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Abstract. Flutter is a self-excited aeroelastic instability that controls the wind design of long-span 

cable-stayed bridges. It is usually assessed by wind tunnel tests or costly simulations. This study 

examines whether a probabilistic machine learning model can give a first estimate of the flutter 

critical wind velocity, based on flat-plate theory, from preliminary design parameters, for a family 

of bridges derived from one existing bridge. A finite element model of the Dakrong cable-stayed 

bridge in Vietnam is updated to match ten of the twelve natural frequencies measured on site (root-

mean-square error 4.7%). Three hundred bridge configurations are generated from the updated 

model by Latin Hypercube Sampling of eleven variables within slenderness limits, and their 

critical velocity is estimated with the Selberg formula and checked with the Rocard formula. On a 

test set of 61 configurations, Gaussian process regression with automatic relevance determination, 

trained only on span, width, depth, mass and inertia, reproduces the Selberg estimate with R2 = 

0.92 and a mean absolute percentage error of 6.4%, and 95.1% of the test values fall inside its 95% 

confidence intervals. These values measure agreement with the formula-based labels, not with the 

actual flutter speed. The labels assume flat-plate aerodynamics and a single pair of modes, and 

additional checks suggest that, for this open-girder deck, their uncertainty is larger than the 

prediction error. The model is therefore intended only for comparing deck alternatives within the 

sampled family and does not replace a flutter check. 
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1. INTRODUCTION 

Long-span cable-supported bridges are becoming more flexible and lighter, so they are 

more sensitive to wind effects such as vortex shedding, buffeting, galloping, and flutter [1]. 

Flutter is the most dangerous of these. It is a self-excited instability: the vertical bending and 

the torsion of the deck are coupled, the coupled motion takes energy from the wind, and the 

oscillations grow exponentially once the wind speed exceeds a critical value. The collapse of 

the original Tacoma Narrows Bridge in 1940 is the best-known example. Checking that a bridge 

has a sufficient margin against flutter is now a standard part of the wind design of long-span 

bridges [1, 2]. 

The critical wind velocity for flutter is usually obtained either from section model tests in 

a wind tunnel [3, 4] or from aeroelastic analyses that use flutter derivatives [2]. Both methods 

are accurate but costly. Wind tunnel tests need special facilities and several weeks of work, and 

computational fluid dynamics and coupled flutter analyses need fine meshes, turbulence models 

and considerable expertise. Simple closed-form formulas, such as those of Selberg [5] and 

Rocard [6], are therefore still widely used for early checks. These formulas treat the deck like 

a flat plate and are based on Theodorsen's unsteady aerodynamic theory [7]; they are used 

because full analyses are not practical at the early design stage [8]. Even these formulas, 

however, need the fundamental vertical bending and torsional frequencies, and these 

frequencies can only be obtained from a full dynamic analysis of the structure. 

In recent years, machine learning (ML) and deep learning have been widely applied in wind 

and structural engineering. Examples include predicting the flutter velocity of suspension 

bridges from their structural properties [9], detecting damage in cable-stayed bridges from 

vibration data [10], structural health monitoring with advanced network architectures [11], and 

detecting damage in steel truss bridges from augmented time-series data [12]. These studies 

show that data-driven surrogate models can approximate costly analyses at a low computational 

cost, as long as they are used within the range of their training data. Methods that account for 

uncertainty are also not new in bridge aeroelasticity. Random eigenvalue analyses have been 

used to estimate the probability of flutter of long-span bridges when the modal and aerodynamic 

parameters are uncertain [13], and Bayesian neural networks have been used to monitor a cable-

stayed bridge so that each prediction comes with its own confidence level [14]. Two limitations 

of existing surrogate models led to the present study. First, most published surrogate models of 

the flutter velocity are deterministic: they give a single value and do not say how uncertain it 

is, which is hard to accept when the predicted value is used in a safety check. Second, the 

training data are usually collected from different published sources measured under different 

conditions, and the structural models behind them are rarely checked against field 

measurements on a real bridge. 

