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Abstract. Nonlinear analysis serves as a fundamental framework for modeling diverse
phenomena in modern science and engineering. Within this field, equilibrium problems
provide a powerful tool that not only unifies diverse mathematical models, such as variational
inequalities and fixed point problems, but also effectively characterizes various phenomena
in various scientific disciplines. Over the past decades, dynamical systems have emerged as
an effective method for finding solutions to these problems due to their continuous-time
nature and stability properties. This paper investigates a novel regularized dynamical system
of extragradient-type specifically designed to solve monotone equilibrium problems. The
primary challenge addressed is ensuring the existence of a global solution and achieving
strong convergence under mild assumptions.

Our methodological approach involves constructing a continuous-time trajectory governed
by a regularization term and an extragradient-type structure. We first prove the existence and
uniqueness of a strong global solution to the proposed system. Subsequently, the asymptotic
behavior of the system is analyzed, demonstrating the strong convergence of the generated
trajectories toward a specific solution of the original equilibrium problem. Lastly, a time
discretization scheme is implemented, leading to a new iterative regularized extragradient-
type algorithm enhanced by relaxation parameters.

The main results confirm that the proposed dynamical approach not only guarantees
theoretical stability but also provides a robust computational platform for monotone
equilibrium problems. The findings of this study offer significant insights into the
development of efficient continuous-time optimization methods and contribute to the broader
understanding of regularization techniques in nonlinear analysis.
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1. INTRODUCTION

Throughout this work, let C be a nonempty, closed, and convex subset of a Hilbert space
H. Let f:H X H = R be an equilibrium bifunction on C, i.e., f(x,x) = 0 for all x € C. We
aim to address the following equilibrium problem:

Find x* € C such that f(x*,y) = 0 for every y € C. (EP(f,0))

The solution set of EP(f, C) is denoted by Sol(f, C), which is assumed to be nonempty in
the sequel.

Equilibrium problems (EPs) have established themselves as a cornerstone of nonlinear
analysis, providing a unified framework for various mathematical models, including variational
inequalities, fixed-point problems, and Nash equilibria in game theory [1-3]. Due to their
extensive applications in economics, engineering, and the physical sciences, the search for
efficient numerical solutions has attracted significant research interest. Early developments
focused on the proximal point method [4] and the extragradient method [5]. While these
foundational approaches are effective, they often only guarantee weak convergence. To achieve
strong convergence, which is more desirable for practical computation in infinite-dimensional
Hilbert spaces, researchers have integrated additional techniques such as viscosity methods and
Tikhonov-type regularization [6, 7].

Recently, the continuous-time dynamical system approach has emerged as a powerful
alternative for solving optimization and equilibrium problems. By modeling the solution
process as an abstract Cauchy problem, this approach provides a deeper understanding of the
asymptotic behavior of numerical algorithms and facilitates the design of new iterative schemes
through time discretization [8, 9]. However, applying dynamical methods to EPs is particularly
challenging due to the strict conditions required for the existence and uniqueness of global
strong solutions [10, 11]. In a recent significant contribution, Anh, Hai and Dung [12]
investigated a regularized dynamical system of the one-step type and proposed a corresponding
relaxed iterative method for monotone equilibrium problems. That work demonstrated that
combining regularization with a continuous-time framework can effectively ensure strong
convergence of the generated trajectories to a specific solution. It is also to mention the
projection techniques for equilibrium problems defined by a sum of two functions developed
by Thuong and Vinh [13].

Building upon these recent advancements, this paper aims to further extend the scope of
dynamical methods for EPs. We propose a new regularized dynamical system that incorporates
an extragradient-type structure, distinguishing it from the one-step dynamics previously
studied. Our approach focuses on establishing a rigorous mathematical foundation for the
existence and uniqueness of global strong solutions under mild assumptions. Furthermore, we
analyze the asymptotic properties of the system, proving the strong convergence of the
trajectories toward the solution of the original problem. Finally, to bridge the gap between
theory and practical implementation, we derive a two-step iterative algorithm via time
discretization, integrated with a relaxation parameter to improve computational performance.

The remainder of this paper is structured as follows. Section 2 reviews essential definitions
and preliminary results regarding regularized solution sequences. In Section 3, we introduce the
proposed dynamical system and establish conditions for the existence, uniqueness, and strong
convergence of its trajectories. The final section describes the development of a discrete
iterative algorithm derived from the dynamical model, accompanied by a strong convergence
analysis.
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2. PRELIMINARIES

This section summarizes the fundamental definitions, notations, and technical results
essential for the subsequent analysis. Throughout this study, H denotes a real Hilbert space
equipped with the inner product (-,-) and the induced norm ||-||. The following standard
properties hold for any x,y € H and parameters n > 0, 7 € (0,1):

1 2 1 2
) < eyl < 5 (nllel + 2 (1)

Il + (1 = Dyll? < zlixl? + @ = DIyl (2)

For the purpose of the following sections, we provide a summary of several key properties
regarding the bifunction. f: H X H = R is said to be

(i) monotone on C if f(x,y) + f(y,x) < 0forall x,y € C.

(i) y-strongly monotone on C if f(x,y) + f(v,x) < —y|lx — y||? for all x,y € C, where
y > 0 is a constant.

Next, we say that f satisfies a L-Lipschitz-type condition (LC) on C if there exists L > 0
such that f(x,y)+ f(y,z) = f(x,z) = Lllx —ylllly — zll VY x,y,z€ C. Another version,
called L-strongly Lipschitz-type condition (SLC), is given by

|f(x')’) - f(Z,J’) +f(Z' t) - f(x' t)l < L”x - Z””y - t” Vx,y,z,t eC.
It is evident that (SLC) implies (LC).

We now turn our attention to the concept of the proximal mapping. Let F : € - Rbe a
proper, convex, and lower semi-continuous function. Recalling the definition introduced in [7],
the proximal operator proxz: H — C associated with F is defined for each u € H as follows:

1
proxp(x) = argmin {F(t) + > llx —t]|%:t € C}.

The subsequent analysis relies on a fundamental property of this mapping, as stated in the
lemma below.

Lemma 2.1. ([7, Lemma 2.1]) For any x € H, y € C, and parameter A > 0, the
proximal mapping satisfies the following inequality:

MF(y) = F(proxzr(x))} = (x — proxp(x), y — proxp(x) ). 3)

Furthermore, the following technical result is essential for establishing the convergence of
our iterative methods.

Lemma 2.2. ([14]) Let {¥,} be a sequence of non-negative real numbers satisfying the
recursive inequality Yy 1 < (1 — pp) ¥ + qn for all n = 0. Suppose that the sequences of
real numbers {p,} < (0,1) and {q,} fulfill the conditions: lim p, = 0, Y-y Pn = +0 and

n—-oo

limsup, Z—” < 0. Then, it holds that lim ¥,, = 0.
n

n—oo
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3. REGULARIZED EXTRAGRADIENT-TYPE DYNAMICAL SYSTEM

Under the assumptions on H, C, and f detailed in Section 1, we present a novel regularized
dynamical system of extragradient-type associated to EP(f, C) as follows:

(2(£) = ProxX, ) (s (x(o),)+a®gx0,)) (D)),

Y () = Proxac(rx(o))+a@ge®,) (2(0), 4)
x(t) +x(t) = y(b),
x(0) = x°.

