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Abstract. In this paper, the free vibration of functionally graded (FG) porous nano beams is
studied, based on Bernoulli beam theory. The material properties of FG porous nano beam are
assumed vary through the thickness according to a power law. Based on Eringen nonlocal
elasticity theory, the governing equations of motion are derived from the Hamilton’s
principle. The finite element method is used to discretize the model and to compute the
vibration characteristics of the beams. A parametric study in carry out to show the effects of
the nonlocal parameter and porous parameter, material distribution on the natural frequencies
of the beams are examined and discussed.
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Tom tat. Vai ly thuyét dam Bernoulli, bai bo nghién ctru dao dong tu do cua dim co tinh
bién thién co kich thudc nano va I8 rdng vi md. Tinh chat vat liéu dugc gia thiét thay doi theo
chiéu day dam. Bai bao dung Iy thuyét dan hoi khong dia phuong dé xay dung cac phuong
trinh vi phan can bang va chuyén dong cua cac két cau dam nano c6 15 rong vi md. Sir dung
phucrng phap phan tir hiru han thiét lap phuong trinh chuyen dong cho dam, tir d6 tinh toan
cac tham s6 tan So dao dong cua dam. Anh huéng cua cac tham s khong dia phuong, tham sb
15 rdng, tham sé phan bd vat liéu d&én dic tinh dao dong cua dam dwgc nghién cau va thao
luan trong bai bao.

Tiur khéa: dam nano c6 co tinh bién thién, ly thuyét khong dia phuong, 16 rdng vi mo, dao
dong tu do, phuong phap phan ta hitu han.

© 2019 Truong Dai hoc Giao théng vdn tdi

1. PAT VAN DE ,

Vit liéu co co tinh bién thién (FGM) la vat liéu composite dugc tao thanh tir hai vat liéu
thanh phan véi ty 1¢ thé tich thay d6i theo mot hay nhiéu hudng khong gian nao do. Vit liu
nay dugc sir dung rong réi trong cac linh vuc nhu cong nghé hang khong, vi try, hoa hoc,
thiét bi may, cong nghé hat nhan. Ngay nay, vat liéu FGM con duoc ap dung va thiét ké vao
cac hé thdng thiét bi co - dién ta micro/nano. Cac két ciu nhu tdm, dam c6 kich thudc nano
duoc sir dung rong réi trong linh vuc co dién tir, y hoc va ché tao sensors. Nghién ctu dic
trung va ing xir co hoc ciia két cau co kich thuéc nano néi chung, dam nano néi riéng hién
thu hat duoc su quan tdm cua nhiéu nha khoa hoc trong nudc va trén thé gigi.
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Ly thuyét dan hoi ¢ dién dwa trén lién hé lién tuc véi gia thiét rang wng suat tai mot diém
la ham cua bién dang tai diém d6. Tuy nhién ddi véi két cdu co kich thudc nano thi c6 tinh
dén anh huong cua kich thudc (size effect), do d6 1y thuyét dan hdi ¢b dién khong du dé mo ta
chinh xac cac ung xur cua két ciu nano. Vi thé, ly thuyét dan hoéi khong dia phwong do
Eringen dé xuat dau tién [1-4] véi gia thiét rang ¢ng suat tai mot diém 1a ham cua bién dang
tai tat ca cac diém xung quanh d6. Ly thuyét nay duoc sir dung dé xay dung cac phuong trinh
vi phan can bang va chuyén dong cua cac két ciu nano. St dung phuwong phap giai tich,
Reddy [6] d4 nghién ciru c4c tng xir nhu uén, phan tich én dinh va dao dong cua dam thuan
nhét theo ly thuyét khong dia phuong véi cac ly thuyét dim khac nhau bao gom céc Iy thuyét
dam: Euller-Bernoulli, Timoshenko, Reddy va Levinson. Nghiém giai tich d6i véi bai toan
udn, dao dong va vdng st dung Iy thuyét khong dia phuong da cho thiy anh huong cua céc
tham s6 khong dia phuong t6i ¢ vong, tan sé riéng cia dam thuan nhat. Simsek [7] da dua ra
nghiém giai tich d6i véi bai toan udn va phan tich 6n dinh cia dim nano FGM dua trén ly
thuyét dam Timoshenko. Ngoai ra, phuong phap phan ta hitu han ciing dwoc sir dung dé
tinh toan dam co kich thudc nano. Trong d6 c6 nghién ciu cua Eltaher va cac cong su [9, 10]
d3 phan tich dao déng cia dam Euler — Bernoulli nano dong nhat mét vat liéu va dam nano
FGM bang phuong phap phan tir hitu han(PTHH).