In Vietnam, more and more cable-stayed bridges with main spans of 150-350 m are in 

service or under construction, but there are few wind tunnel facilities. A method that estimates 

the flutter critical velocity at the first sizing of the deck, and that reports its own uncertainty, 

could help at that stage, provided that its assumptions and range of validity are clearly 

understood. 

This paper is a first step in this direction for one family of bridges. It has three parts. (i) A 

finite element (FE) model of the Dakrong cable-stayed bridge is updated to match ten of the 

twelve natural frequencies measured on site. The updating uses differential evolution with 

parameter bounds that are physically reasonable. The updated model matches the measured 
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deck frequencies with a root-mean-square error of 4.7%. (ii) A family of 300 bridge 

configurations is generated from the updated model by Latin Hypercube Sampling under given 

constraints. Each configuration is labelled with the critical velocity given by the Selberg 

formula and checked with the Rocard formula; both formulas were first checked against 

published results for the Great Belt East Bridge. (iii) A surrogate model based on Gaussian 

process regression (GPR) with automatic relevance determination (ARD) is trained to predict 

the Selberg estimate from design parameters only, and we check how often the reference values 

fall inside its 95% confidence intervals. The labels come from closed-form formulas, and the 

limitations that result from this choice are discussed in detail in Section 5. 

The paper is organized as follows. Section 2 summarizes the flutter problem and the closed-

form formulas used. Section 3 describes the FE model, how it was updated against the field 

measurements, and how the database was generated. Section 4 presents the machine learning 

models and how they were evaluated. Section 5 presents and discusses the results, and the last 

section gives the conclusions. 

2. CLOSED-FORM ESTIMATES OF THE FLUTTER CRITICAL VELOCITY 

In the classical two-degree-of-freedom model of flutter, the vertical displacement h and the 

torsional rotation α of the deck section are coupled. For a thin flat plate in smooth flow, the 

self-excited lift and moment are given exactly by Theodorsen's circulation function [7], and the 

critical state is found by solving the complex eigenvalue problem of the coupled system [1]. 

For bridge decks, the aerodynamic coefficients are replaced by flutter derivatives measured in 

wind tunnel tests [2]. At the preliminary design stage these derivatives are not available, so 

closed-form formulas fitted to the flat-plate solution are commonly used [8]. 

Selberg's formula [5] gives the flutter critical wind velocity of a streamlined deck as 

 𝑈cr  =  3.72 𝐵 𝑓
𝛼

 √
𝑚 𝑟
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where B is the total deck width, fα and fh are the fundamental torsional and vertical bending 

frequencies (Hz), m and Im are the mass and the mass moment of inertia of the deck per unit 

length, r = (Im/m)1/2 is the radius of gyration, and ρ is the air density. Rocard's formula [6], in 

the form used in [15], gives a second, independent estimate of the same kind: 
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where μ = πρB2/(2m) is the ratio of air mass to structural mass and ν = 8Im/(B2m) is a 

dimensionless inertia ratio. Both formulas assume flat-plate aerodynamics and bending and 

torsional frequencies that are well apart; they are no longer valid when fh comes close to fα [8]. 

Our implementation of Eqs. (1) and (2) was checked on the Great Belt East Bridge (B = 31 

m, m = 22.7 t/m, Im = 2.47×106 kg·m2/m, fh = 0.099 Hz, fα = 0.278 Hz). With the air density of 

1.225 kg/m³ used for all labels, the two formulas give 76.3 and 76.6 m/s, which are of the same 

order as the flutter limit found for this bridge in its final aerodynamic design [3]. The 

implementation was also compared with an open-source frequency-domain flutter program that 

reports the Selberg and Rocard estimates together with its own coupled solution [15]. In this 

study Eq. (1) gives the reference labels for machine learning, and Eq. (2) is used as an 
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independent check; its difference from Eq. (1) gives part of the label uncertainty. Both formulas 

also assume smooth incoming flow. Time-domain simulations of long-span bridges show that 

atmospheric turbulence makes the bridge more stable: it raises the critical velocity by about 5 

to 10% when the turbulence intensity is high (15 to 20%), and hardly changes it at typical 

intensities of 5 to 10% [16]. In this respect only, the labels used here are on the safe side; for 

bluff decks, the flat-plate assumption itself may have the opposite effect, as discussed in Section 

5. Note also that the finite element model contains no aerodynamic forces: the self-excited 

forces enter only through the closed-form section-model formulas. 

