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Abstract. In this study, effects of aspect ratio (I/d — length/diameter) and volume fraction
(V) of steel fiber on the effective elasticity properties of fiber reinforced composite (FRC)
were investigated by the homogenization schema proposed by Mori - Tanaka based on
Eshelby's solution for elliptical inclusions for a random fiber — orientation distribution. For
this purpose, straight fibers (cylindrical fibers) with three different I/d ratio of 1.1; 5, 10, 30,
50, and 100 were used. Seven fiber volume fractions were added to concrete mixes at 1; 5; 10;
20 and 30% by volume of fiber reinforced composite. Analytical results obtained by Mori-
Tanaka approach are compared with the Voigt and Reuss Limits to prove the utility of model.
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Tom tat. Trong nghién ciru ndy, anh huong caa ty 18 kich thudc (I/d — chiéu dai/duong kinh
soi) va ty Ié thé tich (V) cua cdt soi phan tan dén tinh chat dan hoi tong thé caa composite gia
cudng cdt sgi (FRC) s& dugc mé phong bang mot moé hinh déng nhat hoa vat liéu duoc dé
xuit boi Mori - Tanaka duya trén nghiém cua bai toan Eshelby cho hat hinh elip tron xoay khi
phan bé va hudng cua soi 1a ngau nhién. Cu thé s& md hinh s& dugc &p dung dé tinh cho
truong hop soi ¢ dang tru tron thang véi céc ty 1é 1/d lan luot 1a 1.1; 5, 10, 30, 50, va 100.
Nam ham luong soi tinh theo ty 18 thé tich khac nhau 1a 1; 5; 10; 20 va 30% s& dugc dua vio
tinh toan. Két qua giai tich thu dugc bang cac mé hinh ddng nhat hoa s& duoc so sanh véi cac
bién Voigt- Reuss dé chang minh tinh kha dung ciia mé hinh.

Tir khoéa: Bong nhat ho4, M6 hinh Mori — Tanaka, ty 1¢ kich thudc, tensor dan hoi,
composite gia cuong cot sgi.

© 2020 Truong Dai hoc Giao théng vdn tdi

1. PAT VAN PE

Vit liéu Composite gia cudng cot soi (FRC) la mot loai vat liéu tién tién dugc ap dur]g
ngay cang rong rai do no tan dung dugc uvu diém cua pha nén va pha cot sgi dong thoi khac
phuc nhugc diém cua ting thanh phan. Trong nganh xay dung noi chung va xay dung cong
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trinh giao thong néi riéng vat ligu Composite gia cuong cot soi duoc sir dung pho bién nhat la
bé tong xi mang gia cudng cbt soi phan tan (cbt soi thép, soi thuy tinh, soi PP...) do nd cd
nhiéu wu diém nhu cuong do chiu kéo uén cao, cai thién duoc cac dic tinh co hoc nhu kha
nang chdng mai mon, va cham... so véi bé téng truyén théng [1, 2, 3, 4].

Céc nghién ciru thuc nghiém trén thé gidi cling nhu tai Viét Nam dé cho nhiéu két qua
vé anh hudng cua thé tich cling nhu ty 1€ kich thuéc soi dén cudng do chiu nén, kéo khi udn
cling nhu cac dic tinh co hoc khac cua Composite gia cudng cdt soi nham xac dinh ty 18 thé
tich cling nhu ty 1€ kich thudc sgi phu hop [1, 3, 4]. Bén canh cac phuong phap thuc nghiém
truyén thong, tensor dan hdi ¢6 hiéu caa FRC ¢6 thé duoc du doan dugc théng qua M6 phong
bang phuong phap dong nhat hoa vat liéu dua trén nghiém cua bai toan Eshelby cho pha hat
c6 dang hinh elip tron xoay [5, 8, 10, 11, 13] vdi cbt soi dwoc phan b ngau nhién trong
khong gian [11, 12]. Phuong phap dong nhit hoé vt liéu véi md hinh Mori — Tanaka [6, 9,
12] s& dwoc &p dung dé du doan tensor dan hoi c6 hiéu cua FRC véi cac ham lugng soi lan
luot 1a 1; 5; 10; 20; va 30 % vai cac ty & kich thudc lan luot 12 1.1; 5; 10; 30; 50 va 100. Céc
két qua giai tich thu duoc bang md hinh Mori Tanaka s& dugc so sanh véi bién Voigt — Reuss
[13, 14, 17, 18].

