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Abstract. Linear functionals on finite-dimensional polynomial spaces generate fundamental 

algebraic and analytic structures, including moment sequences, moment matrices, and 

functional inequalities. Associated with a linear functional on polynomials of bounded degree 

is a moment matrix whose entries are given by the values of the functional on products of 

monomials and naturally exhibit a Hankel structure. Adopting an intrinsic functional-analytic 

viewpoint, this paper studies linear functionals on polynomial spaces without invoking any 

external representation framework. We develop a unified algebraic setting in which linearity, 

positivity-type conditions, moment matrices, and a functional inequality are examined 

simultaneously. We distinguish properties arising purely from linearity from those requiring 

additional structural assumptions. In particular, we establish a Cauchy-type inequality for 

linear functionals under mild algebraic conditions, independent of any a priori inner product 

structure. Under stronger positivity assumptions, the linear functional induces an inner 

product on polynomial spaces, with the associated moment matrix reflecting this structure 

precisely. Moreover, the Hankel structure of moment matrices is clarified as an intrinsic 

consequence of polynomial multiplication. 
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Schwarz inequality. 

@ 2026 University of Transport and Communications  

1. INTRODUCTION  

Linear functionals on polynomial spaces are fundamental objects in functional analysis, 

providing a natural framework for the study of duality, positivity, and induced algebraic 
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structures [1,2]. When restricted to spaces of polynomials of bounded degree, they give rise to 

moment sequences and moment matrices whose structure reflects both algebraic and positivity 

properties. 

The moment matrix associated with a linear functional is defined by the values of the 

functional on products of monomials and exhibits a characteristic Hankel structure, encoding 

invariance under polynomial multiplication and degree shifts [3,4]. Such matrices play a central 

role in the analysis of positivity conditions and have been extensively studied in both classical 

and truncated settings [5,6]. 

Another key aspect concerns inequalities associated with linear functionals. While classical 

inequalities such as the Cauchy’s inequality are typically formulated in inner product spaces, it 

is natural to ask whether analogous inequalities can be derived intrinsically from properties of 

a linear functional. In this paper, we show that a Cauchy-type inequality can be established on 

polynomial spaces of bounded degree under mild algebraic conditions, without assuming an 

underlying inner product. 

Under additional positivity assumptions, this framework naturally leads to inner product 

structures on polynomial spaces, thereby connecting linear functionals, functional inequalities, 

and moment matrices within a unified functional-analytic setting [2,7]. Recent developments in 

polynomial optimization and semidefinite programming further motivate such an intrinsic 

approach, as truncated moment matrices arise as fundamental algebraic objects independent of 

representability [8,9]. 

The aim of this paper is to clarify the structural relationships between linear functionals, 

induced inner products, and moment matrices on spaces of polynomials of bounded degree, 

emphasizing the distinction between properties following from linearity alone and those 

requiring positivity assumptions. 

2. PRELIMINARIES AND NOTATION 

Throughout this paper, all vector spaces are over the real field ℝ. 

Let ℙ𝑑 represent the set of 𝑛 − variables real polynomials whose degree does not exceed 

𝑑 and by 𝕄𝑛(ℝ) the algebra of real 𝑛 × 𝑛 matrices. 

Let ℕ be the set of non-negative integer. For 𝑖 = (𝑖1, 𝑖2, . . . , 𝑖𝑛) ∈ ℕ𝑛, 𝑥 = (𝑥1, … , 𝑥𝑛) we 

denote 𝑥𝑖 = 𝑥1
𝑖1 . 𝑥2

𝑖2 … 𝑥𝑛
𝑖𝑛 , |𝑖| = 𝑖1 + 𝑖2 + ⋯ + 𝑖𝑛. Let 𝑓 ∈ ℙ𝑑 , 𝑓 can be written as 

𝑓 = ∑ 𝑓𝑖𝑥𝑖

|𝑖|≤𝑑

,      𝑓𝑖 ∈ ℝ. (1) 

 

2.1. Linear functionals 

A linear functional on ℙ𝑑 is a mapping 𝐿: ℙ𝑑 → ℝ satisfying 

𝐿(𝛼𝑓 + 𝛽𝑔) = 𝛼𝐿(𝑓) + 𝛽𝐿(𝑔), 𝛼, 𝛽 ∈ ℝ, 𝑓, 𝑔 ∈ ℙ𝑑 , [10, p. 51, p. 106].    (2) 

The set of all linear functionals on ℙ𝑑  forms its algebraic dual, denoted by ℙ𝑑
∗ , which 

serves as the foundational object in moment theory. 
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2.2. Moment sequences and moment matrices 

Let us consider a linear functional 𝐿  acting on the space ℙ𝑑 , the associated moment 

sequence {𝑠𝑘}|𝑘|≤𝑑 is defined by 

𝑠𝑘 ≔ 𝐿(𝑥𝑘),     [11, p. 2].  (3) 

By [11], the corresponding moment matrix is the matrix 𝑀 = (𝑠𝑖𝑗) = (𝑠𝑖+𝑗), 0 ≤ |𝑖|, |𝑗| ≤ 𝑑. 