Trong bai béo nay, tac gia nghién ctu tham sb tan sé cua dam tua gian don, dam duoc
lam tir vat liéu co co tinh bién thién khdng hoan hao do c6 16 rdng vi mé. Bang phuong phap
phan tir hitu han, anh huong cua tham sé khong dia phuong, tham sb 16 réng, tham sb vat liéu
dén tham s6 tan s6 ciia dam dugc nghién ciiu chi tiét trong bai béo.

2. PHUONG TRINH CHUYEN PONG

Trong Hinh 1 minh hoa dam FGM kich thuéc nano va c¢6 15 réng vi mé chiéu dai L, chiéu
rong b, chiéu day h. Hé truc toa do xac dinh nhu & Hinh 1. P4y cia dam lam hoan toan bang
kim loai va mat trén ciaa dam lam bang vat liéu gom.

Dam nano FGM ¢4 15 réng vi md cau thanh tir hai vat liéu 1a gém va kim loai véi ti phan
thé tich bién doi theo chiéu day theo quy luat [11]:

P(z)=(a—Pm)(§+%jn+Pm—§(Pc—Pm) )

trong d6 P, P, tuwong Ging 14 tinh chat hi¢u dung vat ligu gém va kim loai, o 1a tham s 15
rdng cua vat liéu, n 1a tham sb vat liéu, z 1a bién thay ddi theo chiéu day dam .

(== ==m == mm oo — O
x |[O O

Hinh 1. M& hinh ddam FGM kich thwéc nano va |6 réng vi mo.
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Tl cong thic (1), md dun dan hdi Young E(z), mat do khéi p(z) cta dam nano FGM viét
dudi dang sau:
E@ = -E)1+2) vE %€ _E)
C m 2 h m 2 C m
. , (2)
z a
2)=(p, - 42| +p, ——(p, -
p(2) = (p, pm)(2 hj Pn == (P = P)
Trong (2), Ec, Em, pc, pm twong Gng 1a mé dun dan hoi, mat d6 khéi cua gom va kim loai.
Theo ly thuyét dam Euler-Bernoulli, chuyén vi doc truc U va chuyén vi ngang W tai diém
bat ky trén dam biéu dién du6i dang nhu sau:

u(x,z,t)zuo(x,t)—z%, )

W(X,z,t) = Wy (x,1),

trong d Uy, W, lan luot 1a thanh phan chuyén vi doc truc va chuyén vi ngang tai mat gita
dam. Theo gia thuyét bién dang nho, cac thanh phan bién dang biéu dién boi

2

ou,
ox
dang ubn. Theo nguyén ly Hamilton, phuong trinh chuyén dong xac dinh theo phwong trinh
Sau:

2
_GWO_
=—>;

X

K° gy 12 ki higu cua bién dang doc truc va k°ki higu bién

.0
trong do ¢,, =

t
{(§U ~ 6T )dt=0 (5)

trong d6 oU 12 bién phan caa nang luong bién dang dan hoi, ST 13 bién phan cia dong ning.
Céc thanh phan nay biéu dién nhu sau

SU =

o —rI—

(Naey, —M ok Jdx, (6)

h/2 h/2 )
Trongddo N=b | o,/(z)dz lalucdoctrucva M =D J' zo,,(z)dz la momen uon
—-h/2

-h/2

L 2 2 2 2
ST Iﬂ[%@éuo +%%j_|12 0y 0°OWy | 05Uy O ), L 0wy O°OWg | o @)
0 ot ot ot ot ot oxot ot oxot oxot  oxot
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trong d6 cac thanh phan 1, 1,,, 1., 12 c&c momen khdi lugng duoc tinh boi:
h/2
(Lo Lo 1) = b [ (L 2, 2% )p(2)dz (8)

-h/2

Thay (6), (7) vao (5) ta dwoc phwong trinh chuyén dong:

oN _, Uy, 0w,
ox ot P oaxat?
o°M 0 o*w, ol o°u, N o'w,
ax: ot Poxot?  Zoxtot?