Bao céo dugc trinh bay thanh 4 phan, trong d6 phan 2 dung dé miéu ta cac théng sé dau
vao cling nhu diéu kign bién cuia bai todn. Phan 3 cia bai bao trinh bay céc két qua sb thu
dugc tr phuong phap ddng nhat hoa va cac gidi han Voigt - Reuss. Phan 4 s& dua ra mot s6
két luan va kién nghi.

2. COT SQI PHAN TAN NGAU NHIEN — MO HINH PONG NHAT HOA VAT LIEU
2.1. Nghiém cua bai toan Eshelby cho hinh elip tron xoay

C6t soi duge md phong co dang cau dai (oblate spheroid) v6i phuong trinh toan hoc duoc
mo ta nhu sau [5, 9, 13]:

-y, (1)

Hinh 1. Phan bé cua soi gia cudng trong khong gian.
Véi ¢ 1a chiéu dai ban truc theo phuong x3 (¢ = N2), va a la chiéu dai ban tryc theo
phuong x1 va X2 (a = d/2) cua hat elip tron xoay. Cong thurc giai tich cta tensor Eshelby cho
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pha hat c¢6 dang elip tron xoay dugc trinh bay nhu trong céng bd ciia Eshelby. Khi pha hat co
dang phong cau dai véi ty 18 kich thuéce 1a p = c/a = I/d (trong trudong hop dic biét ¢ tién t6i
v6 han thi pha hat s€ c6 dang tru hoan hdo) thi cac thanh phén khéc khong cua tensor Eshelby
[6] (Siji voi 81 phan tir) nhu sau:

4T
SHh1 = S5322 = QU+ Rl +— )
Q T
S§15. =S53h == — Rl +3 3)
S$3h2 = S5552 = —RI,-p°T 4)
S$3h = 853, = —RI. — T ®)
S$38; = S5+ Rl + 2p?T ©)
T
Si312 = Si3h1 = S511, = S593: = QU+ RI, +; )
R 1+p?
S$5hs = S§35, = 536, =S4 = 2mR — [, ~- =T ®)
R 1+p?

S§55s = 5535, = S§38, = S535s = 2nR — 1, - =T (©)

Vi

3 1-2v,
8m(1 —vy) 8n(1—v,)
2Tp

I, = CEEVEE [p(pz-l)l/z-cosh'lp];
Q(4m — 31,)

[.=4n -2, T= —————

¢TI 3(p?-1)

Trong truong hop téng quat khi cbt soi b tri ngau nhién trong khong gian, ma tran
chuyén toa d6 s& co dang tong quét [7, 10, 12]

COS (1 COS P,-Sin @, sin@, cosd  sin@q cos@, + cos @, sin@, cosp  sing,sind
R = |-cos ¢, sin @,-sin ¢, cos @, cosd -sin @, sin @, + cos @, cos ¢, cosP cose,sind (10)
sin @, sind Cos @ sin ¢ cosd
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Hinh 2. Cét soi phan bb ngau nhién trong vat liéu composite.

ﬂ Cong thirc chuyén co sé cua tensor bac 4 trong khong gian [13] viét dudi dang chi s6
tong quat nhu sau:

,

Lukl = RimRianoRlemnon (11)

Vi I 1a tensor dan hdi bac 4 trong hé toa do géc, va L 1a tensor dan hdi bac 4 trong hé toa do
mai, cac giatrii, j, k, I, m, n, o, p ,q nhan cac gia tri tir 1 dén 3 tuwong ung vai ba chiéu khéng
gian.

