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Abstract. This paper uses phase field theory, first-order shear deformation theory and finite
element method to analyze the free vibrations of functionally graded plates (FGP) with
linearly varying thickness and crack in the centre. To test the reliability of the algorithm and
the calculation program, the numerical results are compared with the published article. The
paper examines the effect of cracks (length, angle of inclination), the volume fraction
exponent of material and the thickness of the plate to the vibration frequency of the plate. At
the end of the paper, present some figures of mode shapes of the plate when it has a crack.
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Tom tit. Bai bao sir dung ly thuyét phase field, Iy thuyét bién dang cét bac nht va phuong
phap phan tir hitu han dé phan tich dao dong cua tam chit nhat c6 vét nit ¢ tam. Tam lam
bang vat liéu ¢6 co tinh bién thién (functionally graded materials — FGM) véi quy luat phan
b6 thé tich theo ham mil va chiéu day tim thay d6i tuyén tinh. Dé kiém tra do tin cay cua
thuat toan va chwong trinh tinh, két qua s6 duoc so sanh voi bai bao uy tin da cong bo. Bai
bao khao st anh huong caa vét nat (chiéu dai, goc nghiéng), chi sé mii vat liéu va ti Ié chiéu
day cua tam téi tan sb dao dong riéng cua tim. Cudi bai béo, trinh bay mat vai hinh anh vé
dang dao dong cua tam khi c6 vét nit.

Tir khéa: Tam FGM, chiéu day thay d6i, vét nut, dao dong tu do, phan tir hitu han, ly thuyét
phase field.

© 2019 Truong Dai hoc Giao théng vdn tdi

1. DAT VAN PE

Trong thuc té, vat liéu c6 co tinh bién thién (FGM) da dugc sir dung nhiéu trong cac
nganh k¥ thuat cao do cac dic tinh wu viét caa nd. Tuy nhién, trong qué trinh san xuét, st
dung, cac két cau lam bang vat liéu FGM c6 thé xuit hién vét nit 1am anh hudng dén kha
ning lam viéc cua két cau. Nhitng nim gan day, da c6 mot s6 nhdm tac gia nghién ciru vé van
dé nay. S Natarajan va cong su [1] da sir dung phuong phép phan tir hitu han mé rong dé tinh
toan tan sé dao dong tu nhién cua tim FGM cd vét nat. St dung ly thuyét bién dang cit bac
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cao va phuong phap dang hinh hoc mé rong, Loc V Tran va cong su [2] da phan tich dao
dong caa tim FGM c6 nit. Gan day, nhom tac gia Phuc P.M va Duc N.D [3] d3 nghién citu
anh huong cua vét nut toi on dinh ciia tim FGM chiéu day thay doi, c6 vét nat o tam.

Khi nghién cau vé tam chir nhat c6 chiéu day thay d6i, nhom tac gia Shufrin I [4] d4 phan
tich dugc dao dong tu do cua tam bing cac ly thuyét bién dang cit bac nhat va ly thuyét bién
dang cit bac cao. Michele Bacciocchi va cong su [5] sir dung phuong phap vi phan tong quét
dé phan tich dao dong cua tim va voé co chiéu day thay d6i. Nhém tac gia Phuc P.M va cong
su [6] da st dung ly thuyét Phase-Field va phuong phap phan tir hitu han dé tinh 6n dinh cho
tam chit nhat (bang vat liéu ddng nhat) chiéu day thay dbi c6 vét nut.

Theo hiéu biét cua tac gia thi chua c6 tac gia ndo nghién ciu vé dao dong ty do cua tim
FGM chiéu day thay do6i va cd vét nit ¢ tam. Bai bao s& tap trung tinh toan tham s tan s6 dao
dong caa tam phu thudc vao ti 1é cac canh tam, chiéu dai va goc nghiéng vét nat va chi sé6 mii
cua vat liéu.

2. LY THUYET BIEN DANG CAT BAC NHAT CUA TAM FGM VA LY THUYET
PHASE FIELD

O day, vat lidu FGM phan b6 theo quy luat ham lity thira [7]. M6 dun dan hdi va hé sd
poisson phan bé theo chiéu day tim theo cong thic:

E(z)=Em+<Ec—Em)[i+l

=z EJ,U(Z)=Um+(Uc—Um)[ : 1} winzo ()

——+
h(x) 2
Str dung 1y thuyét bién dang cit bac nhét cta Reissner-Mindlin, chuyén vi & mit cat giira
tam duoc tinh theo cong thirc [8]:
U(x,y,2) =Ug(x, y) +26,(x,y)
V(X Y, 2) =Vo(X,y) +26,(x,Y) )
W(X, Y, Z) =Wy (X, y)
Trong d6 u,v,w twong tng la chuyén vi tai diém bat ky theo cac truc x, y, z; 6,, 8,1a goc

quay trong mat Xz vVa yz; U,,V,, W, la chuyén vi tai mat gita tim.