In (4), A(t) > 0 and a(t) > 0 for all t = 0 while x° is some fixed vector in C. g: H X
H — R is an equilibrium bifunction on C selected to satisfy certain desired properties, which
acts as a regularizing bifunction.
3.1. The existence and uniqueness of strong global solution

To begin with, we recall a definition introduced by [8]. A function x(t): [0, +0) — H is
called a strong global solution to system (4) if it fulfills the following requirements:

(1) x € ACjc([0,+0), H), which means that x(t) is absolutely continuous on every
compact interval [0, T] for any T > 0;

(ii) System (4) is satisfied for almost every t € [0, +o0);
(iii) The initial condition is satisfied, i.e., x(0) = x°.

Let ¢ and A" be two positive constants. Under the assumption presented below, we
establish the existence and uniqueness of a strong global solution for the proposed dynamical
system.

Assumption 3.1. We impose the following structural conditions throughout this analysis:
(A1) f satisfies an L-strongly Lipschitz-type condition on H;
(A2) The regularizing bifunction g is K-strongly Lipschitz-type on H;

(A3) For any fixed x € H, both mappings f(x,") and g(x,") are convex, proper, lower
semi-continuous, and sub-differentiable on C;

(A4) g(x,y) is bounded whenever x and y belong to the bounded subsets of C;
(A5) The control mappings A(t): [0, +) — (0,4") and a(t):[0,+) — (0,a) are
continuous time-dependent functions.
For the sake of conciseness, we denote Zzjqx = PrOX;)(r(x(0),)+a®)g(x©),))X)
T (4, @, %) = ProxXy((r(x(0),)+a®)gz(®),)) (zy,ax) and h(A, a,x) = T(4,a,x) — x. Utilizing

these notations, the proposed dynamical system (4) can be equivalently rewritten as follows:

{x(t) = h(A(t), a(t), x(1)),

x(0) = x°. )

1158



Transport and Communications Science Journal, Vol. 77, Issue 09 (11/2026), 1155-1169
To proceed with our analysis, several technical and auxiliary results are required.

Lemma 3.1. Suppose that the equilibrium bifunctions f, g: H X H — R satisfy Assumption
3.1. For A € (0,A"] and a € (0, a”], the following properties are fulfilled.

(i) The mapping T(A, a, x) is bounded for each x € H.

(ii) T(A, a,x) is continuous with respect to a.

(iii) T(A, @, x) is continuous with respect to .

(iv) Let a(t) and A(t) be the continous time-dependent function defined in Assumption
3.1. Then, for any x € H, the function @, (t) = ||h(A(t), a(t),x)|| is continuous on
the interval [0, +00).

Proof. (1) For any fixed x € H, we write z, , instead of z, , , for brevity. By invoking
Lemma 2.1, for any u € C, it follows that

(uUu—TA a,x),z3, —TA a,x))
< AfCew) + ag(zpe,uw)] -2 [f(x,T(A, a,x))+ag (Z,La,T(/L a, x))],

which can be equivalently written as

T, a,x)|? <A [f(x, w) +ag(zy0u) — fF(x, T4, a,x)) — ag (z,l_a,T(/l, a, x))]
+<u + Z)a T(/L a, X)) - (u, Z/La) (6)

Alternatively, from the L-strongly Lipschitz-type property of f, it is easy to see that

—f(x,T(/l, a, x)) < —f(x, z,«m) —f (z,—l'a,T(/l, a, x)) + L||z,1,a — x||||z,1,a —-TA, «a, x)||.
A similar argument yields

feow) = f(x,224) € —f(w,230) + Lllx —ull||u — 20 ||-

Combining the previous two inequalities with (6), we deduce that

T, 0117 < A[fCow) + ag(zew) = F(%,224)]
-1 [f (ZLO_,, T(A «, x)) + ag (Z,La,T(/I, a, x))]
+2AL||z3o — x||||Z2e = T @, ) || + (u + 23,0, T, @, X)) — (u, 23.4)
< A[ag(zl,a,u) - f(u, z,m)]
-1 [f (Z,La, T(A, «, x)) + ag (Zl,a,T(/’L, a, x))] + AL||x — u||||u — ZM(”
+2AL||z3o — x||||Z2e = T @, ) || + (u + 23,0, T, @, X)) — (u, 23.4)
< (AL||zaq — x|| + [Ju + zaoDIT A @, )

-1 [f (Z,La,T(A, Q, x)) + ag (Z,La,T(/l, a, x))] + ¢, (7)
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where & = |/1ag(z,1_a,u) — M (wzpe) — (u, Z,La)|. Owing to the convexity of the mappings
f(x,") and g(x,") on C, one can find the vectors A = A(z),) € H and B = B(z3) € H, along
with scalars E = E (Z,La) and F = F (Z)L'a) satisfying the following inequalites

f(zew) =AWy +E, g(z10w)=(B,w)+F VYwEC. (8)
A combination of (8) and (7) leads to the following relation:

IT(A @, )% < (AL||zq — x|| + [[u + 22 | DIT A @, |
—A{A, T4, a,x)) + a(B, T(4, a,x))) —A(E + aF) + ¢
< (AL||zgq — x| + ||u + zao|DIT A @, )

+A(IAN + IBIDIT A, &, )| + A|E + aF| + . €)

Following the arguments in the proof of [12, Lemma 2.2], z, ,, is bounded and continuous
with respect to both A € (0,4"] and «a € (0,a”]. Thus, inequality (9) guarantees the
boundedness of T(4, a, x).

(i) For fixed 4, a and x, Lemma 2.1 implies that for any € (0, a*], we have
(T, a,x) =T, L,x), T(A a,x) —z34)
<A [f(x,T(A, B, x)) + ag (ZAIQ,T(/L[)’,x))] -1 [f(x, T4, «, x)) + ag (Z,La, T4, «, x))]
and

(T B, x) =T a,x), T(A B, x) = 2,8)
<A|f(e T ax) +Bg (215 TR . 0))| = 2|f(x. T B,2)) + Bg (225, T, 5., 1)) .

Summing these two inequalities, we obtain
”T(/L a, x) - T(lr ﬁi x)”Z + (T(A, ﬁr x) - T(/L a, x)' Zya — Z/l,ﬁ)
<8[9 (220 TAB,2)) = 9 (220 TA 0, 2)) + g (225, T 0, %)) = g (22,5, T, B,2))]
+/1((X - :8) [g (Zl,ou T(ﬂ., :8' x)) ) (Z/l,a' T(A, a, X))]
From the last relation, using the (SLC) of g, we imply that
IT, %) =T, B,0I” < (K + D220 — 22| IT( B, ) = T4, 2, 0|
+2@ =B |9 (220 TABD) = 9 (20 TR 2 0))]|. (10)