2.2. Pong nhit hoa vit liéu FRC — Md hinh Mori -Tanaka

Xét mot vat ligu Composite gia cuong cét soi voi pha nén 1a Q®), pha soi la Q@ ¢6
dang hinh tru thang véi duong kinh mat cat la d va chiéu dai soi la | xem Hinh 2.

Céc vat liéu chu thanh FRC duoc gia sir 1a dan hdi tuyén tinh va dong nhat trong timng
thanh phan. Binh luat Hooke tong quat [7, 10, 11] dugc viét nhu sau:

6@ (x) = L@ (x): £ (x) (12)
voi €@ (x), 60 (x) lan luot 14 tensor bién dang va tensor ung suat trong vat lidu o tai toa do
X, L{®(x) 14 tensor dan hdi (tensor do cing) bac 4 cua vat lieu a. Khi cac vat lidu 1a dan hdi
dang hudng thi tensor dan hoi chi phu thugc vao mé dun dan hoi E va hé so poisson cua vat
liéu [15].

M6 hinh Mori- Tanaka dugc thiét 14p dé xac dinh cac tensor dinh vi bién dang cho
phép xac dinh bién dang tai cac diém trong cac pha cau thanh cuia Composite khi biét bien
dang hodc Ung suat tai bi€n cua Composite. Gia str rang FRC chiu mdt bién dang tai bién
bang vadi bien dang trung binh trong pha nén [13]:

E, = (&) (13)

bién dang trung binh trong pha ¢t dugc tinh nhu sau

(8)2 = [H + ]:Pz: (]Lz']Ll)]_l: E (14)
v6i E 12 bién dang vi mo cua composite, P, 1a tensor Hill bac 4 [5, 13].
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P, = S5°": Lyt (15)

trong d6 S5°" 1a tensor Eshelby bac 4 [5] v6i nguyén 1y chung cua Eshelby d6 1a cho phép xéc
dinh mot bién dang (Ung suét) tai moi diém trong cac pha khi biét bién dang hodc/va g suit
tai ’bién cua vat liéu, tensor Eshelby nay phu thudc vao hinh dang, huéng cua pha hat va tinh
chat cta pha nén.

T c&c phuong trinh (13), (14) va (15) ta co

E= {fil+f,[1+P,: (IL,-L,)]"*}:E, (16)

Tir phuong trinh (16) ddi chiéu [13], tensor dinh vi bién dang ctia pha nén sé 1a:

A, ={fi1+ f,[1+P,: (L,-L;)]1}? a7

Mat khac ta lai c6
(e), = [I + P,: (Ly-L,)] " : A E (18)
(8)2 =A;:E (19

Két hop (18) va (19) ta rut ra tensor dinh vi bién dang ctia pha ct
Az = [H+]P)2:(]LZ-H.41)]_1:A1 (20)
Phép dong nhat hoa vat liéu nhiéu pha véi pha hat gia cudng pha nén c6 cong thirc giai tich
nhu sau [13]
Ly = Limq fili A (21)
& day vat liéu composite bao gom hay pha nén n = 2.
Mat khac do hat phan bo la ngau nhién nén tensor Eshelby ¢ cong thic (14) s€ duoc

tinh 1a trung binh cua tt ca cac tensor Eshelby dé xoay theo moi huéng trong khong gian 3D
va n6 dugc chitng minh [9, 11, 12] c6 gia tri nhu sau:

<esh 1 2 2 es .
SE = o S dg—o S5 sind g, dddp, (22)

8m?
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Cong thirc giai tich (21) dwa ra bai md hinh Mori-Tanaka cho thiy anh huéng cua ham
lugng thé tich pha soi (f;) dén tinh chat dan hoi c6 higu cua FRC, céc cong thirc giai tich tu
(2) dén (9) cua cac thanh phan tensor Eshelby va cac cong thirc (15), (20) va (21) cho thay
anh huong cua ty 1¢ kich thudc p cua bt sgi dén tensor dan hdi ¢ hiéu cua FRC.

