm = 0.35 va ve = 0.22. Ty 18 thé tich cta cbt soi so v6i pha nén bién dbi tir 0 dén
70%, khi canh ctia nhan tuan hoan 1a 1 thi twong tmg voi né ban kinh soi thay ddi tir 0 cho dén
0.4721. D6 hdi tu cua tinh toan s& dat dugc khi 6 = 0.0001. S6 budc séng trong mit phiang
vudng goc véi xs theo mdi phuong 1a 2Nk voi Nk = 32 trong tinh toan nay.

Céc két qua thu duoc bing phuong phap bién ddi nhanh Fourier s& dugc so véi voi cac
bién Voigt — Reuss va phuong phap giai tich dugc phat trién boi Christensen and Lo [5, 11] &
cac biéu d6 tir hinh 2 dén hinh 5.

70
eff eff
L=l
—o—Voigt
60 Reuss
—e— Christensen and Lo
50 q
©
Q
O]
o 40
= &
QN
T
~ 30 1
= -
D
-
20+
10 1
0 1 i} | L 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Ty 1& thé tich pha soi

Hinh 2. Anh huéng cua ty 18 thé tich pha soi va thanh phan L/ ciia ten xo dan hdi ¢6 hiéu ciia FRC.

45 T T T

eff
=L

40 | —e— Voigt -
Reuss
35 |—#— Christensen and Lo -

GPa
N
(6)]

eff
L1212
N
o
T
Il

10

==
©
'''''

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Ty |é thé tich pha soi

Hinh 3. Anh hudng cua ty I¢ thé tich pha soi va thanh phin L/ ciia ten xo dan hdi ¢6 hiéu cia FRC.
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45 eff eff I
Loas =Lia1a
40 {—e— Voigt -+
Reuss
35 —=@— Christensen and Lo
30+ =
&
G 25T 8
[s2]
(9]
5R20¢ 1
=
15+
10t T
5 i v
0 1 1 1 1 i 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Ty & thé tich pha soi

Hinh 4. Anh huéng cua ty 18 thé tich pha soi va thanh phan LS4/ . cua ten xo dan hdi c6 hiéu cua FRC.

70

o eff
L3333

8- \/oigt
Reuss

—w— Christensen and Lo

0 1 L 1 | 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Ty & thé tich pha soi

Hinh 5. Anh huéng cua ty 18 thé tich pha soi va thanh phan LS4, cua ten xo dan hdi c6 hiéu cua FRC.

Quan sat két qua sb cac thanh phan cua ten xo hé sb dan hoi ¢6 hiéu cua vt liéu FRC
nhan duoc bang cac phuong phap khac nhau ta thay cac két qua dua ra bai phuong phap FFT
va phuong phap Christensen and Lo rit gan nhau dbi voi céc thanh phan
L‘i{{l, L, Li’;{zL;’;’;3 vall .o moi gid tri ty I& the tich cua cot soi, voi thanh phan Lg’;a
ket qua thu duoc bang phuong phap so FFT va Christensen and Lo tién gan nhau khi ty 1€ thé
tich pha soi nho. Tuy nhién két qua thu duoc bang phwong phap s6 FFT va phuong phap
Christensen and Lo déu nam trong pham vi cuaa giéi han Voigt — Reuss chang to tinh dang cta
ca hai phuong phap tinh.
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5. KET LUAN

Nghién ctru nay da trmh bay phlmng phap bién d6i nhanh Fourier dé xac dinh tinh chét co
hi¢u cua vat heu FRC c6 cu tric tuan hoan. Phuong phap nay cho phép giam khéi llIO’l’lg tinh
toan khi chi can thuc hién céc tinh toan trén mot nhan tuan hoan thay vi toan thé ciu tric vat
liéu, cac két qua cua phwong phap FFT da duoc so sanh véi cac bién Voigt — Reuss va phuong
phap giai tich dwa ra boi Christensen and Lo cho thiy tinh ding ctia phuong phap. Céc tinh
toan trong nghién ctru nay nay ciing c6 thé dugc ap dung ddi cac tinh chat khac cta vat liéu nhur
tinh dAn dién, dan nhiét, ap dién. .. khi vt liéu d6 co cAu tric tuan hoan.

Duya trén nén tang 1a phuong phap bién d6i nhanh Fourier da dugc trinh bay trong bao cdo,
nghién ctru nay hoan toan c6 thé duoc tiép tuc phat trién dé giai quyét bai toan vat liéu véi cau
trdc c6 phan bd ngiu nhién véi viée giai quyét thém hai bai toan phu tro 1a thuat toan gieo ngau
nhién va thiét 1ap thém mot bién dinh vi trong khong gian Fourier, va day ciing 13 dinh hudng
trong cac nghién ctru tiép theo clia nhom tac gia.
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