Since T(4,a,x) and T(A,B,x) are bounded, the values g(z,w,T(/l, ﬁ,x)) and

g (Z,M,T(A, a, x)) are also bounded. Letting f — «, it follows from [12, Lemma 2.2] that
|10 — Z,w” — 0. Consequently, taking the limit in (10) yields g’im TA,B,x) =T a,x),
-

which confirms the continuity of T'(4, a, x) with respect to .
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(ii1) Fix 4, a and x. For all y € (0, 1], we imply from Lemma 2.1 that,
(T a,x) =T, a,x), T, a,x) — z)4)
<A|f(e T a0) + ag (220 TG @.0)| - 2 [f (. T @ 0)) + ag (21,0, TR @ 0) )|
and
(Tv,a,x) = T4 a,x), T(y,a,x) — Zy4)
<y [f(x, T(A, «, x)) + ag (zy,a, T(A «, x))] -y [f(x, T4, «, x)) + ag (Zy,a, T(A, B, x))].
An addition of these inequalities yields

IT(A a,x) =T, a,)|> + (T, 0, x) = T4, &, %), 230 — Zy,a)
<ya [g (zy,a,T(/l, a, x)) —-g (zy,a,T(y, a, x)) +g (Z,m,T(y, a, x)) -9 (z,l,a,T(/l, a, x))]
+(A—y)a [g (Zm. Ty, a, x)) -9 (Z/l,ou T4 a, x))]-

As a result, by combining the aforementioned estimates with the boundedness of the
mappings involved, a similar limiting process as in (ii) establishes that lirr/;L T(y,a,x) =
y—)

T(4, a, x). This directly confirms the continuity of T'(4, a, x) with respect to A.

(iv) Given x € H and ty = 0. For all ¢ = 0, we see that

lox () = @x (to)| < IR(A(2), a (D), x) — h(A(to), a(to), X)I
= IT(A(0), a(t),x) = T(A(to), a(to), X)l|
< ITA®), a(t), x) = TA®), ato), x)l

HITA®), a(to), x) = T(A(to), a(to), X)I- (11)
By the virtue of relation (10), it follows that

IT(A(0), a(t), x) — T(A(D), a(to), X)II?
< (K + D|zaw,a) = Zaw,aieo) [ITAQR), a(t), x) = TA®), alte), X)|

+2(0) (@(®) — (o)) |9 (2200000 TA®), @), %)) = g (220,00 TA®), a(6), )|

Taking account to the continuity of a(t) and z;(;) «(r), along with the boundedness of g
guaranteed by Assumption 3.1. it follows from the last inequality that

IT(A(D), a(t), x) — T(A(L), a(to), ¥)| = 0 as ¢ > t. (12)
Furthermore, based on the continuity established in part (ii1), it holds that
IT(A(®), a(to), x) — T(A(to), a(to), X)|l = 0 as t = ¢. (13)

Combining (11), (12) and (13) immediately yields |¢@,(t) — @,(ty)| = 0ast — t,,
which completes the proof of the continuity of ¢, (t) on [0, +00). m

Lemma 3.2. Under Assumption 3.1. for any fixed A, a, the mapping U: H — C defined by
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. 1 2
Ulx) = argerrcun {/’lf(x, u) + lag (Zl'a,x, u) + > ||u - Z,La,x” }
u

is Lipschitz continuous on H.

Proof. For any fixed parameters A and a, we write z, instead of z, , , for conciseness.
Recall from [12, Lemma 2.3] that the mapping x — z, is (L + 1)-Lipschitz continuous on H.
Let x,y € H. By applying Lemma 2.1, it follows that

(zy —UG),U®) —U@) < Af(x, UD)) + ag(z, UW)) — f(x, U(x)) — g(zx, U(x))]

and

(zy = U, UG) UG S A[f(3,UM) +ag (2, U®) = F(,UG)) — g (2, UD)]
Summing these two inequalities yields
UG = U@+ (UE) — Ux), ze — zy)
<Af(UD) = fF(1U@) +F(n,U@) — fF(yv, UW)]
+2a [9(2 VD)) = 92 V@) + g (2, U®)) = g (7, UD) )|

Rearranging the terms in the last relation and exploiting the (SLCs) of both f and g,
alongside the Lipschitz continuity of z,, we arrive at

IUG) = U@ < ALllx = yIlIlU () = UGN+ (AaK + D|z, — 2, [[IU ) = U
< [AL + (AaK + D(L + DIIIUE) = UMllx =yl

which subsequently implies that [|U(y) —UX)|| < [AL + (AaK + 1)L + D]|lx —yI| .
Consequently, we conclude that the mapping U is M -Lipschitz continuous on H, with the
Lipschitz constant M = [AL + (AaK + 1)(L + 1)].

Next, we formulate and demonstrate the existence and uniqueness of strong global solutions.

Theorem 3.1. Supposing that Assumption 3.1 is satisfied and that a unique solution exists

for the problem S ol( g,Sol(f,C )) it follows that for every x € C, there exists a unique strong
global solution to the dynamical system (5).

Proof. By employing the Cauchy-Lipschitz-Picard theorem (see, e.g., [15, Proposition
6.2.1]), the proof can be carried out in an identical manner to that of [12, Theorem 3.1]. The
key ingredients are the continuity of ¢, and the Lipschitz continuity of U(x), both of which
were previously verified in Lemma 3.1 and Lemma 3.2.

3.2. Trajectory convergence analysis

We first introduce the underlying structural requirements for our convergence analysis.
Assumption 3.2. The following conditions are assumed throughout this subsection:

(B1) The equilibrium bifunction f is monotone and fulfills an L-Lipschitz-type condition
on the set C.
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(B2) The regularizing bifunction g is y-strongly monotone and satisfies a K-Lipschitz-
type condition on C.

(B3) For each pair x,y € C, the mapping g(x,") is proper, convex, lower semi-continuous,
and sub-differentiable on C. Both dg(x,")(x) and g(:,y) are bounded on any
bounded subsets of C. Furthermore, f(x,-) is proper, convex, lower semi-continuous,
and sub-differentiable, while f(-,y) and g(-, y) are weakly upper semi-continuous
onC.

(B4) The stepsize parameter A(t): [0, +00) - (0, +oo] is a continuous function, and the
regularization parameter a(t): [0, +00) = (0,+4o0] is continuously differentiable,
such that the following asymptotic conditions are satisfied:

A(t) a(t)

tl_i)g_noo a(t) =0; j A(®)a(t)dt = +oo; hm m =0 and tl—>+oo A(t)az(t) -

+00

Remark 3.1. A concrete instance of functions a(t) and A(t) that comply with condition
(B4) under Assumption 3.2 is given by A(t) = and a(t) =

1 .
(t+1)P T 1)4’ with some fixed

numbers p and q such that 0 < g < p <1 — q. For example, by choosing p = %and q = i,
all the required conditions are satisfied.

Theorem 3.2. Provided that Assumption 3.2 holds and system (5) possesses a unique
strong global solution x(t). Then tli:n x(t) = X. Here, X is the unique solution of the bilevel
equilibrium problem EP(g, Sol(f, C))

Proof. By Assumption 3.2 (B2), the bifunction f + a(t)g is strongly monotone for each

t > 0. This ensures that the problem EP(f + a(t)g, C) possesses a unique solution, denoted
by X4t . According to [12, Lemma 2.4], x4 is differentiable with respect to t almost

everywhere on [0, +) and there exists M > 0 such that

] 14

Furthermore, also by [12, Lemma 2.4], it holds that tlirp Xq() =X , where X is the unique

solution to EP(g, Sol(f,C)).