Truong bién dang cua tAm nhu sau: {8} _ {3 Op} N {Zsb} (3)
v Ts
Quan hé ung suat bién dang: {‘7} _ {Dm 0 } {3} (4)
T 0 D, |y
Ning luong bién dang cua tam:
U(d)= %L{sTpAsp +£ Be, +g Be +& Dyg, +7, Dy, }dQ (5)
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E L 0 kEh |1 O
Trong do: D, = =|v 1 0 ;D=
1-v 1 20+v){0 1
0 0 —(1-
La-v)
h/2
Véi: (A,B,D,) = j @,2,2%)D, dz

—-h/2

Trong co hoc pha huy, ly thuyét Phase-field v6i bién Phase-field [3, 6, 8, 10], s, nhan cac
gia trj lién tuc tir 0 dén 1. Trong d6, gié tri 0 ctia bién Phase-field chi trang thai vét liéu bj pha
huy hoan toan; gia tri 1 chi trang thai vat liéu binh thuong. Khi bién nhan giatri gita O va 1 ta
n6i vat lidu khu vuc d6 dang trong trang thai mém hoa (softening). Trang thai nay dugc hiéu
nhu qué trinh hinh thanh cac micro-crack trong vat liéu va lam gidm d¢ ctig cua vat liéu. Do
d6, trong 1y thuyét Phase-field, vét nirt dugc biéu dién boi mot ving hep c¢6 bién ddi trang thai
lién tuc tir pha huy - mém hoa - binh thuong théng qua sy bién ddi lién tuc ctia bién Phase-
field tir 0 dén 1. Chinh nhd sy thé hién nay, trong vat liéu khong xuat hién ving bét lién tuc,
cho phép ta tinh dao ham, tich phan mot cach dé dang trong toan mién giai tich. Bién phase-
field duoc dua vao trong cong thirc tinh nang luong bién dang cua tdm théng qua ham s trong
phuong trinh (6 - 9) v6i ngu ¥ giam ning luong dan hoi tai ving c6 vét nut vé 0.

Nang luong bién dang khi c6 vét nirt [9]:

2
U(8,s)= {%J.QSZ {sBAsp +£,Bg, +£ Be +g D, +yzDsys}dQ+ IQGCh[(lzus) +1 |Vs|2]d§2}
(6)

:{ [, so(3)da+ J'QGCh[(l;IS)Z +I|Vs|2]dQ}

Dong ning clia tam [8]:

Te = IszquUdQ:%STMGS @)
QE

1
2
(

Bién phan ctia ham Lagrang L (39, S) duoc tinh: L(5,s) =T (5,5) —U (5,5)

2 1- ’ 2
—>L(5,s)={jgs ‘I’(S)dQJ‘QGCh{( 4IS) +1|Vs| }dQ} ®)

Tur do, ta c6 hé phuong trinh xac dinh tan s6 dao dong ty do cua thm ¢ vét nut:

(YK +a’Y M*)5=0

_ 9
IQZS‘P(S)dsdQ—jQZGCh{—$+IVSV((SS)}dQ:0 ©

Trong d6 ham ¥(8) nhu sau [6, 11] :
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() =BEH(XY); (19)
.. (1—M it B2yt g H_|£y£H+I
Véit  H(xy)= I 2 2 2 2
0 else

O day | 1a chiéu rong vét niit; hang s6 B=10% d(x, y)la khoang cich gan nhét tir diém
bat ky toa do (X, ) téi dudng bién trong ving nit; G, 1a toc do giai phong nang lugng téi han
trong ly thuyét Griffith.

Giai hé phuong trinh (9) s& tim dugc tan sé dao dong ty do ctia tAm.

3. KET QUA SO

O phan nay, phan ti hitu han dugc str dung 1a phan tir tam giac voi ham dang :

a, 8 = (XY —xy;)/(222)
N, ={1 x y}{b, voi b=y, -y, )/(22)
G ¢ =(%-%)/(22)

Ma trén do cting phan ti: K° = [hB'DBJA=hQB'DB
a

a 0a 04a 0
Vi ma tran bién dang — chuyén vi n(t caa phan ta: B={0 b 0 b, 0 b,
bl al b2 a'2 b3 a3

D Ia ma tran lién hé tng suat — bién dang
.. X N, ON, ON, O
Ma tran khéi luong phan ti: M® = [hN"pNdA; N=4 2 3
2 0N ON, 0 N,

v VAV AV AV AT AT AV AVAVAVAVAVAT AV AVAVAYATA vAVA"Y
AY,V
3
2
1
0 X"‘i VAYAVAVAVAVAY VAV LVAVAVAVAY]
»
a) b)