Such matrices have a characteristic Hankel structure [11, p. 2, p. 50]. 

2.3. Quadratic forms and positive (semi)definite matrices 

The quadratic form of a symmetric matrix 𝑀 ∈ 𝕄𝑛(ℝ)  is given by 

𝑞𝑀(𝑥) = 𝑥𝑇𝑀𝑥, 𝑥 ∈ ℝ𝑛,  [12, p. 349].  (4) 

If 𝑥𝑇𝑀𝑥 ≥ 0, ∀𝑥 ∈ ℝ𝑛 then we say that 𝑀 is positive semidefinite (𝑀 ≽ 0). If 𝑥𝑇𝑀𝑥 > 0,
∀𝑥 ∈ ℝ𝑛\{0}, 𝑀 is positive definite (𝑀 ≻ 0) [12, p. 340, p. 356]. 

2.4. Inner products and Cauchy–Schwarz inequality 

Let 𝑉  be a real vector space. We say that 𝐵: 𝑉 × 𝑉 → ℝ  constitutes a bilinear form 

provided it satisfies the linearity condition for each of its arguments. [13, p. 2]. 

On a real vector space 𝑉 , a semi–inner product is a bilinear form 〈∙ ,∙〉: 𝑉 × 𝑉 → ℝ 

satisfying: 

1. Symmetric: 〈𝑓, 𝑔〉 = 〈𝑔, 𝑓〉 for all 𝑓, 𝑔 ∈ 𝑉; 

2. Positive semidefinite: 〈𝑓, 𝑓〉 ≥ 0 for all 𝑓 ∈ 𝑉, [13, p. 5, p. 7]. 

A semi-inner product satisfying 〈𝑓, 𝑓〉 = 0 precisely when 𝑓 is the zero polynomial is an 

inner product. Every inner product induces a quadratic form 𝑞(𝑓) = ⟨𝑓, 𝑓⟩, and conversely, 

positive definite quadratic forms give rise to inner products via polarization [12, p. 340]. 

Moreover, any inner product satisfies the Cauchy–Schwarz inequality [2, p. 3] satisfying 

|〈𝑓, 𝑔〉|2 ≤ 〈𝑓, 𝑓〉〈𝑔, 𝑔〉, 𝑓, 𝑔 ∈ 𝑉. (5) 

Bilinear forms and inner products provide the natural algebraic framework for matrix 

representations of quadratic forms and in the analysis of moment matrices. 

With the above notation and basic concepts in place, we now turn to the main results of the 

paper. The definitions introduced in Section 2 provide a unified framework for linear 

functionals, moment matrices, positivity, and inner product structures, which will be used 

throughout the subsequent analysis. 

3. MAIN RESULTS 

This section is devoted to the presentation and discussion of core theoretical results. Our 

analysis focuses on moment matrices associated with linear functionals on ℙ2𝑑 and examines 

how positivity and inner product structures on polynomial spaces are reflected in their matrix 

properties. The results are formulated using the framework established in Section 2. 
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3.1. Positivity of Linear Functionals and Induced Inner Products 

Proposition 1. Let 𝐿  be a linear functional defined on ℙ2𝑑 . The equivalence of the 

subsequent conditions can be established. 

(1) 〈𝑓, 𝑔〉: = 𝐿(𝑓𝑔) defines an inner product on ℙ𝑑. 

(2) 𝐿(ℎ2) > 0 for every nonzero polynomial ℎ ∈ ℙ𝑑. 

(3) The sequence {𝑚𝑖 =  𝐿(𝑥𝑖)}
|𝑖|≤2𝑑

 is positive definite, i.e., the matrix 𝑀 = (𝑚𝑖𝑗) is 

positive definite, where 𝑚𝑖𝑗 = 𝑚𝑖+𝑗 for |𝑖|, |𝑗| ≤ 𝑑. 

Proof.  