3. CALIBRATED FINITE ELEMENT MODEL AND DATABASE GENERATION 

3.1. The Dakrong bridge and its finite element model 

The Dakrong bridge is a cable-stayed bridge on National Highway 9 in Quang Tri province, 

Vietnam. The deck is 173.9 m long and 9.0 m wide (an 8.0 m carriageway and two 0.5 m strips). 

It is a composite deck made of two steel I-girders 1.024 m deep and 7.0 m apart, cross-beams, 

and a reinforced concrete slab 150 mm thick. It is carried by fifteen pairs of stay cables anchored 

to a single reinforced concrete pylon. A three-dimensional FE model of the bridge (Figure 1) 

was built in ANSYS, using BEAM188 elements for the girders, cross-beams and pylon, LINK-

type elements for the stay cables, and SHELL181 elements for the deck slab; the model has 306 

nodes and 499 elements. 

In September 2022, an ambient vibration test was carried out on the bridge, with piezoelectric 

accelerometers placed in several setups along both edges of the deck. Operational modal analysis, 

which is now the usual way to obtain the modal parameters of cable-stayed bridges under ambient 

excitation [17], gave twelve natural frequencies of deck modes between 1.00 Hz and 7.65 Hz. 

These frequencies are used here as the target for model updating. Details of the test are given in 

the bridge inspection report and follow earlier dynamic tests by the group [18]. 

 

Figure 1. Finite element model of the Dakrong cable-stayed bridge. 
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3.2. Model updating against field measurements 

Five parameters were updated: a multiplier on the steel modulus, the concrete modulus of 

the pylon, the equivalent slab modulus, a multiplier on the cable area, and a multiplier on the mass 

density. Their bounds (Table 1) were limited to physically reasonable ranges. A run without 

bounds reached a slightly lower frequency error (4.0% compared with 4.7%), but it gave a steel 

modulus of 240 GPa and a cable area reduced by 40%, which are not physically realistic. These 

values show that the parameters were compensating for errors in the model itself rather than 

correcting the real material and section properties. The bounded problem was solved by 

differential evolution [19] with 417 runs of the FE model, minimizing the root-mean-square 

relative difference between the first ten model frequencies of deck modes and the measured ones. 

The model and measured frequencies were paired in increasing order of the deck modes. 

Figure 2 compares the measured and updated frequencies: nine of the ten pairs agree within 

±10%, the RMS error is 4.68%, and only the first mode differs by +11.8%. The cable-area and 

mass multipliers ended near their bounds. This suggests that the main remaining model error is 

that the linear modal analysis does not include the stiffening caused by cable pretension. 

Table 1. Updating variables, physically admissible bounds, and identified values. 

Variable Lower Upper Identified 

Steel modulus multiplier (-) 0.95 1.05 0.998 

Pylon concrete modulus (GPa) 28 38 30.7 

Equivalent slab modulus (GPa) 2 35 3.78 

Cable area multiplier (-) 0.85 1.15 0.861 

Mass density multiplier (-) 0.95 1.10 1.094 

 

Figure 2. Measured and updated model frequencies of the ten deck-dominant modes. 
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3.3. Parametric database and flutter labels 

A family of bridge configurations was created from the updated model by scaling eleven 

design variables (Table 2). These are: a span scale factor applied to the longitudinal and vertical 

coordinates (so that the ratio of pylon height to span is kept), a width scale factor applied to the 

transverse coordinates, multipliers on the elastic moduli and density, the cable area, the girder 

depth and flange width, the slab thickness, and the damping ratio (recorded for completeness, 

although Eqs. (1)-(2) do not use damping). Samples were drawn by Latin Hypercube Sampling 

[20] and kept only if they met two slenderness limits: a width-to-depth ratio 3.8 ≤ B/D ≤ 15.4 

and a span-to-depth ratio 110 ≤ L/D ≤ 240, the latter centred on the value L/D = 170 of the 

existing bridge. The 300 accepted samples have total lengths of 174-340 m, deck widths of 6.3-

14.4 m and deck masses of 4.1-14.7 t/m (Figure 3); this range overlaps with that of medium-

span cable-stayed bridges in Vietnam. 