Hinh 1. a) Phan tiz tam giac; b) Phan ti tam gidc dwoc 1am gidu tai 1an cdn ving nit.
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Hinh 1a thé hién phan tir tam giéc véi dién tich Qe va cac dinh: 1(x1, y1); 2(x2, y2) va
3(x3, y3). Hinh 1b gom céc phan tir tam giac khi tim c6 vét nit (voi chiéu dai a= 0,4L) va ¢
lan can vang nit thi sb phan tir dwoc 1am giau véi tong phan tir 12 4678.
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Hinh 2. a) Tam ché nhdt c6 chiéu day thay doi tuyén tinh; b) Tam FGM c6 vét niit ¢ tam.
3.1. So sanh véi bai toan tim chir nhit c6 chidu day thay ddi

Trong phan nay, cac théng sb cua tim L=H=0.5m, E = 70GPa, chiéu day tdm thay doi
theo ham bac nhit h=h (1—gx/L) véi B=(h,—h,)/h, bén canh lién két tya (hinh 2a).

Cong thic xic dinh tan s dao dong ty do cua tim A=wH?/ph, /D, /z* véi
D, = ER / (12(1-v?)). Két qua duoc so sanh vai bai bao cua Shufrin [4], sai khac rat nho nhu

bang 1 ching to do tin cay ctia chuong trinh tinh.
Bdng 1. Tan s6 dao dgng tie do cua tam chiéu day thay dai tuyén tinh.

Diéu kién bién ho/LL Shufrin [4] Bai bao Sai khac
0.1 1.4504 1.45041 0.001%

SSSS 0.2 1.3738 1.37381 0.001%

04 1.1664 1.16645 0.004%

0.1 0.7201 0.72019 0.012%

SSFF 0.2 0.6999 0.69996 0.009%

04 0.6368 0.63676 0.006%

3.2. So sanh két qua véi bai bao tim FGM c6 vét nit

Trén co sé chuong trinh tinh & muyc 3.1 véi tim lam bang vat lieu FGM chiéu day
khong doi g =0 va c6 vét nut chiéu dai a goc nghiéng o (hinh 2b). Thong sb cua vat liéu
FGM (SisN4/SUS304) [1]: En=201.04GPa, E.=348.43GPa, hé s poisson v =v. =0.28,
khéi lugng riéng o, =8166kg /m?, p, =2370kg /m®, lién két tua trén 4 canh (SSSS), ti Ié
chiéu dai vét ntt (a/L) thay d6i 0.4; 0.6; 0.8, tan s6 dao dong tu do khdng tha nguyén cia tim
duoc tinh theo cong thic A = wH?/h\fp, / E, nhu bang 2.
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Bdng 2. Tan s6 dao dong tuw do khdng thi nguyén cua tém FGM vuéng
c6 vét mirt & tam véi géc nghiéng o = 0°.

n a/L Natarajan [1] | Bai b&o | Saisé
0.4 5.0502 5.2399 3.76%
0 0.6 4.7526 4.9405 3.95%
0.8 4.5636 4.7555 4.21%
0.4 3.0452 3.08596 1.34%
1 0.6 2.8657 2.90947 1.53%
0.8 2.7518 2.80035 1.76%
04 2.7383 2.75239 0.51%
2 0.6 2.5769 2.59507 0.71%
0.8 2.4747 2.49788 0.94%
0.4 2.4833 2.49091 0.31%
5 0.6 2.3371 2.34866 0.49%
0.8 2.2445 2.2609 0.73%

Theo bang 2 thi sai s6 ciia chuong trinh tinh v&i bai béo cua Natarajan [1] 1a rat nho,
chtng to chuong trinh tinh ¢6 d6 tin tuong cao. Tir d6, chuwong trinh tinh dugc phat trién dé
tinh tan s6 dao dong tu do cua tim FGM chiéu day thay d6i c¢6 vét nit nhu muc 3.3 duéi day.
3.3. Dao dong tw do ciia tim FGM chiéu day thay doi c6 vét nit

Cac thong s6 cua tim chiéu day thay ddi tuyén tinh theo ham bac nhat
h=h,(1-Bx/L) Vé6i g=(h,—h)/hy, ti 1¢ chiéu dai vét nut (a/L) thay doi tir 0.2 dén 0.8
(hinh 3); tim bang vat liéu FGM (SisN4/SUS304): Em=201.04GPa, E.=348.43GPa, h¢ s
poisson v =v_=0.28, khdi lugng riéng p, =8166kg/m?’, p, =2370kg/m° lién két tua
trén 4 canh (SSSS), tan sé dao dong tu do khdng th nguyén cua tdm dugc tinh

A=wH2[ph, 1D, | 7% v6i D, = ERS / (12(1—v?)).