(1 ⇒ 2). Suppose 〈𝑓, 𝑔〉: = 𝐿(𝑓𝑔) is an inner product on ℙ𝑑. 

Given ℎ = ∑ ℎ𝑖𝑥𝑖
|𝑖|≤𝑑 , ℎ ≠ 0, ℎ ∈ ℙ𝑑. So 𝐿(ℎ2) = 〈ℎ, ℎ〉 > 0 ∀ℎ ≠ 0.  

(2 ⇒ 3). Suppose 𝐿(ℎ2) > 0 ∀ℎ ≠ 0, ℎ ∈ ℙ𝑑. Let 

ℎ = ∑ ℎ𝑖𝑥𝑖

|𝑖|≤𝑑

, ℎ ≠ 0 ⟹ ℎ2 = ∑ ℎ𝑖ℎ𝑗𝑥𝑖+𝑗

|𝑖|,|𝑗|≤𝑑

. (6) 

We obtain 𝐿(ℎ2) = ∑ ℎ𝑖ℎ𝑗𝐿(𝑥𝑖+𝑗)
|𝑖|,|𝑗|≤𝑑

= ∑ ℎ𝑖ℎ𝑗𝑚𝑖𝑗

|𝑖|,|𝑗|≤𝑑

> 0. 

We have 𝑀 = (𝑚𝑖𝑗)
|𝑖|,|𝑗|≤𝑑

∈ 𝕄𝑁(ℝ),   ℎ = (ℎ𝑖)|𝑖|≤𝑑 ∈ ℝ𝑁 , ℎ ≠ 0, 𝑁 = (
𝑑 + 𝑛

𝑛
).  Thus, 

ℎ𝑇𝑆ℎ = ∑ ℎ𝑖ℎ𝑗𝑚𝑖𝑗|𝑖|,|𝑗|≤𝑑 > 0. 

This leads to 𝑀 ≻ 0, which means the sequence  {𝑚𝑖 =  𝐿(𝑥𝑖)}
|𝑖|≤2𝑑

 is positive definite. 

(3 ⇒ 1) . Suppose the matrix 𝑀 = (𝑚𝑖𝑗)  is positive definite, where 𝑚𝑖𝑗 = 𝑚𝑖+𝑗 =

𝐿(𝑥𝑖+𝑗) for |𝑖|, |𝑗| ≤ 𝑑. Let 〈𝑓, 𝑔〉: = 𝐿(𝑓𝑔)  ∀𝑓, 𝑔 ∈ ℙ𝑑. Standard results in functional analysis 

[1] imply that a bilinear form induces an inner product when symmetry and positivity are both 

satisfied, i.e.  

⟨ℎ, ℎ⟩ > 0  ∀ ℎ ∈ ℙ𝑑\{0}. 
 (7) 

The bilinear form ⟨𝑓, 𝑔⟩ = 𝐿(𝑓𝑔)  is symmetric, since polynomial multiplication is 

commutative. 

Given that ℎ = ∑ ℎ𝑖𝑥𝑖
|𝑖|≤𝑑  . Since 𝑀 ≻ 0, this leads to 

〈ℎ, ℎ〉 = 𝐿(ℎ2) = ∑ ℎ𝑖ℎ𝑗𝐿(𝑥𝑖+𝑗)

|𝑖|,|𝑗|≤𝑑

= ∑ ℎ𝑖ℎ𝑗𝑚𝑖𝑗

|𝑖|,|𝑗|≤𝑑

= ℎ𝑇𝑀ℎ > 0  ∀ℎ ∈ ℙ𝑑\{0}, (8) 

and 〈ℎ, ℎ〉 = 0 ⟺ ℎ𝑇𝑀ℎ = 0 ⟺ ℎ is the zero polynomial.  

Therefore, 〈𝑓, 𝑔〉 = 𝐿(𝑓𝑔) defines an inner product on ℙ𝑑.  □ 

Proposition 2. Suppose that 〈  , 〉 is an inner product on ℙ𝑑. The following statements are 

equivalent. 

(1) There exists a linear functional 𝐿 on ℙ2𝑑 such that 
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𝐿(𝑓𝑔) ≔ 〈𝑓, 𝑔〉, 
(9) 

and 𝐿(𝑓2) > 0 ∀𝑓 ≠ 0. 

(2) 〈𝑥𝑖 , 𝑥𝑗〉 = 〈𝑥𝑠 , 𝑥𝑡〉 whenever 𝑖 + 𝑗 = 𝑠 + 𝑡 for |𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑. 