Table 2. Design variables of the parametric family. 

Variable Range Variable Range 

Span scale factor 1.0-2.0 Girder depth mult. 0.7-1.8 

Width scale factor 0.7-1.6 Flange width mult. 0.8-1.3 

Steel modulus mult. 0.9-1.1 Slab thickness mult. 1.0-2.5 

Concrete modulus mult. 0.9-1.1 Cable area mult. 0.75-1.25 

Cable modulus mult. 0.9-1.1 Damping ratio 0.3-1.0% 

Density mult. 0.95-1.05 Constraints B/D 3.8-15.4; L/D 110-240 
 

Figure 3. Coverage of the parametric family. (a) Girder depth versus length with slenderness bounds. 

(b) Deck mass versus length. 

Each configuration was analysed in ANSYS in batch mode, which took about three seconds 

per modal analysis (301 runs including the baseline). The vertical bending and torsional modes 

were identified automatically from the vertical displacements of the sixty-one pairs of nodes on 

the two deck edges. The correlation coefficient between the displacements of the two edges is 

+1 for bending and −1 for torsion (Figure 4), and modes whose deck amplitude is less than 10% 
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of the maximum (modes dominated by the pylon) are ignored. A bending mode and a torsional 

mode were found in all 301 runs. In 15 configurations, however, all longer than 265 m, the first 

antisymmetric mode taken as the torsional mode has a deck amplitude of only 10.6-13.7% of 

the largest deck amplitude. This is close to the 10% limit, and the mode is probably dominated 

by the pylon. These configurations give the lowest labels (38-66 m/s), and their effect is 

examined in Section 5. The deck mass and mass moment of inertia per unit length were 

computed from the deck elements only, without the pylon and cables, by summing the element 

masses and their parallel-axis terms about the centre of mass of the deck. 

Figure 4. Automatic mode classification from edge deflection profiles of the baseline model.                          

(a) First vertical bending. (b) First torsion. 

Applying Eq. (1) to the 300 configurations gives critical velocities between 38 and 189 m/s 

(Figure 5a). The Rocard estimate differs from the Selberg label by 3.0% on average and by at 

most 3.7% (Figure 5b). Since both formulas are based on the same flat-plate assumptions, this 

difference is only a lower bound of the label uncertainty (Section 5). 

 

Figure 5. Flutter labels of the database. (a) Distribution of the Selberg critical velocity.                       

(b) Cross-check against the Rocard estimate. 
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4. PROBABILISTIC MACHINE LEARNING MODELS 

Gaussian process regression [21] assumes a Gaussian prior over functions. For each input 

it returns a Gaussian distribution: its mean is the prediction and its standard deviation measures 

the uncertainty of that prediction. We used a Matérn 5/2 kernel with automatic relevance 

determination, in which each input has its own length-scale. After training, a shorter length-

scale means a more influential input, so the regression also ranks the inputs by importance. A 

white-noise term was added, and all hyperparameters were found by maximizing the log-

marginal likelihood with three restarts. Random forest [22], XGBoost [23] and a neural network 

with two hidden layers (64-32 neurons) were used as deterministic models for comparison, all 

implemented in scikit-learn [24]. 

Two sets of inputs are used. In the full scenario, the inputs include the modal frequencies 

fh and fα. Because the label from Eq. (1) is an algebraic function of (B, m, Im, fh, fα), this scenario 

only interpolates a smooth known surface, and its almost perfect accuracy (R2 ≈ 1.00) is 

reported only as an internal check. It is also used for a noise study, in which Gaussian noise of 

2% and 3% is added to both frequencies; this range is our assumption for the scatter of 

frequencies identified by operational modal analysis. In the design scenario, which is the one 

of practical interest, the inputs are only quantities known at the preliminary design stage: L, B, 

D, B/D, m and Im. The model must then learn, without being told, both the dynamic behaviour 

of the bridge family and the aerodynamic formula, and no dynamic analysis is needed to make 

a prediction. 