Hinh 3. Tdém FGM chiéu day thay déi tuyén tinh va c6 vét nit ¢ tam.
Bang 3 cho ta thiy, khi ti I& canh caa tam (L/H) cang cao thi tin s6 dao dong ty do cua
tam cang giam. Vét nut cang dai (a/L ting) lam do cing cua tim giam dan dén tan sé dao
dong giam.
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Bdng 3. Tan s6 dao dgng tw do cia tam FGM chiéu day thay doi
c6 vet nuit khi ti 1é canh tam thay d@oi véi hoha=1.5; n=5; a=0°; SSSS.

Ti 1é canh cua tim L/H
a/ll
0.5 1 15 2 3

0 6.9543 2.78873 2.00244 1.71769 1.49418
0.2 6.91277 2.7234 1.90559 1.59396 1.33055
0.4 6.82548 2.58532 1.71326 1.35752 1.02979
0.6 6.72786 2.44396 1.5337 1.15336 0.80705
0.8 6.65664 2.34822 1.41984 1.02981 0.67835

Tham sb tan s6 A dugc tinh cho tim FGM hinh vudng khi chiéu day (h) va chi s6 mii (n)

thay doi (hinh 4).

Tham so tan so A

Tham so tan so A

7 6
e v} T =0 a/L=0 —6— 4/L=0
L=H; 0=0; n=0 —8— /102 L=H; 0=0; n=0.2 B /1 0.2
6.5¢ —the— /1.=0.4 || 55 —h— 5/1.=0.4 |1
P a/l=06]| = —— a/L=0.6
a/L=0.8 g a/L=0.8
{ 2 5 ]
L]
: ————s————
5 4.5 R R
= A
: : e = : [ "
54 - _T 44 >
45 ‘ : ‘ ‘ 35 : ‘ ‘ ‘
1.2 1.4 1.6 1.8 2 1.2 1.4 1.6 1.8
Ti le chieu day tam hO/ha Ti le chieu day tam h /h_
4 4
—H =) = == a/L=0 —e— a/L=0
38 L=H; o=0; =1 —8— a/L~0.2 || L=H; 0=0; n=5 —8— 21202
- —h— 2/1.=0.4 —h— 3/1.=0.4
—>—a=06| =< 35 —>— a/1=0.6 ||
3.6 al=08[ ¢ a/L=0.8
=
8
o 3
w
g
«
=
==

2.8
1

1.2

1.4

1.8

Ti le chieu day tam holha
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4 :
—— a/L=0
L=H; o=0; n=10 =8 a/1.=0.2
—h— y/1=0.4
< 35 —>— a/L=0.6 |
2 a/L=0.8
=
E
e 3
w
£
= —f————
2.5 — A
—p— > —— —-
]
1 1.2 1.4 1.6 1.8 2

Ti le chieu day tam holha
Hinh 4. Tdn s6 dao dgng tw do ciia tam FGM chiéu day thay d@oi c6 vét nut phy thugc chi s6 mii n;
chieu dai vet nut va t/ |¢é chieu day tam.

Ta thiy rang, khi ti 1& chiéu day (ho/hs) ting, lam d6 cimg cta tAm giam, do vay tin sb
dao dong (ti 1& thuan v6i tham sb tan s 1) cling giam theo. Khi chiéu dai vét nut ting, lam
d6 cling clia tAm giam va dan toi tan s6 dao dong giam theo. R& rang rang, d6i véi vat liéu
FGM thi chi sé mii (n) cang cao thi vat li¢u FGM do co ti 1¢ kim loai cang nhiéu (theo biéu
thirc (1)), do vay khi n tang thi d6 cing ciia tim giam 1am cho tan s6 dao dong ciing giam

tuong tng.

Mot s6 hinh anh vé 5 dang dau tién cta tim FGM chiéu day thay d6i va c6 vét nut:

Mode 1 Mode 2 Mode 3

Mode 5

Hinh 5. Hinh dnh 5 dang dao déng dau tién cua tam FGM chiéu day thay doi, c6 nit
(L=1.25H; ho/h,=1.5; n=5; a/L=0.8; a=0; SSSS).

Mode 4
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4. KET LUAN

Bai bao di sir dung 1y thuyét Phase-field trong co hoc pha huy va 1y thuyét bién dang cit
béc nhat dé nghién ctru dao dong tu do tim FGM chiéu day thay ddi c6 vét nut. Két qua s chi
ra rang voi trudng hop dd xét: (i) khi tang chiéu dai vét nut thi tan sé dao dong ty do cta tAm
s& bi giam xudng; (ii) khi tang chi s6 mil cua vt liéu (n) thi tdn sb dao dong tu do cua tim
giam; (iii) khi tang ti 1 chiéu day tdm (ho/ha), tin s6 dao dong tu do cta tAm giam. Két qua
nay sé 1a dinh huéng cho cac nghién ctru vé dao dong tu do cua tim FGM khi vét nut phat
trién.
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