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Abstract. This investigation is concerned with the Stokes flow over rough surfaces
characterized by the local slip length, which is expressed in the form of the cosine function. In
this work, we are interested in two cases where the patterning direction is transverse and
parallel to the flow. To achieve this objective, we use a semi-analytic method based on the
Fourier expansions of the pressure and velocity fields. The results obtained by the proposed
method are compared with the corresponding numerical ones provided by the finite element
method and with the ones reported in the literature.
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Tém tat. Nghién ciru nay lién quan dén dong chay Stokes trén bé mit gd ghé dic trung boi
chiéu dai trugt cuc bo bién doi tuan theo ham s cosine. O ddy chung ta phan tinh ca hai tinh
hudng d6i v6i hudng cua dong chay vudng goc va song song véi ciu tric gd ghé. Bé dat dugc
muc ti€u nay, ching ta su dung mét phuong phap ban giai tich trén co s¢ khai trién chudi
Fourier ctia trudng van tdc va ap sudt. Két qua thu dugc bang phuong phap nay dugc so sanh
v6i phuong phap phan tir hiru han va mot sé két qua nghién ctru da cong bé trén thé gisi.

Tir khoa: bé mit gé ghé, chiéu dai trugt co hiéu, dong chay Stokes, ham s6 cosine.
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1. PAT VAN PE

Bai toan dong chay trong trong cac két ciu vi md, bao gdm dong chay micro, dong chay
nano, xuat hién trong nhiéu linh vuc k§ thuét ciing nhu khoa hoc tmg dung. Vi du nhu dong
chay trong cac 16 rong, khe nut cua vat lidu, dong chay cia chat boi tron trong cac thiét bi co
khi, dong chay trong cac cau triic vi sinh hoc tu nhién ciing nhu nhan tao. Vé co ban nhiing
dang dong chay ké trén c6 dang chay tang va thudng duoc mé ta bang phuong trinh Stokes.
Truong nghiém vén tdc va ap suit cua bai toan dong chay chat long phuy thuge chat ché vao
didu kién bién tai bé mit ma & do chat 16ng tiép xtic v6i chét ran Trong co hoc chat long cb
dién, ngudi ta coi bé mat chat rin 13 tron tuyét ddi khi d6 van tdc tai bé mit nay duoc coi la
bang khong. Tuy nhién gia thuyet nay khong con ding nira khi nghién ctru cac dong chay ¢
cap do vi mo, ¢ cap do nay bé mat chat rin thuc chit 1a gb ghe va gitr lai cac bong khi trén bé
mat ciia n6, 1am cho bé mit tiép xtic giita chat long va chat ran 1 mot bé mat khong dong
nhét, bao gém mit tiép xtc 1ong-ran va long-khi. Diéu nay kéo theo diéu kién bién cta dong
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chady phai dugc thay the bang dleu kién hdn hop: (i) truot tai mat tiép xuc long-khi va (if)
khong truot tai mit tiép xtc 1ong-ran, hién twong ‘nay duoc mo ta trén hinh 1. Diéu kién bién
truot duge dac trung boi mot dai lugng goi 1a chiéu dai truot cuc bd A =0, trong khi do tai vi
tri dong chay khong trugt thi A=0.