The data were split into a training set (80%) and a test set (20%) with a fixed random seed, 

and five-fold cross-validation on the training set was used to check that the model ranking is 

stable. Accuracy on the test set is reported by the coefficient of determination R2, the root-

mean-square error, the mean absolute error and the mean absolute percentage error (MAPE). 

The quality of the GPR uncertainty is checked by the share of test values that fall inside its 95% 

confidence intervals (empirical coverage). 

5. RESULTS AND DISCUSSION 

Table 3 gives the test-set results of the four models in the design scenario. GPR is the most 

accurate on this test set (R2 = 0.919, MAPE = 6.4%), followed by the neural network (0.903, 

7.2%), XGBoost (0.892, 9.1%) and random forest (0.878, 9.0%). The cross-validation averages 

also rank GPR first, although XGBoost and random forest swap places (Figure 7), and the 

differences between the models are small. Figure 6 shows the GPR predictions against the 

reference values with their 95% confidence intervals. Most points lie close to the diagonal over 

the range of 38-189 m/s, and three reference values fall outside the predicted intervals. The 

share of test values inside the 95% intervals is 95.1% for this single split of 61 test samples; 

averaged over ten random splits it is 97.9%, so at this level the intervals tend to be somewhat 

too wide rather than too narrow. The accuracy is not the same everywhere. For configurations 

longer than 290 m, the MAPE rises to 22.4% and the coverage falls to 70% (10 test samples). 

Most of this error comes from the 15 configurations with an unclear torsional mode (Section 

3.3). When they are removed and the remaining 286 configurations are split in the same way, 

GPR reaches R2 = 0.965 and MAPE = 3.3%; when their labels are recomputed with the next 

torsional mode, which is dominated by the deck, R2 drops to 0.54. The largest errors therefore 

occur in the long-span part of the family, which is also where the critical velocities are lowest. 
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Table 3. Test-set performance in the design scenario (inputs: L, B, D, B/D, m, Im). 

Model R2 RMSE (m/s) MAE (m/s) MAPE (%) CV R2 (5-fold) 

GPR (Matérn 5/2 + ARD) 0.919 10.20 5.69 6.43 0.926 ± 0.072 

ANN (64-32) 0.903 11.12 6.64 7.15 0.908 ± 0.074 

XGBoost 0.892 11.79 8.19 9.14 0.887 ± 0.057 

Random forest 0.878 12.52 8.50 8.98 0.890 ± 0.059 

 

Figure 6. GPR predictions with 95% confidence intervals against reference values                                   

(design scenario, test set). 

 

Figure 7. Comparison of the four surrogate models on the test set. (a) Coefficient of determination.             

(b) Mean absolute percentage error. 
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The ARD length-scales of the design-scenario GPR (Figure 8) show that, within this 

family, the deck width B, the length L and the mass m have the most influence. D has a weak 

influence, and B/D and Im are in practice not used. This does not mean that Im has no physical 

effect. Within the generated family the ratio 2r/B varies only between 0.47 and 0.53, so Im gives 

almost no information beyond m and B. In the full scenario, the ARD keeps Im, B, m, the 

frequency ratio and fα, and drops L, D and the damping ratio; these are the variables that appear 

in Eq. (1). 

 

Figure 8. ARD length-scales of the design-scenario GPR; smaller values indicate more influential 

inputs. 

The noise study (Figure 9) shows how sensitive the full-scenario models are to noise in the 

frequency inputs. With 2% and 3% Gaussian noise on both frequencies, GPR keeps R2 = 0.993 

and 0.989, respectively, and stays above the tree-based models. Because the noise is artificial, 

these results do not replace a test with frequencies identified on real bridges. The design 

scenario is not affected, because it uses no frequency input. 

 

Figure 9. Sensitivity of the full-scenario models to Gaussian noise on the modal frequencies. 
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The results have several limitations: 

(i) Labels from closed-form formulas. The labels are Selberg estimates, which assume flat-

plate aerodynamics in smooth flow and a single pair of bending and torsional modes. They are 

not measured or computed flutter speeds, and the accuracy values in Section 5 only show how 

well the model reproduces these estimates. The 3.0% average difference from the Rocard 

estimate is a lower bound of the label uncertainty, because both formulas use the same 

assumptions. Free-stream turbulence [16] and deck details such as railings and barriers [4] are 

not included. 