<M 0. (14)

Next, we observe the following algebraic identity:

(x(8) = Xa(e), ¥(©) = x(0)) = (Y (t) = X (1), ¥ () = 2(0)) + (2(E) = Xq (1), 2(8) = x(D))
Hy(©) —z(), 2(t) — x(0)) — lIx(®) — y(OII%. (15)

In addition, it holds that

V() = Xa@), y(©) — z(©)) < AO[f (x(©), Xary) — f(x(©), y(®))]
+A(O)a(®)[g(z(®), Xa) — 9(2(), y(®))].
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By combining this relation with the Lipschitz-type conditions of both of f, g, alongside
the fact that x, ;) solves the regularized problem EP(f + a(t)g, C), we find that

() = Xaey y(®) — () < AOLIx®) — YO Xaiey — yO|
+A®a@®K1z(E) = yOll||xa@ — y@|
YA a(®OK |xa@ — YO (16)

Using the same argument, we obtain
(20) = Xato,2(0) = x(©)) < AO + @R x®) ~ 2Oy ~ 2O
—YADXOK [xa ~ @ (17)
It is also casy to sce that
(V(©) ~ 20, 20) ~ x(O)) = (1) — 2, Y(©) = x(0) ~ Iy(©) — DI
< 2 1) ~ YOI —3 ly(®) — 20| (18)

In addition, using (1) and (2), the following inequalities hold:

_ 2
O YOI |, 2l -y, 19

AOLIx®) — yOll||xa@ — y©)| <

llz() —y@®II?
4

+A(6)2a (02K ||xaee) — yO|', (20)

AB) L + aK)[1x(®) — zO|l||xa — 2O < [l (£) —4y(t)ll2 N ly(t) —42(t)||2

+22(D2(L + a(O)K)?||xae — 20|, (21)

AW a®Kx(t) = yOll[xa@ —y®| <

and

OO raey = YOI < -12@a(® (520 - x|l = 12 = yOIR). 22)
Synthesizing relations(15)-(22) leads to
(x(6) = o, Y (O) = X(D) < (AL + AB?a(©)’K? = yADa(®)) [ xetey = y O
~ 5@ ~ YOI
H2AW (UL + a®K)? = A | ~y O (23)
For t sufficiently large such that 2A()%L% + 2(t)%2a(t)?K? —yA(H)a(t) <

— %y/l(t)a(t) and yA(t)a(t) < 0.25, applying these bounds to (23) demonstrates that
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(x(t) = xa(e), y(t) — x(8))
1 2 1 5
< —57AOa®)||xaw —y O] - glIx® - y©I
1 1 2 2 1 2
< =570 (5 x(®) = xq0|” = 1¥® = yOI?) =5 l1x(®) = ¥(©)

1 2 (1 1 ,
= —21AOa©[x© — xe|” + (37A0a(®) ) Ix© - YOI

1
< - 272©a®x(®) = xe - 24)

We now let V(t) := % ||x(t) — xa(t)”Z . From (4), we see that x(t) = y(t) — x(t). Thus,
we have

V(©) = (x(t) — Xgqe), X(8) — Fa(n)) = (x(t) — Xg(r), Y(E) — 2() — Xor))
= (x(t) — Xq(r), Y(&) — x(£)) — (x () — xq(t), Y () — x(£)). (25)

Applying inequalities (1), (2), (14) and (24) to (25) yields

la(O)1?

. 1
V(@) < = 27AOa@[x(®) = xao | + <2M BTGIIOE

1 2
+ 3 YA |[x(®) = x| >

or equivalently,

M2 Ja(o))?
A a(t)3’

V(t) + %yl(t)a(t)V(t) < 2 (26)

By integrating (26), we obtain the following explicit bound for the functional V (t):

t
2 s ANY
V() < e~i o Aratar [ 2M° f i s aamar 1€, 0000
14 A(s)a(s)?

0
Taking into account the condition f0+ool(r)a(r)dr = +oo, the asymptotic behavior

V(t) - 0ast — +oo is guaranteed if we are able to point out that

ft e%yfos)l(r)a(r)dr |d($)|2 S
o GG
1m 1t = U.
t—+oo eV fo A(r)a(r)dr

Ly Jy amaar _la@I?
A®)a(t)3

if the integral diverges, an application of L'Hopital's rule yields

The verification is straightforward if [ 0+°0 e ds < +oo. Alternatively,
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t Ly ffamamar _a(s)|? W Iy amamar _a@)|?
eaV o ———=d e4’ o 10 a(t)3
lim fo Als)a(s)’ = lim Aea(t)”
1 1 .
t—+o0 i fﬂt/l(r)a(r)dr t-+00 e1’ fot/l(r)a(r)dr %yl(t)a(t)
4la()|?
= lim ———— =
t>+oo yA(t)2a(t)*

Hence, it follows that V(t) — 0 as t = +oo, or equivalently, tliT x(t) = tligrn Xeor) = X,

which concludes the proof. m

3.3. Discretized iterative methods

By applying a forward Euler discretization scheme to the continuous dynamical system

xkt1_,k

(5), where the time derivative is approximated by x(t;) = , we can derive the following
regularized extragradient-type iterative method integrated with relaxation parameters, namely:

REATI (Regularized Extragradient-type Algorithm 1)

ko _

{Z = prOX,lk(f(xk,-)+akg(xk,-)) (xk):
koo_

Y5 T PIOXy (ke (%)) (B

xkt1 = (1 -1 )x* + 1 yk.

Furthermore, inspired by the multi-stage parameter-shifted mechanisms widely used in
discrete splitting algorithms, we also introduce an alternative numerical variant:

REA2 (Regularized Extragradient-type Algorithm 2)

k _

d - proxﬂk(f(xkf)"'akg(xkr')) (i),
ko

y = proxakﬂ(f(xk.~)+ak+1g(zk,-))(Zk)’

x*t1 = (1 — 1)xk + T y*.

Theorem 3.3. Suppose that all conditions specified in Theorem 3.2 hold for the bifunctions
f and g. Furthermore, we also assume that {1} C [a, b] for a pair of fixed scalars a, b
satisfying 0 < a < b <1 and the sequences {A,}, {a;} < (0,4+00) fulfill the following
conditions:

S 2 | |
. . k B (40 R %4
z&kak=+00; limap =0; lim—=0; lim————=0.
k—oo k—oo ak k—oo Akak
k=0

It then follows that klim Xx = X, where x denotes the unique solution to the bilevel problem
EP(g,Sol(f,0)).

Remark 3.2. An instance of sequences {1, } and {«a; } satisfying the required conditions in
Theorem 3.3 is given by 4, = (k+ 1) Pand A, = (k+1)"9with0<qg<p<1-—gq. For
example, we can take p = % and g = i. From an algorithmic viewpoint, the condition that
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2 . : o :
klim a—" = ( balances the extragradient stepsize and the regularization parameter, ensuring that
—00 Ak

0(A2) are asymptotically dominated by O (A, ) to guarantee strong convergence.

Sketch of the proof. We can prove that klim ||xk — xak” = 0 and thus

lim x¥ = lim x,, =% € Sol(g,Sol(f,()).

k—oo k—co

From this, the strong convergence of the REA1 and REA2 algorithms is immediately
deduced. For the sake of conciseness, the detailed algebraic proofs are not presented here. The
complete derivation is available online for readers and reviewers at [16].