(9)

Theo Eringen [1-4], tensor &ng suat khong dia phuong biéu dién ddi véi két cau dam cé kich
thudc chiéu day va chiéu rong bé hon rat nhiéu so vai chiéu dai nhu sau:

2,22 €,a

A-71"V)o =t; T=T (10)

trong do, €, la hang sé thich hop di vai tirng vat liéu, a va | twong tng 14 cac kich thudc dic

trung bén trong va bén ngoai. Pdi voi dam Euler—Bernoulli, phwong trinh (10) viét duéi dang:

2
00,

Oy — M = E(2)e,, (11)
trong d6 41 =€>a* duoc goi 1a tham sb khong dia phwong. Tur phuong trinh (11), véi viéc

tich phan hai vé thu duoc biéu thirc biéu dién ndi luc doc truc va biéu thirc d6i v6i momen
nhu sau

Allgxx A12 k °
(12)

6

8

8
M -
6

0
A12 XX A22k

A, A, va A,, trong phuong trinh (12) trong tmg 1a do cung doc truc, do cing twong hd
doc truc — udn va do cang chéng udn duge xac dinh nhu sau:
, h/2 ,
(All,A&z,Azz)ng(z)(l,z,z )da=b r{/ZE(z)(l,z,z iz (13)

Thé (9) vao phuong trinh (12) ta tim duoc két qua ddi véi ndi luc N va momen M va thay
ching vao (6) dugc két qua thay vao (5) ta co:
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bl ou, asu, N O'wy O°ow, AWy ddu, By, azawo)
ox° ox ox  ox

{({ Lox ox 2 ox 2 2

0wy 0w, (I 0’y d0u, | 'y a5u0]

|
u752 ol Hoxat? ox  “oaxPot? ox

%, o°ow, o'w, o%ow,  (ou, 000, owyow,) 4
“Hlyy 5 — tHlp 5 s +

oxot™ ox ox“ot” ox ot ot ot ot

ou, 05 osu. d° o’w, 0%
+1y, ! W°+|12 %0 W°—|22 %0 2 %% | gxdt =0

ot oxot ot oxot oxXot  oxot

Str dung phuong phap phan tir hitu han dé phan tich dao dong ty do cua dam. Pé thuc
hién diéu nay, ta chia dam 1am nELE phan tir c6 do dai 7’ bang nhau. M&i phan tir gom hai
nat. Str dung ham dang tuyén tinh va ham dang Hermite dé noi suy chuyén vi doc truc va
chuyén vi ngang cua dam. Sau khi thay cac chuyén vi vao phuong trinh chuyén dong (14) va
tich phan cho toan mién ta dugc phuong trinh chuyén dong cho dao dong tu do caa dam co6
dang:

MD+KD =0 (15)
trong @6 M 1a ma tran khéi luong téng thé cua dam kich thudce nano; K 12 ma tran d6 cung
t6ng thé cuia dam. D 1a vecto chuyén vi ndt tong thé

3. KET QUA SO

Bai béo thuc hién so sanh két qua tham s6 tan sé co ban caa dam FG kich thudc nano véi
két qua cua Eltaher[10] dd cong bd trude do. Cac s lidu va cong thac tinh tham sé tan sé cho
dam nano duoc Iy theo tai liéu [10]. Tir Bang 1, nhan thiy riang két qua thuc hién trong bai
bao la sat véi cac két qua cua Eltaher[10]. Piéu nay cho thiy chuong trinh tinh toan va viéc
xay dung mo hinh phan tir hitu han d6i véi dam nano FGM la dang tin cay.

Bdng 1. Ké’@ qud so sanh tham s¢ tan sé co ban Vi Eltaher [10]
vdi dieu kién bién twa don tai hai dau (=0, L/h=20).

n=0 n=1 n=5
vl Bai bao [10] Bai bao [10] Bai bao [10]
1 9,4062 9,4238 6,6669 6,7631 5,6639 5,7256
2 9,0102 9,0257 6,3863 6,4774 5,4255 5,4837
3 8,6604 8,6741 6,1384 6,2251 5,2148 5,2702
4 8,3483 8,3607 5,9172 6,0001 5,027 5,0797
5 8,0678 8,0789 5,7184 5,7979 4,858 4,9086

Sau khi thuc hién so sanh thi bai b4o tién hanh cac tinh toan sé cu thé dé minh hoa tinh
chinh xé&c va hiru hiéu cua phan tir xay dung duoc. Dam c6 chiéu dai L=10, chiéu rong b=1,
va chiéu cao h. Dam lam tir vat liéu Nhdm oxit va SUS304, cac tinh chat vat liéu caa Nhém
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oxit (Al203): Ec=390(GPa), p.=3960(kg/m?), va SUS304 c6 tinh chit vat liéu: Em=210(GPa),
pm=7800(kg/m3).
Tham sé tan sé cua dam nano FGM dugc xé4c dinh theo cong thirc

Ji =\ p AT E,| (16)

trong d6 i 12 tAn sé thu i caa dam, A 13 dién tich mat cit ngang cua dam va | =bh® /12 13
momen quan caa dam.