Tuy thudc vao tinh chit gd ghé ciia bé mat chat rin ma tai mat tiép xuc long-khi d6 16n
ctia chiéu dai trugt cuc bd cd thé bién dong. Vi vay dé dai dién cho toan bd didu kién bién hdn
hop noi trén can mot dai luong goi 1a chidu dai trugt c6 hiéu, dai lugng nay dac trung cho
diéu kién bién cua chat long chay trén bé mit chat rin go ghé & cap d6 vi mé, & cip do nay be
mit chit ran gd ghé dugc dong nhét hoa va thay thé bang mot be mit phing tuy nhién van toc
cua dong chay tai dy la khac khong va khac voi gia thuyét vé dleu kién bién cua dong chay
trong co hoc chit 1ong ¢6 dién. Lién quan dén chu dé nay da c6 rat nhiéu nghién ctru, c6 thé
ké dén nhu cong trinh cta Priezjev va cong sy nam 2005 [1], Teo va Khoo nim 2009 [2],
Balyaev va Vinogradova nam 2010 [3], Ng va Wang nam 2010 [4], Zhou va cOng sy nam
2012, 2013 [5,6], Feuillebois va cong sy nam 2009, 2010 [7,8], Vinogradova va Balyaev nam
2011 [9] Asmolov va cong sy ndm 2013 [10], Kumar va cong sy ndm 2016 [11]. Trong céc
cong trinh néu trén cac nha nghién ctru thuong tap trung vao mot trong hai loai dong chay phé
bién 1a Couette va Poiseuille, d6i voi dong Couette chidu dai truot c6 hiéu khong bi anh
hudng boi chiéu cao khe con ddi véi dong Poiseulle gia tri chidu dai truot c6 hiéu bién thién
theo sy bién thién cia chiéu cao khe. Céc két qua ma ho thu dwoc 13 10i giai cho truong hop
bé mat gé ghé dang ranh doc, ranh ngang, dang cdt hodc 16 vuong, tron, dang bé mat nay
duogc dic trung boi chiéu dai truot 14 hing s6. Asmolov di nghién ciru dbi voi trudng hop bé
mit gd ghé didc trung boi chidu dai truot bién thién hinh sin tuy nhién dong chay chét long 1a
dong Couette. Kumar va cong sy cing da nghién ciru dong chay trén bé mat co chiéu dai truot
bién thién theo ham sb cosine, thé nhung nghién ctru ndy chi giai quyét bai toan dong chay
ngang. Vi vdy nhom nghién ctru nhén thiy rang truong hop dong chay Poiseuille doc va
ngang theo rdnh gb ghé dang hinh cosine 13 vin dé can dugc giai quyét trong khudn kho bai
bao nay.

Nghién ctru ndy quan tam dén truong hop dong chay Poiseuille trong khe gidi han boi hai
mat phang trong do bé mit tron phia trén dugc dic trung boi diéu kién khong truot, nguoc lai
bé mat go ghé phia dudi lai c6 gia tri chidu dai trugt cuc bd bién thién theo ham so cosine.
Muc tiéu chinh ctia bai toan nay bao gom: Mot 1a dong nhéat hoa bé mat gd ghé nay thanh mot
bé mit phing nhung dugc dic trung boi mot gia tri chidu dai truot ¢6 hiéu. Hai 13 xac dinh
cac dic trung cua dong chdy tai moi diém twong tng véi diéu kién bién trugt bién thién noi
trén. Dé dat duoc hai myc tiéu ké trén mot phuong phap ban giai tich dugc sir dung trén co s¢
két hop khai trién chudi Fourier va roi rac hoa bé mat trén phuong dién hinh hoc.

2. MO TA BAI TOAN VA THIET LAP PHUONG TRINH

M6 hinh nghién ctu ctua bai toan dugc mod td nhu sau: Trong khong gian Cartesian
O — %Pz xem xét mot dong chay tang (tuan theo phwong trinh Stokes) trong mot khe dugc tao
boi hai bé mat song song, lan lwot dat tai vitri 2=0 va 2= H . Mait trén co cAu tao khong
thAm va tron tuyét dbi, diéu kién bién cua chét long tiép xtc voi bé mat nay dugc dai di¢n
béng gia tri chiéu dai truot A , =0. Nguoc lai bé mat dudi ¢ ciu tao g6 ghé dang ranh luon
song va diéu kién tiép xtic cna chat 16ng tai ddy duoc dic trung boi chiéu dai trugt A #0 bién
thién theo ham sb cosine. Dong chay chit 1ong trong khe nay dugc sinh ra boi mot gradient ap
sudt VP=(-0,0,0) xem xét trong hai truong hop sau: (i) theo phuong vudng goc véi rinh,
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(if) theo phuong song song véi ranh. Hai truong hop nay dugce goi tén tuong ung la dong chay
ngang va dong chdy doc. M6 hinh bai todn dugc minh hoa trén hinh 1, trong d6 nira hinh bén
trai tuong ung voi truong hgp dong chay ngang, nira hinh bén phai tuong Gng véi trudng hop
dong chay doc.

<>
Q
/>V<>

Hinh 1. M6 hinh dong chay trong khe.
Gié trj chiéu dai truot cuc bd duge biéu dién cho hai truong hop cua dong chdy thong
qua biéu thuc dudi day

A,[1+acos(2mz/ L) ]

1
Aol:l+acos(27rj//L):| )

A(x,p)=
trong d6 L 1a chiéu dai budc séng gd ghé, a 1a h¢ sb bien d¢ lay gid tri tr 0 dén 1, A, 1a gié tri
bién d6 chiéu dai trugt. O day nhan thiy ring mé hinh bai toan c6 tinh chit tudn hoan nén

chung ta chi cAn xem xét mot khdi chit long tinh toan don vi U ¢6 hinh dang va kich thudc
duoc bieu dién trén hinh 2.