4. NUMERICAL EXPERIMENTS

In this section, we validate the computational efficiency of the proposed algorithms via
MATLAB Online on a 64-bit cloud computing platform.

Example 4.1. Consider the bilevel equilibrium problem described in Section 3, where the
space is R5. The feasible constraint set is defined as:

5
xERS:in >1, and - 5<x;<5Vi=1,2..5¢
i=1
The equilibrium bifunction f(x,y) is given by f(x,y) = (Px + Qy + q,y — x), where the
vector ¢ = (1,—2,—1,2,—1)T and the matrices P, Q are given as follows

C =

31 2 0 0 O 16 1 0 0 O
2 36 0 0 O 1 16 0 0 O
p=10 O0 35 2 Of, Q=0 0 15 1 0]
0 0 2 35 0 0 0 1 15 0
0 0 O 0 3 0 0 O 0 2

Additionally, the regularizing is chosen as g(x,y) = (x,y — x). To satisfy the theoretical
convergence criteria established in Theorem 3.3, the dynamic stepsize and regularization
parameter sequences are set to A, = k™% and a;, = k~%2?°, respectively. We also let T, =
0.01 for every k > 1.

Convergence behaviors of REA1 and REA2

109 _REA1 1
|- = REA2|

10

Errors D(x)

102

0 2 4 6 8 10

CPU Time [seconds]
Figure 4.1. Algorithms with A, = k™%° and a; = k%25, The number of iterations is 13282 and
12521, respectively
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The numerical convergence process is adaptively tracked via the computational residual
error function D(x*) = ||xk — proxo_lf(xk'.)(xk)” = ”xk — Pc(xk -0.1- F(xk))” , where
the mapping F(x*) := Px* + Qx* + q. From the common starting vector x° = (1,1,1,1,1)7,
under a 10-second CPU time limit, the algorithms REA1 and REA2 carry out 13282 and 12521
iterations, respectively. Figure 4.1 exhibits the result.

Example 4.2. To illustrate the asymptotic behavior of the continuous-time dynamical
system (4) in an infinite-dimensional setting, we consider the Hilbert space H := £? and a fixed
positive integer m > 2. The feasible constraint subset C € £? is given by

C={x€t’x,=x,=+=x, =0}

We consider the operator B:#? — £ such that B(x) = (¢, 93, ...) where @; = -+ =
Om =0, Omi1 = Xmy2 > Pmez = —Xmerand @; = 0 for all j = m + 3. Since (Bx, x) = 0 for
every x, it is a monotone and Lipschitz continuous operator. The associated structural and

regularizing bifunctions are selected as f(x,y) = (B(x),y —x) and g(x,y) ={(x,y —x),
respectively. Under this setting, the variational inequality problem:

Find x* € C such that (B(x*),y —x*)>0 Vy€C, (VIP(B,())

is exactly EP(f,C). It is obvious that Sol(f,C) # @ and Sol(g,Sol(f, C)) = {xT}, where
xT = 0. The control parameters are set to a(t) = (1 +t)7%%% and A(t) = (1 + t)~%25. Foran
arbitrary initial vector x°, by evaluating the system (4) through the projection P, into C, we get
the following linear differential system:
(xl(t) = —xi(t), i=1,..,m,
a1 () = [-22(D)a(t) + 22 (Oa® (O]t (£) — [22(0) — 222 (D) a ()] xm2(8),
X2 (8) = [-2(D)a(t) + 22 (Oa® (O] xm2(8) + [22(0) — 222 (D) a(©)] x4 (8),
X (t) = [-22®)a(t) + 2®)a*()]x;(t), Vji=m+3,
x(0) = x°.
Let V(¢t) := x2,41(t) + x2,,,(t). Solving the last system, we receive
x;(t) = x;(0)e t=xlet, i=1,..,m,
V() = V(0)e? fot[—Z/l(s)a(s)+Az(s)az(s)]ds,

x(t) = xj()efot[—Z)l(s)a(s)+/12(s)az(s)]ds' Vji>m+3.

Let ['(¢) := —2A(t)a(t) + A2(t)a?(t), we have

m m+2
”x(t) - XTHZ = Z|X?|26_2t + V(o)erot[‘(s)ds + 112012 - z |xj0|2 ezfotl“(s)ds_
i=1 =

By direct calculation, we have f0+°° r(t)dt = f0+°°(—2(1 + )05 + (14 ¢)"15)dt =

—oo. Thus, we see that ||x(t) — x*”z — 0 as t —» +oo, which validates strong convergence.
5. CONCLUSION

In this work, we have introduced and systematically analyzed a novel regularized
extragradient-type dynamical system for solving monotone equilibrium problems. Under
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appropriate conditions, the generated continuous trajectories are established to converge
strongly to a unique solution of the bilevel equilibrium problem. Furthermore, by employing a
forward Euler discretization scheme, we have developed two associated discrete iterative
algorithms with relaxation parameters. The strong convergence of these algorithms can be
proved by discrete-time analytic tools.
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  g  (   z  𝜆 , 𝛼 , T  ( 𝜆 ,   𝛽 , x ) )


  g  (   z  𝜆 , 𝛼 , T  ( 𝜆 ,   𝛼 , x ) )


  𝛽 → 𝛼


   ‖   z  𝜆 , 𝛼 −   z  𝜆 , 𝛽 ‖ → 0


  ( 10 )


     lim  𝛽 → 𝛼 ⁡  T  ( 𝜆 ,   𝛽 ,   x ) = T  ( 𝜆 ,   𝛼 ,   x )


  T  ( 𝜆 ,   𝛼 ,   x )


  𝛼


  𝜆 ,


  𝛼


  x


  𝛾 ∈ ( 0 ,   𝜆 ∗ ]


             〈 T  ( 𝜆 ,   𝛼 , x ) − T  ( 𝛾 ,   𝛼 , x ) , T  ( 𝜆 ,   𝛼 , x ) −   z  𝜆 , 𝛼 〉


             〈 T  ( 𝛾 ,   𝛼 , x ) − T  ( 𝜆 ,   𝛼 , x ) , T  ( 𝛾 ,   𝛼 , x ) −   z  𝛾 , 𝛼 〉


               ‖ T  ( 𝜆 ,   𝛼 , x ) − T  ( 𝛾 ,   𝛼 , x ) ‖ 2 +    〈 T  ( 𝛾 ,   𝛼 , x ) − T  ( 𝜆 ,   𝛼 , x ) ,   z  𝜆 , 𝛼 −   z  𝛾 , 𝛼 〉


     lim  𝛾 → 𝜆 ⁡  T  ( 𝛾 ,   𝛼 ,   x ) = T  ( 𝜆 ,   𝛼 ,   x )


  T  ( 𝜆 ,   𝛼 ,   x )


  𝜆


  x ∈ H


    t 0 ≥ 0


  t ≥ 0


   |   𝜑  x  ( t ) −   𝜑  x  (   t 0 ) | ≤  ‖ h  ( 𝜆  ( t ) , 𝛼  ( t ) , x ) − h  ( 𝜆  (   t 0 ) , 𝛼  (   t 0 ) , x ) ‖


                                                                                                                                    +  ‖ T  ( 𝜆  ( t ) , 𝛼  (   t 0 ) , x ) − T  ( 𝜆  (   t 0 ) , 𝛼  (   t 0 ) , x ) ‖ .