 Proof. 

(1 ⇒ 2). Let 𝐿 be a linear functional on ℙ2𝑑 such that 〈𝑓, 𝑔〉 = 𝐿(𝑓𝑔) ∀𝑓, 𝑔 ∈ ℙ𝑑. 

We have 〈𝑥𝑖 , 𝑥𝑗〉 = 𝐿(𝑥𝑖𝑥𝑗) = 𝐿(𝑥𝑖+𝑗),         0 ≤ |𝑖|, |𝑗| ≤ 𝑑;  

         〈𝑥𝑠, 𝑥𝑡〉 = 𝐿(𝑥𝑠𝑥𝑡) = 𝐿(𝑥𝑠+𝑡),         0 ≤ |𝑠|, |𝑡| ≤ 𝑑. 

If 𝑖 + 𝑗 = 𝑠 + 𝑡 then 𝐿(𝑥𝑖+𝑗) = 𝐿(𝑥𝑠+𝑡). Thus, 〈𝑥𝑖 , 𝑥𝑗〉 = 〈𝑥𝑠 , 𝑥𝑡〉 whenever 𝑖 + 𝑗 = 𝑠 + 𝑡 for  

|𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑. 

(2 ⇒ 1). Define 𝐿(𝑥𝑘): = ⟨𝑥𝑖 , 𝑥𝑗⟩ for any  |𝑖|, |𝑗| ≤ 𝑑 with 𝑖 + 𝑗 = 𝑘. 

Assumption (2) ensures that this definition is well defined. It follows from the linearity 

inherent in the inner product that 𝐿 constitutes a linear functional. For arbitrary polynomials 

𝑓 = ∑ 𝑓𝑖𝑥
𝑖

|𝑖|≤𝑑 , 𝑔 = ∑ 𝑔𝑗𝑥𝑗
|𝑗|≤𝑑 ∈ ℙ𝑑, one has  

𝐿(𝑓𝑔) = ∑ 𝑓𝑖𝑔𝑗𝐿(𝑥𝑖+𝑗)
|𝑖|,|𝑗|≤𝑑

= ∑ 𝑓𝑖𝑔𝑗〈𝑥𝑖 , 𝑥𝑗〉

|𝑖|,|𝑗|≤𝑑

 = 〈 ∑ 𝑓𝑖𝑥𝑖

|𝑖|≤𝑑

, ∑ 𝑔𝑗𝑥𝑗

|𝑗|≤𝑑

〉 = 〈𝑓, 𝑔〉,    (10) 

and 𝐿(𝑓2) = 〈𝑓, 𝑓〉 > 0,      ∀𝑓 ≠ 0. (11) 

□ 

Remark 1. The bilinear form 〈  ∙ , ∙ 〉 defined by 𝐿 is a semi-inner product if 𝐿(𝑝2) ≥ 0 for 

all 𝑝 ∈ ℙ𝑑. 

The condition in Proposition 2 implies that the bilinear form depends only on the sum of 

multi-indices, which leads naturally to the moment matrix structure in Proposition 3. 

 Proposition 3. Given 𝑀 ≔ (𝑚𝑖𝑗) ∈ 𝕄𝑁(ℝ) , where 𝑁 = (
𝑑 + 𝑛

𝑛
) . 𝑀  represents the 

moment matrix associated with the linear functional 𝐿: ℙ2𝑑 ⟶ ℝ  exactly when if 𝑚𝑖𝑗 =

𝑚𝑠𝑡 whenever  𝑖 + 𝑗 = 𝑠 + 𝑡,   |𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑 . Moreover, 𝑀  is positive (semi)definite if 

and only if 𝐿(ℎ2) > 0 ∀ℎ ∈ ℙ𝑑\{0} (respectively, 𝐿(ℎ2) ≥ 0 ∀ℎ ∈ ℙ𝑑). 

 Proof. 

⟹  Suppose 𝑀  is the moment matrix of linear functional 𝐿: ℙ2𝑑 ⟶ ℝ . Define 𝑚𝑘 ≔
𝐿(𝑥𝑘), |𝑘| ≤ 2𝑑. 

Then 𝑀 = (𝑚𝑖𝑗) = (𝐿(𝑥𝑖+𝑗)) = (𝑚𝑖+𝑗) ,    |𝑖|, |𝑗| ≤ 𝑑 . If 𝑖 + 𝑗 = 𝑠 + 𝑡  then 𝐿(𝑥𝑖+𝑗) =

𝐿(𝑥𝑠+𝑡) ∀ |𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑. 