L L

Hinh 2. Mién chat long tinh todn.

Nhim muc dich biéu dién cac phuong trinh dudi dang khong thir nguyén, chung ta lya
chon L, 612/, o 1an luot 1a d6 16n don vi ctia chidu dai, van tdc va gradient 4p suét voi u 1a
d6 nhot cua chét long. Nhu vdy phuong trinh Stokes mé ta dong chay s& dugc viét dudi dang
khong thr nguyén nhu sau:

AV(x)=Vp(x), 2)
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V-V(x)=0, 3)
trong d6 V(x), p(x) lan luot 13 trudng van tde va ap suat cua dong chay. Biéu thirc (1) viét lai
nhu sau
A [1 +a cos(27rx)]

, 4
2.0[1+acos(27ty)] *

Ax,y)=

véi A va A, la chidu dai trugt cuc b va bién do chiéu dai trugt khong thir nguyén.

Nghiém cta phuong trinh Stokes (2) va (3) gi6i han trong pham vi mién chit 1ong tinh
toan U (hinh 2) thoa mén tinh chét tudn hoan tai bon mit bén duoc biéu dién béng khai trién
chudi Fourier nhu cac thic dudi day

z? hbz h*b
.2 ==+ 2h+b) 2h+b) ;cos(a”xw”"(z) )
+ Zcos(ﬁ WU, (2)+ chos(a x)cos(B MU (z),
v(x,y,z)= iisin(anx) sin(B vV (z), (6)
w(x,y,z)= isin(anx)Wno(z) + iisin(anx)cos(ﬁmy)an(z), (7)

p(x,y,z)=-x+p, +251n(0( x)P (z)+22sm(0{ x)cos(B y)P (z), (8)
n=1 m=1
trong d6 A,b 1an lugt 13 chidu cao khe va chiéu dai truot c¢6 hiéu khong thir nguyén. Chung ta
nhan thiy rang ¢ biéu thirc (5) dai luong chiéu dai truot 6 hiéu can tim 1a mot thanh phin cua
biéu thirc nghiém, diéu nay di duoc ching minh trong nghién ctru cia Tran va cong su nim
2017 [12]. Dang cua cac ham sb dbi véi bién z: U (z), U, (2), U, (2), V. (z), W (z2),

W (z),

nm n0
nghiém (5-8) vao phuong trinh Stokes (2) va (3) rdi giai hé cac phuong trinh vi phan thu duoc
dang nghiém nhu sau

P (z), P, (z) la chua biét, chiing dugc xac dinh thong qua viéc thay biéu thic

R’lO (Z) = 141;1670{”2 + A2nea"z H R'lm (Z) = Dlnmeiynmz + Daney"'”z ’ (9)

A
UnO(Z) = [Bln - fzje_a”z + [Bb'l + %Z] ea”Z ?UOm (Z) = H]me_ﬁmz + HZmeﬁmz > (10)

oD oD
U (z)=| E i el UL P L [ Ot b TN PV (11)
nm 1nm 2y 2nm
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D D
V ( ) 1 + Mz e Tm® 4 sz _ Mz ey”mz’ (12)
b " 2 i " 27/nm
A
W"O(Z):(C“’+fzJ6_%z+(C2n+%Z]e%z’ (13)
D D
VVnm(Z) = (Glnm +%Z] Y m (Gznm + ;nm Je}’nmz‘ (14)

Trong d6 y2 =’ + 3. va hé so trong biéu thirc ham s0 1a chua bict. Luu y rang van toc cua

dong chay phai théa man diéu kién bién tai mat trén va mat dudi theo cac biéu thirc sau
u(x,y,h)=v(x,y,h)=w(x,y,h)=w(x,y,0)=0, (15)
u(x,,0) = A(x,y)u_(x,,0),v(x,y,0) = A(x,p)v_(x,,0). (16)