                     ( )


  ( 10 )


               ‖ T  ( 𝜆  ( t ) , 𝛼  ( t ) , x ) − T  ( 𝜆  ( t ) , 𝛼  (   t 0 ) , x ) ‖ 2


  𝛼 ( t )


    z  𝜆 ( t ) , 𝛼 ( t )


  g


      ‖ T  ( 𝜆  ( t ) , 𝛼  ( t ) , x ) − T  ( 𝜆  ( t ) , 𝛼  (   t 0 ) , x ) ‖ → 0     as     t →   t 0 . #  ( )


      ‖ T  ( 𝜆  ( t ) , 𝛼  (   t 0 ) , x ) − T  ( 𝜆  (   t 0 ) , 𝛼  (   t 0 ) , x ) ‖ → 0     as     t →   t 0 . #  ( )


   ( 11 )


   ( 12 )


   ( 13 )


   |   𝜑  x  ( t ) −   𝜑  x  (   t 0 ) | → 0


  t →   t 0


    𝜑  x  ( t )


  [ 0 , + ∞ )


    ∎


  𝜆


  𝛼


  U : H → C


  U  ( x ) =     a r g m i n  u ∈ C ⁡   { 𝜆 f  ( x , u ) + 𝜆 𝛼 g  (   z  𝜆 , 𝛼 , x , u ) +  1 2    ‖ u −   z  𝜆 , 𝛼 , x ‖ 2 }


  H


  𝜆


  𝛼


    z  x


    z  𝜆 , 𝛼 , x


  x →   z  x


   ( L + 1 )


  H


  x , y ∈ H


   〈   z  x − U  ( x ) , U  ( y ) − U ( x ) 〉 ≤ 𝜆  [ f  ( x , U  ( y ) ) + 𝛼 g  (   z  x , U  ( y ) ) − f  ( x , U  ( x ) ) − g  (   z  x , U  ( x ) ) ]


   〈   z  y − U  ( y ) , U  ( x ) − U ( y ) 〉 ≤ 𝜆  [ f  ( y , U  ( x ) ) + 𝛼 g  (   z  y , U  ( x ) ) − f  ( y , U  ( y ) ) − g  (   z  y , U  ( y ) ) ] .


               ‖ U  ( y ) − U  ( x ) ‖ 2 +  〈 U  ( y ) − U  ( x ) ,   z  x −   z  y 〉


  f


  g


    z  x


               ‖ U  ( y ) − U  ( x ) ‖ 2 ≤ 𝜆 L  ‖ x − y ‖  ‖ U  ( x ) − U  ( y ) ‖ +  ( 𝜆 𝛼 K + 1 )  ‖   z  x −   z  y ‖  ‖ U  ( x ) − U  ( y ) ‖


  


   ‖ U  ( y ) − U  ( x ) ‖ ≤  [ 𝜆 L +  ( 𝜆 𝛼 K + 1 )  ( L + 1 ) ]  ‖ x − y ‖


  U


    M -


  H


    M - =  [ 𝜆 L +  ( 𝜆 𝛼 K + 1 )  ( L + 1 ) ]


  S o l  ( g , S o l  ( f , C ) )


    x 0 ∈ C


   ( 5 )


    𝜑  x


  U ( x )


  f


  L


  C


  g


  𝛾


  K


  C


  x ,   y ∈ C


  g  ( x , ⋅ )


  C


  𝜕 g  ( x , ⋅ )  ( x )


  g  ( ⋅ , y )


  C


  f  ( x , ⋅ )


  f ( ⋅ ,   y )


  g ( ⋅ ,   y )


  C


  𝜆 ( t ) :    [ 0 ,   + ∞ ) →   ( 0 ,   + ∞ ]


  𝛼 ( t ) :    [ 0 ,   + ∞ ) →   ( 0 ,   + ∞ ]


     lim  t → + ∞ ⁡  𝛼  ( t ) = 0 ;     ∫ 0  + ∞  𝜆 ( t ) 𝛼  ( t ) d t = + ∞ ;      lim  t → + ∞ ⁡    𝜆  ( t )  𝛼 ( t ) = 0     and      lim  t → + ∞ ⁡      𝛼 . ( t )    𝜆 ( t ) 𝛼 2 ( t ) = 0 .


  𝛼  ( t )


  𝜆 ( t )


  𝜆  ( t ) =  1     ( t + 1 )  p


  𝛼  ( t ) =  1     ( t + 1 )  q


  p


  q


  0 < q < p < 1 − q


  p =  1 2


  q   =  1 4


   ( 5 )


  x ( t )


      l i m  t → + ∞ ⁡  x  ( t ) =   x ^


    x ^


  E P  ( g , S o l  ( f , C ) )


  f + 𝛼  ( t ) g


  t > 0


  EP  ( f + 𝛼  ( t ) g , C )


    x  𝛼 ( t )


    x  𝛼 ( t )


  t


   [ 0 ,   + ∞ )


  M > 0


      ‖   d  d t   x  𝛼  ( t ) ‖ ≤ M    |   𝛼 .  ( t ) |  𝛼  ( t )     ∀ t ≥ 0 . #  ( )


     lim  t → + ∞ ⁡    x  𝛼  ( t ) =   x ^


    x ^


  EP  ( g , S o l  ( f , C ) )


   〈 x  ( t ) −   x  𝛼  ( t ) , y  ( t ) − x  ( t ) 〉 =  〈 y  ( t ) −   x  𝛼  ( t ) , y  ( t ) − z  ( t ) 〉 +  〈 z  ( t ) −   x  𝛼  ( t ) , z  ( t ) − x  ( t ) 〉


   〈 y  ( t ) −   x  𝛼  ( t ) , y  ( t ) − z  ( t ) 〉 ≤ 𝜆  ( t )  [ f  ( x  ( t ) ,   x  𝛼  ( t ) ) − f  ( x  ( t ) , y  ( t ) ) ]


  f


  g


    x  𝛼 ( t )


  EP  ( f + 𝛼  ( t ) g , C )


     〈 y  ( t ) −   x  𝛼  ( t ) , y  ( t ) − z  ( t ) 〉   ≤ 𝜆  ( t ) L  ‖ x  ( t ) − y  ( t ) ‖  ‖   x  𝛼  ( t ) − y  ( t ) ‖


         〈 z  ( t ) −   x  𝛼  ( t ) , z  ( t ) − x  ( t ) 〉   ≤ 𝜆  ( t )  ( L + 𝛼  ( t ) K )  ‖ x  ( t ) − z  ( t ) ‖  ‖   x  𝛼  ( t ) − z  ( t ) ‖


   〈 y  ( t ) − z  ( t ) , z  ( t ) − x  ( t ) 〉 =  〈 y  ( t ) − z  ( t ) , y  ( t ) − x  ( t ) 〉 −    ‖ y  ( t ) − z  ( t ) ‖ 2


   ( 1 )


   ( 2 )