Cac két qua tinh toan boi md hinh s& duoc so sanh vai cac bién Voigt — Reuss dugc xay
dung dya trén cac phép toan bién phan sir dung cac nguyén ly vé ning lwong cuc tiéu va ning
lwoc bu cuc tiéu [17, 18] voi tensor dan hdi dugc trinh bay & cac cong thire dudi day:

LVolst = fili + f>1L, (23)
Reuss _—_ f1 f2
L B (IL ]L2> @4

3. KET QUA VA NHAN XET

Pé minh hoa cac két qua giai tich thu dugc bang phuong phap ddng nhat hoa st dung md
hinh Mori-Tanaka ta xét truong hop vat liéu composite gom hai pha dan hoi dang huéng vai
pha nén c¢6 moé dun dan hoi 12 20 GPa, hé s6 poisson 0.2. Cbt soi c6 md dun dan hoi 200 GPa
va hé sb poisson 0.3. Do tinh kha dyng cua mé hinh Mori — Tanaka khuyén céo ty l¢ thé tich
soi 1a dudi 40% theo [13], trong nghién ctiu nay ta chon ty 1& thé tich caa cét soi lay céc gia
tri 1%:; 5%; 10%; 20 % va 30%. Hé s kich thudc soi lan luot 13 1.1; 5; 10; 30; 50; 100. Md
hinh Mori — Tanaka s& dugc 4p dung tinh cho hai truong hop cét soi phan bd ngau nhién va
cdt soi phan bd theo phuong x3 dé nghién ciru anh hudng caa hé sé p va ty 1é thé tich dén cac
ddc trung dan hoi cua hiéu cia FRC. Cac két qua cua mod hinh dugc thé hién tir Hinh 3 dén
Hinh 8 dudi day.
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Hinh 3. Anh huéng ctia ham lugng soi dén md  Hinh 4. Anh huéng ciia p dén md dun dan hoi ¢6
dun dan hoi c6 hiéu cua FRC — Soi phan bb ngau hiéu cia FRC — Sgi phan bo ngau nhién.
nhién.
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Fiber volume fraction

Hinh 5. Anh huéng ctia ham lugng soi dén thanh
phan E; ¢6 hiéu caa FRC — Sgi phan bo theo

Fiber aspect ratio
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Hinh 7. Anh huong p dén thanh phan Eu = Ez
¢6 hiéu cta FRC — Sgi phan b6 theo hudng Xs.

Hinh 8. Anh hudng p dén thanh phan Es ¢6 higu
cua FRC — Sgi phan bb theo hudng Xs.

Két qua thé hinh & Hinh 3 cho thdy trong truong hop ct soi phan bé ngiu nhién
khong gian nghién ciru ly thuyét va thuc nghiém da chi ra rang khi cac vat lidu ciu thanh nén
composite 1a dang huéng thi tng xur cua vat liéu composite ciing 1a dang huéng va né hoan
toan khdng phu thudc vao ty 1é I/d va ciing 1a két luan cua [10]. DI véi truong hop ndy ta sé
so sanh céc két qua dwa ra boi md hinh vai cac bién Voigt — Reuss va mot sb két qua thuc
nghiém d4i véi vat lieu Aluminum (Eai = 70 Gpa, val = 0.34) duoc gia cuong bai SiC (Esic =
415 Gpa, vsic = 0.16) [19 - 21] & hinh 9 dudi day. Cac két qua md phong bai mé hinh kha
tuong thich vai cac két qua thi nghiém thu duoc cho thay tinh kha dung ciia mé hinh khi ham
lugng cbt soi dudi 40%.
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Hinh 9. Anh hudng cia ham lugng SiC dén mo dun dan hoi ¢6 hiéu cia AISIC —truong hop
SiC phéan bo ngau nhién.