Céc biéu thirc van tdc (5-7) phai thoa man cac diéu kién (15) va (16), tir d6 chung ta thu

duogc hé 2 phuong trinh voi 1+ 2N +2N? 4n s6 nhu sau
b+ cos(a, )k = AstA,, + Y cos(B,y)O — AOHH,,

n=I m=1
- - . . (17)
+3 Y cos(a,x)cos(B,y)(1 = AeDE,, + D cos(a,x)cos(B,y)(1 - A& E,,, = A

n=1 m=1 n=1 m=1

>3 sin(er, sin(B, G — AEGE,, + 33 sin(@, x)sin(B,y)60 ~ AE)E,, =0 (18)

n=1 m=1 n=1 m=l1

tI'Ong do b’ 1211”: ]:I]m’ Elnm’ E

5., 1 nhitng an s6 can xdc dinh, chiing dugc lién h¢ véi cac hé

s6 trong cac phuong trinh tir (9) dén (14) bang biéu thirc sau

AA A A 2(h+b
{A1n’Hlm’Elnm’E2nm}: (hj ){A1n’Hlm’Elnm’E2nm}’ (19)

K, 5 0 9 sf;;,e;;;}n,g:;;,gf;;,gg;,ggjn 1a cdc ham sb twdng minh déi véi gid tri chidu
day khe khong don vi h. Dé tim cac 4n sb trong phwong trinh (17) va (18) ching ta sir dung
phuong phap roi rac hoa bé mit thanh cac diém cuc bd va tao ra 1+2N +2N* phuong trinh
trong tng véi sb an dé du diéu kién giai hé. Giai thich sau hon vé phwong phap roi rac hoa bé
mit c6 thé tim thdy trong nghién ctru ciia Ng va Wang nam 2010 [4], ciia Tran nam 2017 [12].

Mot khi da c6 duoc nghiém cta hé phuong trinh (17), (18) chung ta c6 thé d& dang xéc
dinh dugc gia tri chiéu dai truot ¢ hi¢u va cac dic trung vat Iy cua dong chay Stokes.

3. KET QUA SO VA PHAN TiCH

H¢ phuong trinh sinh ra tir hai phuong trinh (17), (18) khong thé giai dugc nghiém tuong
minh, chinh vi thé chung ta tlen hanh giai s mot vai trudng hop cu thé (goi tén 1an luot 13 cac
truong hop 1, 2, 3, 4) véi cac s liéu dugc trinh bay trong bang 1 va 2:
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Bing 1. Théng sé dau vao cho cdc trwong hop gidi cu thé.

Dai lugng Trwong hop 1 Trwong hop 2 Trwong hop 3 Trwong hop 4
a 01 01 01 01
h 1 0,1 1 0,1
A 0,1 0,1 1 1

Bing 2. Théng s6 mé phong so sanh bang phirong phép PTHH.

Dai lugng Truwong hop 1 Trwong hop 2 Trwong hop 3 Trwong hop 4
a 01 01 01 01
H 16 um 1,6 um 16 um 1,6 um
A 1,6 um 1,6 um 16 um 16 um

0

Hinh 3, 4, 5 biéu dién su bién thién cua gia tri chiéu dai trugt c6 hiéu b khi a thay doi tir 0
dén 1 twong Gmg cho hai | truong hop dong chay theo huéng ngang (hinh 3, 4) va doc (hinh 5)
d6i v6i ranh. Chiing ta d& dang nhén thy ring nghién ctru nay cho két qua kha sat voi phuong
phap phén tir hitu han ciing nhu két qua da cong bd ciia Asmolov va cong sy nam 2013 [10],
ctia Kumar va cong su nam 2016 [11], cic so sanh ndy c6 chi s6 danh gia sy chinh xac R (R-
square) nam trong khoang 0.9983+ 1. Diéu nay chiing to tinh hiéu qua ciia phwong phép trinh
bay trong bai bao nay. Tir hinh 3, 4, 5 chung ta cling rat ra nhan xét rang: (/) khe cang hep thi
gid tri chidu dai truot c6 hiéu cang nho, (ii) budc song cang ngin cang cho gia tri chiéu dai
truot c6 hidu cang nho, didu nay ding véi ca hai truong hop chét 1ong chiay ngang va chay
doc.

0.6 --h=0.1,A,=0.1 \
o | h=1,),=1 S
04 - =01=1 N
o FEM:h=1,) =0.1
< FEM:h=0.1,)\O=O.1 ¥
021 FEM:h=1,\ =1
FEM:h=0.1,) =1
0
0 0.2 0.4 0.6 0.8 1
a

Hinh 3. Bién thién chiéu dai triegt c6 hiéu theo buwdc song trong trueong hop dong chdy ngang va so
sanh voi phwong phdp phan tu hitu han.
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1 -
08 _h=t1,a,=0.1 el
~-h=0.1,) =0.1 R W
0.6 -.h=1,\ =1 N S
o --h=0.1) =1 e R
04 © Kumar2016:h=1 ,>\0=0.1
¢ Kumar2016:h=0.1 ,)\0=0.1
A Kumar2016:h=1 ,)\O=1
02 Kumar2016:h=0.1, =1
Asmolov2013:)\o=1
o | , |
0 0.2 0.4 0.6 0.8 1

a

Hinh 4. Bién thién chiéu dai triegt c6 hiéu theo bwée song trong trieong hop dong chdy ngang va so
sanh voi cdc két qua da cong bo cua Asmolov [10] va Kumar [11].