Thus, 𝑚𝑖𝑗 = 𝑚𝑠𝑡 ∀ 𝑖 + 𝑗 = 𝑠 + 𝑡, |𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑. 

⟸ Suppose 𝑀 ≔ (𝑚𝑖𝑗) ∈ 𝕄𝑁(ℝ) s.t 𝑚𝑖𝑗 = 𝑚𝑠𝑡 ∀𝑖 + 𝑗 = 𝑠 + 𝑡, |𝑖|, |𝑗|, |𝑠|, |𝑡| ≤ 𝑑. 

Then there exists a function 𝑘 ↦ 𝑚𝑘 such that 𝑚𝑖𝑗 = 𝑚𝑖+𝑗. Let 𝐿: ℙ2𝑑 ⟶ ℝ  be a linear 

functional such that 𝐿(𝑥𝑘): = 𝑚𝑘 ∀ |𝑘| ≤ 2𝑑. Then 
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ℎ = ∑ ℎ𝑖𝑥𝑖

|𝑖|≤2𝑑

, ℎ ∈ ℙ2𝑑 ⟹ 𝐿(ℎ) ≔ ∑ ℎ𝑖𝐿(𝑥𝑖)
|𝑖|≤2𝑑

= ∑ ℎ𝑖𝑚𝑖

|𝑖|≤2𝑑

. (12) 

Therefore, ∀ |𝑖|, |𝑗| ≤ 𝑑: 𝐿(𝑥𝑖+𝑗) = 𝑚𝑖+𝑗 = 𝑚𝑖𝑗 . 𝑀 will be the moment matrix of linear 

functional 𝐿: ℙ2𝑑 ⟶ ℝ . Moreover, when 𝑀 is the moment matrix of 𝐿. Let 

ℎ = ∑ ℎ𝑖𝑥𝑖

|𝑖|≤𝑑

∈ ℙ𝑑 , ℎ = (ℎ𝑖)|𝑖|≤𝑑 ∈  ℝ𝑁 . (13) 

We obtain 

𝐿(ℎ2) = 𝐿 ( ∑ ℎ𝑖ℎ𝑗𝑥𝑖+𝑗

|𝑖|,|𝑗|≤𝑑

) = ∑ ℎ𝑖ℎ𝑗𝐿(𝑥𝑖+𝑗)

|𝑖|,|𝑗|≤𝑑

= ∑ ℎ𝑖ℎ𝑗𝑚𝑖𝑗

|𝑖|,|𝑗|≤𝑑

= ℎ𝑇𝑀ℎ . (14) 

This implies 𝐿(ℎ2) > 0 ∀ℎ ∈ ℙ𝑑\{0} ⟺ ℎ𝑇𝑀ℎ > 0, i.e., 𝑀 ≻ 0. 

The semidefinite case is analogous. □ 
Remark 2. The moment matrix appearing in Propositions 1–3 is of Gram type [3,7,11]. 

3.2. A Cauchy–Schwarz Inequality for Linear Functionals 

Theorem 1. Consider a linear functional 𝐿  on ℙ2𝑑  whose moment matrix is positive 

semidefinite. Then the following inequality holds for all 𝑓, 𝑔 ∈ ℙ𝑑: 

      (𝐿(𝑓𝑔))
2

≤ 𝐿(𝑓2)𝐿(𝑔2). (15) 

Moreover, if 𝑓, 𝑔 are linearly dependent then (𝐿(𝑓𝑔))
2

= 𝐿(𝑓2)𝐿(𝑔2). 

Proof.  

From Proposition 3, we have 𝐿(ℎ2) ≥ 0, ∀ℎ ∈ ℙ𝑑. Then 0 ≤ 𝐿((𝑓 − 𝛼𝑔)2),   ∀𝛼 ∈ ℝ.   

So  0 ≤ 𝐿(𝑓2) − 2𝛼𝐿(𝑓𝑔) + 𝛼2𝐿(𝑔2), ∀𝛼 ∈ ℝ. Thus,  Δ′ = (𝐿(𝑓𝑔))
2

− 𝐿(𝑓2)𝐿(𝑔2) ≤ 0 ⟺

(𝐿(𝑓𝑔))
2

≤ 𝐿(𝑓2)𝐿(𝑔2). 