Khi ¢t soi phan bd c6 dinh huéng ¢ nghién ciu nay ta cho cdt soi chay doc theo
phuong x3 (truc cua sg¢i trung véi phuong x3 hay néi cach khac truc cua sgi vuéng goc voi
phuong x1 Va x) thi vat liéu tong hop c6 tng xtr dan hoéi dang hudng ngang véi truc déi xing
la x3. Cac két qua mod phong dugc thé hién & cac Hinh 5 va 6 cho thay khi ham luong cét soi
tang thi mo dun dan hoi c6 hiéu ciia FRC 1a c6 xu hudng tang, cac két qua giai tich nam hoan
toan trong gidi han Voigt — Reuss [13, 16] cho thay tinh kha dung cia md hinh. Trong truong
hop nay khi p cang tang thi E c6 hiéu theo phuong x1 va X2 cang giam nhung mirc do giam
khong déng ké va co thé coi nhu khong anh hudng dén E theo cac phuong nay theo Hinh 7.
Nguoc lai gid tri p dnh huong kha I6n dén E c6 hiéu theo phuong x3 thé hién & Hinh 8, cac két
qua md phong ciing chi ra rang khi p 16n hon 30 thi viéc gia tang chiéu dai soi gan nhu khong
anh huong gi dén kha ning cai thién mo dun dan hdi c6 hiéu theo phuong xs ciia FRC.

Két qua giai tich biéu thi trén Hinh 4 cho thay trong truong hop cdt soi phan bb ngau
nhién thi khi p ting thi mé dun dan hoi ¢6 hiéu cang giam va di gan nhu khong dbi khi p > 5.
Tuy nhién mic do thay doi khong dang ké dé c6 thé két luan trong truong hop phan bb ngau
nhién p khdng anh huéng téi mé dun dan hoi c6 hiéu cua FRC.

4. KET LUAN

Nghién ctru ndy da trinh bay phuong phap dong nhat hoa st dung mé hinh Mori -
Tanaka nhiam xac dinh tinh chat dan hoi ¢6 hiéu cua vat liéu composite gia cudng cdt soi co
ké dén anh huong cua ty 1é kich thudc va ham lugng cua cbt sgi cho c&c truong hop cdt soi
phan tan ngau nhién va c6 dinh hudéng.

Trong trudng hop soi phan tan ngau nhién cac két qua thu duoc tir mo hinh giai tich da
dugc so sanh voi mot sb két qua thuc nghiém cua vat li¢u AlSiC khi nghién ctru anh hudéng
ctia ham lugng ¢t SiC dén tinh chat dan hdi ¢6 hiéu cuia vat lidu tong hop. Nghién ciru di cho
thdy cac két qua thu duoc tir mo hinh kha sat véi cac két qua thuc nghiém dong thdi nim
trong bién Voigt — Reuss. Céc két qua giai tich ciing nhu thyc nghiém da chirg minh rang khi
cac vat liéu cau thanh 13 dan hoi dang hudng thi vat liéu tong hop d6 ciing ¢ ung xir 1a dan
hoi dang hudng véi moi ty 1é kich thudc.

M6 hinh tinh toan da chi ra rang khi soi dugc phan tan c6 dinh huéng thi ing xt ctia
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vat liéu téng hop s& 1a ding hudng ngang, khi ty 1¢ kich thudc cang 16n mé dun dan hdi theo
huéng soi (Es) s& cang ting. Tuy nhién khi ty 1& kich thudc p dat trén 30 thi E3 s& hau nhu
khong ting nita diéu nay cho phép dua ra cac khuyén cdo khi liwa chon ty 1é kich thuéc soi
trong nghién ctru ché tao FRC nham hai hoa gitta mo dun dan hoi dat dugc va thuan 1gi trong
viéc ché tao FRC.

Trong trudng hop cbt soi phan bd ngdu nhién cac két qua mé phong cho thiy ty 18
kich thude soi gan nhu khong anh huéng dén mé dun dan hdi. Nhén dinh ndy nay ciing twong
tu d6i v6i moé dun dan hdi theo phuong vudng goc trong truong hop ¢t soi duoc phan bd
theo dinh hudng. Tuy nhién két luan nay can duoc kiém ching dua trén céc thi nghiém thuc
té va tinh toan 1y thuyét bo sung. Day ciing chinh 1a diém han ché trong trong khudn khé bai
bdo. Piéu ndy ciing md ra mot yéu cau nghién ctru tiép theo cho tac gia trong thoi gian sap
toi.
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