1
0.9
08 _h=t Ag=0.1 Tl |
0.7 —h=0.1.A,=0.1 ) * Rk
Fe) .h=1 ,)\0:1 ) \

0.6 h=0.1 ,)\0=1
o FEM:h=1,/\O=O.1

05" FEM:h=0.1,1 =0.1
04 * FEM:h=1 ,/\0=1 y
FEM:h=0.1,) =1 o}
03- | ‘ ' J
0 0.2 0.4 0.6 0.8 1

a
Hinh 5. Bién thién chiéu dai triegt c6 hiéu theo budc song trong truong hop dong chay va so sanh voi
phwong phdp phan tir hitu han.

Sau khi c6 duogc gia tri cua chiéu dai truot c6 hiéu, van toc cua dong chay tai moi diém c6
thé dugc xac dinh va thé hién trén hinh 6, 7. Véi chi sb danh gia sy chinh xac R’ (R-square)
nam trong khoang 0.9979+1, ta c6 thé két luan rang phuong phap néu ra trong bai béo nay
cho két qua phu hop v6i két qua tir phwong phap phan tir hitu han ma thoi gian tinh toan tiéu
tdn ft. Chuing ta nhan théy rﬁng do diéu kién bién tai mat trén la tron tuyét ddi nén van tdc cua
dong chay tai day luon luon béng khong, nguoc lai diéu kién bién tai mat dudi 1a truot va
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chiéu dai truot cuc bo bién thién theo ham sb cosine do d6 gia tri van tde tai tung diém khac
nhau trén mat dudi 1a khac nhau kéo theo bién dang van tdc tai moi diém trén mit phéng nam
ngang c6 gi tri va hinh dang thay dbi.

.......
.......
Y .

St

.......
......

0.8 *el

R — N
ﬁ --x=0.4 R ,
--X=0.4429 ;
0.4 - x=05 ,
© FEM:x=0
< FEM:x=0.4 Fan)
0.2 *FEM:x=0.4429 =7
FEM:x=0.5 L S
Q==-"71" ~ I | e .4'/ I il
0 0.5 1 1.5 2 25 3 3.5 4
u x10°
Hinh 6. Phén bé vén toc theo chiéu cao ciia khe itng véi dong chdy ngang.
1% ‘
0.8~ |
0.6
<
N
04" —x=0.5:y=0 . N |
---x=0.4286;y=0.4 \
Px \q
----- x=0;y=0.4429 \
0.2~ © FEM:x=0.5;y=0 ix i<
< FEM:x=0.4286;y=0.4 i
* FEMix=0yy=0.4429 '~ I
0 % & :
0 1 2 3 4 5
u x10°3

Hinh 7. Phén bé vin téc theo chiéu cao cia khe irng véi dong chdy doc.

4. KET LUAN

Bai bao nay d3 giai quyét duoc bai toan dong nhat bé mit gd ghé dang ranh hinh sin va
thay thé n6 bang mot bé mit phang dic trung boi mot gia tri chiéu dai truot ¢ hiéu. Sau khi
c¢6 duoc chidu dai truot ¢6 hiéu dic trung cua dong chay c6 thé dugc tinh toan tai bit ki diém
nao trén mién chat 16ng dang xét. Toan b két qua ndi trén co duoc 1a nhd su két hop giita
viéc khai trién chudi Fourier cta biéu thirc nghiém phwong trinh Stokes va phwong phap roi
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rac hoa bé mit bién dong chay. O day cac két qua thu dugc chi danh cho truong hop bé mit
g0 ghé dang hinh sin theo mot chiéu, truong hop bé mat gd ghé dang hinh sin theo hai chiéu
cing 1a mot chu dé dang dugc quan tim trong thoi gian sap toi.

LOI CAM ON

Nghién ctru nay duoc tai trg boi Quy phat trién khoa hoc va cong nghé Qudc gia
(NAFOSTED) trong dé tai ma s6 107.02-2017.310.
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