     𝜆  ( t ) L  ‖ x  ( t ) − y  ( t ) ‖  ‖   x  𝛼  ( t ) − y  ( t ) ‖ ≤      ‖ x  ( t ) − y  ( t ) ‖ 2 8 + 2 𝜆    ( t ) 2   L 2    ‖   x  𝛼  ( t ) − y  ( t ) ‖ 2 , #  ( 19 )


  𝜆  ( t ) 𝛼  ( t ) K  ‖ x  ( t ) − y  ( t ) ‖  ‖   x  𝛼  ( t ) − y  ( t ) ‖ ≤      ‖ z  ( t ) − y  ( t ) ‖ 2 4


  𝜆  ( t )  ( L + 𝛼  ( t ) K )  ‖ x  ( t ) − z  ( t ) ‖  ‖   x  𝛼  ( t ) − z  ( t ) ‖ ≤      ‖ x  ( t ) − y  ( t ) ‖ 2 4 +      ‖ y  ( t ) − z  ( t ) ‖ 2 4


     − 𝛾 𝜆  ( t ) 𝛼  ( t )    ‖   x  𝛼  ( t ) − y  ( t ) ‖ 2 ≤ − 𝛾 𝜆  ( t ) 𝛼  ( t )  (  1 2    ‖   x  ( t ) − x  𝛼  ( t ) ‖ 2 −    ‖ x  ( t ) − y  ( t ) ‖ 2 ) . #  ( )


   ( 15 )


   ( 22 )


   〈 x  ( t ) −   x  𝛼  ( t ) , y  ( t ) − x  ( t ) 〉 ≤  ( 2 𝜆    ( t ) 2   L 2 + 𝜆    ( t ) 2 𝛼    ( t ) 2   K 2 − 𝛾 𝜆  ( t ) 𝛼  ( t ) )    ‖   x  𝛼  ( t ) − y  ( t ) ‖ 2


  t


  2 𝜆    ( t ) 2   L 2 + 𝜆    ( t ) 2 𝛼    ( t ) 2   K 2 − 𝛾 𝜆  ( t ) 𝛼  ( t ) ≤ −  1 2 𝛾 𝜆  ( t ) 𝛼  ( t )


  𝛾 𝜆  ( t ) 𝛼  ( t ) ≤ 0 . 25


   ( 23 )


   〈 x  ( t ) −   x  𝛼  ( t ) , y  ( t ) − x  ( t ) 〉


                                  ≤ −  1 4 𝛾 𝜆  ( t ) 𝛼  ( t )    ‖   x  ( t ) − x  𝛼  ( t ) ‖ 2 .


                                         


  V  ( t ) ≔  1 2    ‖   x  ( t ) − x  𝛼  ( t ) ‖ 2


   ( 4 )


    x .  ( t ) = y  ( t ) − x  ( t ) .  


                                                V .  ( t ) =  〈   x  ( t ) − x  𝛼  ( t ) ,     x .  ( t ) −   x .  𝛼  ( t ) 〉 =  〈   x  ( t ) − x  𝛼  ( t ) ,   y  ( t ) − x  ( t ) −   x .  𝛼  ( t ) 〉


   ( 1 )


   ( 2 )


   ( 14 )


  ( 24 )


   ( 25 )


    V .  ( t ) ≤ −  1 4 𝛾 𝜆  ( t ) 𝛼  ( t )    ‖   x  ( t ) − x  𝛼  ( t ) ‖ 2 +  ( 2   M 2      |   𝛼 .  ( t ) | 2  𝛾 𝜆  ( t ) 𝛼    ( t ) 3 +  1 8 𝛾 𝜆  ( t ) 𝛼  ( t )    ‖   x  ( t ) − x  𝛼  ( t ) ‖ 2 ) ,


       V .  ( t ) +  1 4 𝛾 𝜆  ( t ) 𝛼  ( t ) V  ( t ) ≤   2   M 2  𝛾 ⋅      |   𝛼 .  ( t ) | 2  𝜆  ( t ) 𝛼    ( t ) 3 . #  ( )


   ( 26 )


  V ( t )


  V  ( t ) ≤   e  −  1 4 𝛾   ∫ 0  t  𝜆  ( r ) 𝛼  ( r ) d r  (   2   M 2  𝛾   ∫ 0  t    e   1 4 𝛾   ∫ 0  s  𝜆  ( r ) 𝛼  ( r ) d r      |   𝛼 .  ( s ) | 2  𝜆  ( s ) 𝛼    ( s ) 3 d s + V  ( 0 ) ) .


    ∫ 0  + ∞  𝜆 ( r ) 𝛼  ( r ) d r = + ∞


  V  ( t ) → 0


  t → + ∞


     lim  t → + ∞ ⁡      ∫ 0  t    e   1 4 𝛾   ∫ 0  s  𝜆  ( r ) 𝛼  ( r ) d r      |   𝛼 .  ( s ) | 2  𝜆  ( s ) 𝛼    ( s ) 3 d s    e   1 4 𝛾   ∫ 0  t  𝜆  ( r ) 𝛼  ( r ) d r = 0 .


    ∫ 0  + ∞    e   1 4 𝛾   ∫ 0  s  𝜆  ( r ) 𝛼  ( r ) d r      |   𝛼 .  ( t ) | 2  𝜆  ( t ) 𝛼    ( t ) 3 d s < + ∞


     lim  t → + ∞ ⁡      ∫ 0  t    e   1 4 𝛾   ∫ 0  s  𝜆  ( r ) 𝛼  ( r ) d r      |   𝛼 .  ( s ) | 2  𝜆  ( s ) 𝛼    ( s ) 3 d s    e   1 4 𝛾   ∫ 0  t  𝜆  ( r ) 𝛼  ( r ) d r =    lim  t → + ∞ ⁡      e   1 4 𝛾   ∫ 0  t  𝜆  ( r ) 𝛼  ( r ) d r      |   𝛼 .  ( t ) | 2  𝜆  ( t ) 𝛼    ( t ) 3    e   1 4 𝛾   ∫ 0  t  𝜆  ( r ) 𝛼  ( r ) d r  1 4 𝛾 𝜆  ( t ) 𝛼  ( t ) .


                                                                                                    =  lim  t → + ∞   4    |   𝛼 .  ( t ) | 2  𝛾 𝜆    ( t ) 2 𝛼    ( t ) 4 = 0 .


                                                                                                    =  lim  t → + ∞   4    |   𝛼 .  ( t ) | 2  𝛾 𝜆    ( t ) 2 𝛼    ( t ) 4 = 0 .


  V  ( t ) → 0


  t → + ∞


   lim  t → + ∞ x  ( t ) =  lim  t → + ∞   x  𝛼 ( t ) =   x ^


    ∎


   ( 5 )


    x .  (   t  k ) ≈     x  k + 1 −   x  k    𝜏  k


   {      z  k  =  prox    𝜆  k  ( f  (   x  k , ⋅ ) +   𝛼  k g  (   x  k , ⋅ ) )  (   x  k ) ,     y  k  =  prox    𝜆  k  ( f  (   x  k , ⋅ ) +   𝛼  k g  (   z  k , ⋅ ) )  (   z  k ) ,     x  k + 1  =  ( 1 −   𝜏  k )   x  k +   𝜏  k   y  k .