Bdng 2. Tham sé tan sé cuia dam nano c6 14 réng vi mé (L/h=20, u=1, a=0,1).

A n=0 n=0,1 n=0,2 n=0,5 n=1 n=5 n=10

i=1 9,0795 8,4718 8,0138 7,1452 6,4552 5,4877 5,2410
i=2 32,1349 29,9813 28,3581 25,2806 22,8375 19,4207 18,5500

i=3 61,8274 57,6753 54,5459 48,6137 43,9094 37,3591 35,6921
iI=4 93,3925 87,0989 82,3507 73,3449 66,2058 56,3387 53,8797

iI=5 103,7875 97,5181 92,7269 83,2778 74,9911 60,7918 57,8099

Bang 2 minh hoa niam tham s tan s6 dau tién ciia dam FG c6 kich thudc nano va 16 rong
vi md. Nhin vao bang 2, tham s tan s ting dan tir tham s6 tan s dau tién dén tham sé tan sb
thir nam bat ké tham s6 vat li¢u tang dan tir 0 ¢én 10. Ngoai ra, khi tham s6 vat liéu ting nhe
thi tham s tan s giam dan va giam manh khi n=10, diéu nay nhan thiy cho tit ca nim tham
s6 tan sb trong bang.

HWON-=-

I
] T
M
T

Hinh 2. Méi quan hé giia tham s tan so co ban va tham sé vt liéu cia dam nano FG khi cho mgt
vai gia tri cia tham sé dia phwong(L/Ih=20).

Hinh 2 minh hoa méi quan hé giira tham s tan s6 co ban va tham sé vat liéu khi cho bén
gia tri cua tham sé dia phwong (n=1,2,3,4). Hinh v& chi ra rang khi tham sé dia phuong ting
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dan, tham sé tan s6 co ban ciia dam nano FGM ciing giam dan. Tham s6 vat liéu cang tang thi
tham s6 tan sé cang giam. Khi n ting tir 0 dén 2 tham sb tan s6 giam manh, n ting tir 2 dén
10, tham sb tan s6 giam tir tir. Tir hai hinh nhan thdy dim nano FGM hoan hao (a=0) c6 tham
s6 tan s6 cao hon dam FGM khéng hoan hao (a=0.2).

10 : . : : 8.5
©=1 —a=0 s| m=5 —a=0
--——«a=0,1
758 «=0,2/|
«=0,3

]
7 R
B
@

Hinh 3. Mai quan h¢ gida tham s6 vt liéu va tham sé tan so co ban ciia dam nano FGM khi

cho mgét vai gia tri cia tham so lo rong (L/h=20).

Hinh 3 minh hoa méi quan hé giira tham sé vat liéu va tham sé tan s6 co ban cua dam khi
cho bén gia tri caa tham sé 16 rdng (2=0,0.1,0.2,0.3). Hinh vé& da chi rd khi tham s 15 rdng
tang nhe thi tham sb tan sb lai giam dan bat ké tham s dia phuong ting dan. Dac biét, khi
tham s6 15 réng cao hon thi tham s tan s giam cang nhanh hon. Piéu nay ciing dé hiéu, khi
tham s6 15 rdng tang thi dim cang mém di dan dén tham sé tan sé giam di.

4. KET LUAN

Bai bao di phan tich dao dong tu do ctia dam nano FGM c¢6 15 rdng vi mé bang 1y thuyét
dam Euler-Bernoulli va 1y thuyét dan hoi khong dia phuong do Eringen dé xuit. Bang phuong
phap phan tir hiru han, phuong trinh chuyén dong cho dam nano c6 16 rong vi mé da dugc
thiét 1ap. Dudi sy hd trg cia phan mém Maple va Matlap, anh hudng cia cac tham s vt lidu
(n), tham s6 khong dia phuong (), tham s6 16 rdng (o) dén tham sé tan s6 da duogc tinh toan
va minh hoa chi tiét qua hinh v&. Tham sé khong dia phuong dong vai trd quan trong trong
phan tich dao dong ciia dam nano, khi tham sb dia phuong ting dan thi tham sé tan s ciia
dam nano ciing ting dan 1én.
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