(ii) Modal mass of the torsional mode. Eqs. (1)-(2) assign the whole deck mass and inertia 

to the mode identified as torsional. Because the exported modes are normalized to the mass of 

the whole structure, we could compute afterwards how much of their kinetic energy is in the 

deck. For the mode used as fα, this share is only 0.5-19% across the family (median 8.7%; 7.7% 

for the baseline bridge); the rest is in the cables, the pylon and the lateral motion of the deck. 

The closed-form formulas therefore do not represent the generalized mass of this mode. The 15 

configurations with an unclear torsional mode are one visible result of this. A multimode 

analysis [25] would avoid choosing a single mode. 

(iii) Aerodynamics of the open section. The Dakrong deck has two open I-girders. Such 

bluff sections are prone to torsional flutter, which flat-plate theory cannot describe because in 

that theory the torsional damping derivative A2
* is always negative. After this study, 

preliminary two-dimensional CFD simulations of the deck section in forced vibration were 

carried out following [26], without railings and without a mesh-independence check. They gave 

a positive A2
* above U/(fB) ≈ 6. When these derivatives were used in a multimode analysis 

with the first twenty modes, the baseline bridge gave about 120 m/s instead of 153.7 m/s, and 

the whole family gave 0.44-1.76 times the Selberg estimates, with a correlation of 0.76 between 

the two. These preliminary results are not used in this paper and still need to be checked by 

experiments. They suggest, however, that for this type of deck the label uncertainty may be 

several tens of percent, larger than the 6.4% prediction error of the model, and that the flat-plate 

labels are not necessarily on the safe side. The label of the baseline bridge should not be taken 

as its predicted flutter speed. 

(iv) Structural model. The modal analyses are linear and do not include the stiffening 

caused by cable pretension. The updated parameters partly compensate for this model error, as 

the cable-area and mass multipliers ending near their bounds suggest. Model and measured 

modes were paired by their order, because the measured mode shapes were not available in 

digital form for a modal assurance criterion. The deck mass used in Eqs. (1)-(2) does not include 

the cables. 

(v) Data and evaluation. All configurations are derived from a single reference bridge by 

limited scaling. The model should therefore not be used for other deck types, other cable layouts 

or two-pylon bridges, and the slenderness limits L/D ∈ [110, 240] have not been compared with 

data on existing bridges. The test set has 61 samples, and only ten of them are in the long-span 

part of the family, where the errors are largest. The confidence intervals describe the uncertainty 

of the model relative to the labels, not the uncertainty of the labels or of the FE model. 

For these reasons, the procedure is intended for comparing deck alternatives within the 

sampled family, not for predicting flutter. The next steps are wind tunnel tests or validated CFD 

of the actual deck section, multimode flutter analyses with flutter derivatives of that section, 

modal analyses that include cable pretension, and digitized measured mode shapes. 
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6. CONCLUSION 

This paper presented a probabilistic machine learning procedure for estimating the flutter 

critical wind velocity of a family of cable-stayed bridges. The family was derived from a finite 

element model of the Dakrong bridge updated against field measurements. Within the limitations 

given in Section 5, the main findings are: (1) model updating with physically reasonable 

parameter bounds matched ten measured deck frequencies with an RMS error of 4.68%, whereas 

updating without bounds reached 4.0% only with unrealistic parameter values; (2) the family of 

300 configurations, with lengths of 174-340 m, gave Selberg estimates of 38-189 m/s, which 

differ from the Rocard estimates by 3.0% on average; (3) Gaussian process regression trained 

only on design parameters reproduced the Selberg estimate with R2 = 0.92 and MAPE = 6.4% on 

the test set, slightly better than the ANN, XGBoost and random forest models tested, and its error 

rises to about 22% for spans above 290 m; and (4) 95.1% of the test values fell inside its 95% 

confidence intervals. The labels are flat-plate estimates, and for open-girder decks their 

uncertainty appears to be larger than the prediction error of the model. The results can therefore 

be used only to compare deck alternatives within the sampled family; they do not replace a flutter 

check based on flutter derivatives of the actual section or on wind tunnel tests. 
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