   {      z  k  =  prox    𝜆  k  ( f  (   x  k , ⋅ ) +   𝛼  k g  (   x  k , ⋅ ) )  (   x  k ) ,     y  k  =  prox    𝜆  k + 1  ( f  (   x  k , ⋅ ) +   𝛼  k + 1 g  (   z  k , ⋅ ) )  (   z  k ) ,     x  k + 1  =  ( 1 −   𝜏  k )   x  k +   𝜏  k   y  k .


  f


  g


   {   𝜏  k } ⊂  [ a , b ]


  a


  b


  0 < a < b < 1


   {   𝜆  k }


   {   𝛼  k } ⊂  ( 0 , + ∞ )


    ∑  k = 0  + ∞    𝜆  k   𝛼  k = + ∞ ;       l i m  k → ∞ ⁡    𝛼  k = 0 ;       l i m  k → ∞     𝜆  k    𝛼  k = 0 ;       l i m  k → ∞    |   𝛼  k + 1 −   𝛼  k |    𝜆  k   𝛼  k 2 = 0   .


      l i m  k → ∞ ⁡    x  k =   x ^


  x


  E P  ( g , S o l  ( f , C ) )


   {   𝜆  k }


   {   𝛼  k }


    𝜆  k =    ( k + 1 )  − p


    𝜆  k =    ( k + 1 )  − q


  0 < q < p < 1 − q


  p =  1 2


  q =  1 4


   lim  k → ∞     𝜆  k    𝛼  k = 0


  O  (   𝜆  k 2 )


  O  (   𝜆  k   𝛼  k )


     lim  k → ∞ ⁡   ‖   x  k −   x    𝛼  k ‖ = 0


     lim  k → ∞ ⁡    x  k =    lim  k → ∞ ⁡    x    𝛼  k =   x ^ ∈ S o l  ( g , S o l  ( f , C ) )


   ℝ 5


  C =  { x ∈  ℝ 5 :     ∑  i = 1 5    x  i ≥ 1 ,       and     − 5 ≤   x  i ≤ 5     ∀   i = 1 ,   2 , … , 5 } .


  f ( x , y )


  f  ( x , y ) =  〈 P x + Q y + q , y − x 〉


  q =    ( 1 , − 2 , − 1 , 2 , − 1 )  T


  P ,   Q


  P =  [    3 . 1   2      0   0   0                2         3 . 6      0   0   0          0   0      3 . 5   2   0              0         0            2         3 . 5         0              0             0                0             0             3 ]


  Q =  [    1 . 6   1      0   0   0                1         1 . 6      0   0   0          0   0      1 . 5   1   0              0         0            1         1 . 5         0              0             0                0             0             2 ]


  g  ( x , y ) =  〈 x , y − x 〉


    𝜆  k =   k  − 0 . 5


    𝛼  k =   k  − 0 . 25


    𝜏  k = 0 . 01


  k ≥ 1


    𝜆  k =   k  − 0 . 5


    𝛼  k =   k  − 0 . 25


  13282
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  D  (   x  k ) =  ‖   x  k −  prox  0 . 1 f  (   x  k , ⋅ )  (   x  k ) ‖ =  ‖   x  k −   P  C  (   x  k − 0 . 1 ⋅ F  (   x  k ) ) ‖


  F  (   x  k ) ≔ P   x  k + Q   x  k + q


    x 0 =    ( 1 , 1 , 1 , 1 , 1 )  T


  13282


  H ≔  ℓ 2


  m ≥ 2


  C ⊂  ℓ 2


  C =  { x ∈  ℓ 2 :     x 1 =   x 2 = … =   x  m = 0 } .


  B :  ℓ 2 →  ℓ 2


  B  ( x ) =  (   𝜑 1 ,   𝜑 2 , … )


    𝜑 1 = ⋯ =   𝜑  m = 0


    𝜑  m + 1 =   x  m + 2  


    𝜑  m + 2 =   − x  m + 1  


    𝜑  j = 0


  j ≥ m + 3


   〈 B x , x 〉 = 0


  x


  f  ( x , y ) =  〈 B  ( x ) , y − x 〉


  g  ( x , y ) =  〈 x , y − x 〉


     Find     x ∗ ∈ C   such   that    〈 B  (   x ∗ ) , y −   x ∗ 〉 ≥ 0       ∀   y ∈ C , #  ( VIP  ( B , C ) )  


  EP  ( f , C )


  S o l  ( f , C ) ≠ ∅


  S o l  ( g , S o l  ( f , C ) ) =  {   x † }


    x † = 0


  𝛼  ( t ) =    ( 1 + t )  − 0 . 25


  𝜆  ( t ) =    ( 1 + t )  − 0 . 25


    x 0


    P  C


  C


   {        x .  i  ( t ) = −   x  i  ( t ) ,       i = 1 , … , m ,       x .  m + 1  ( t ) =  [ − 2 𝜆  ( t ) 𝛼  ( t ) +   𝜆 2  ( t )   𝛼 2  ( t ) ]   x  m + 1  ( t ) −  [ 2 𝜆  ( t ) − 2   𝜆 2  ( t ) 𝛼  ( t ) ]   x  m + 2 ( t ) ,       x .  m + 2  ( t ) =  [ − 2 𝜆  ( t ) 𝛼  ( t ) +   𝜆 2  ( t )   𝛼 2  ( t ) ]   x  m + 2  ( t ) +  [ 2 𝜆  ( t ) − 2   𝜆 2  ( t ) 𝛼  ( t ) ]   x  m + 1  ( t ) ,       x .  j  ( t ) =  [ − 2 𝜆  ( t ) 𝛼  ( t ) +   𝜆 2  ( t )   𝛼 2  ( t ) ]   x  j  ( t ) ,       ∀   j ≥ m + 3 ,   x  ( 0 ) =   x 0 .


  V  ( t ) ≔   x  m + 1 2  ( t ) +   x  m + 2 2  ( t )


   {      x  i  ( t ) =   x  i  ( 0 )   e  − t =   x  i 0   e  − t ,       i = 1 , … , m ,   V  ( t ) = V  ( 0 )   e  2   ∫ 0  t   [ − 2 𝜆  ( s ) 𝛼  ( s ) +   𝜆 2  ( s )   𝛼 2  ( s ) ] d s ,     x  j  ( t ) =   x  j 0   e    ∫ 0  t   [ − 2 𝜆  ( s ) 𝛼  ( s ) +   𝜆 2  ( s )   𝛼 2  ( s ) ] d s ,       ∀   j ≥ m + 3 .


  Γ  ( t ) ≔ − 2 𝜆  ( t ) 𝛼  ( t ) +   𝜆 2  ( t )   𝛼 2  ( t )


     ‖ x  ( t ) −   x † ‖ 2 =   ∑  i = 1  m     |   x  i 0 | 2   e  − 2 t + V  ( 0 )   e  2   ∫ 0  t  Γ ( s ) d s +  (    ‖   x 0 ‖ 2 −   ∑  j = 1  m + 2     |   x  j 0 | 2 )   e  2   ∫ 0  t  Γ ( s ) d s .


    ∫ 0  + ∞  Γ  ( t ) d t =   ∫ 0  + ∞   ( − 2    ( 1 + t )  − 0 . 75 +    ( 1 + t )  − 1 . 5 ) d t = − ∞


     ‖ x  ( t ) −   x † ‖ 2 → 0


  t → + ∞