Suppose that 𝑓 = 𝛼𝑔 for some 𝛼 ∈ ℝ then 

(𝐿(𝑓𝑔))
2

= 𝛼2(𝐿(𝑓2))
2
, and 𝐿(𝑓2)𝐿(𝑔2) = 𝛼2𝐿(𝑓2)𝐿(𝑓2) = 𝛼2(𝐿(𝑓2))

2
.  (16) 

Therefore, (𝐿(𝑓𝑔))
2

= 𝐿(𝑓2)𝐿(𝑔2).                         □ 

Theorem 2. Consider a linear functional 𝐿 on ℙ2𝑑. If  𝑢, 𝑣 are linearly independent in ℙ𝑑 

and 𝐿(ℎ2) ≥ 0 for all ℎ ∈  span{𝑢, 𝑣} then 

      (𝐿(𝑢𝑣))
2

≤ 𝐿(𝑢2)𝐿(𝑣2). (17) 

Moreover, if 𝐿(𝑢2) = 0 and 𝐿(𝑣2) = 0, then 𝐿(𝑢𝑣) = 0. 

Proof.  
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𝐿(ℎ2) ≥ 0 ∀ℎ ∈ span{𝑢, 𝑣}  and 𝑢, 𝑣  are linearly independent. Then 0 ≤ 𝐿((𝑢 − 𝛼𝑣)2), 
for all 𝛼 ∈ ℝ. 

One can arrive at this conclusion by applying a methodology comparable to that employed 

in the verification of Theorem 1. 

Suppose 𝐿(𝑢2) = 0 and 𝐿(𝑣2) = 0 then 

0 ≤ 𝐿((𝑢 + 𝑣)2) = 2𝐿(𝑢𝑣) and 0 ≤ 𝐿((𝑢 − 𝑣)2) = −2𝐿(𝑢𝑣). (18) 

Therefore, 𝐿(𝑢𝑣) = 0, i.e., (𝐿(𝑢𝑣))
2

= 𝐿(𝑢2)𝐿(𝑣2).                                                                     □ 

Example 1. Let ℙ2 be the set of one – variable polynomials of degree up to 2 and 𝐿: ℙ2 →
ℝ be defined by letting 𝐿(𝑝) be the coefficient of 𝑥2 in the polynomial 𝑝. This is a well-defined 

linear functional on ℙ2. 

Let 𝑢 = 1 and 𝑣 = 𝑥 . Then span{𝑢, 𝑣} = {ℎ = 𝑎 + 𝑏𝑥 | 𝑎, 𝑏 ∈ ℝ} ⊂ ℙ2.  For such a 

function ℎ,  

ℎ2 = 𝑎2 + 2𝑎𝑏𝑥 + 𝑏2𝑥2. (19) 

Therefore, 𝐿(ℎ2) = 𝑏2 ≥ 0,    ∀ℎ ∈ span{1, 𝑥}. Hence,  𝐿(𝑢2) = 0 ,  𝐿(𝑣2) = 1  and 

(𝐿(𝑢𝑣))
2

= 0. 

These observations imply that (𝐿(𝑢𝑣))
2

≤ 𝐿(𝑢2)𝐿(𝑣2), and hence the Cauchy–Schwarz 

inequality holds for the pair (𝑢, 𝑣).                                                                                         □ 

The assumption ℎ ∈  span{𝑢, 𝑣}  in Theorem 2 is essential. The following example 

demonstrates its necessity. 

Example 2. Let ℙ4 be the set of one – variable polynomials of degree up to 4 and 𝐿: ℙ4 →
ℝ be defined by  

𝐿(1) = 1, 𝐿(𝑥) = 0, 𝐿(𝑥2) = 0, 𝐿(𝑥3) = 1, 𝐿(𝑥4) = 1. (20) 

This is a well-defined linear functional on ℙ4. Let 𝑓 = 1 and 𝑔 = 𝑥2. Then span{𝑓, 𝑔} =
{ℎ = 𝑎 + 𝑏𝑥2 | 𝑎, 𝑏 ∈ ℝ} ⊂ ℙ4. For such a function ℎ, 

ℎ2 = 𝑎2 + 2𝑎𝑏𝑥2 + 𝑏2𝑥4. (21) 

Therefore, 𝐿(ℎ2) = 𝑎2 + 𝑏2 ≥ 0,   ∀ℎ ∈ span{𝑓, 𝑔}.  Take 𝑢 = 𝑥 + 𝑥2 and 𝑣 = 𝑥 − 𝑥2 , 

then 𝐿(𝑢2) = 3,  𝐿(𝑣2) = −1 and 𝐿(𝑢𝑣) = −1. Thus, (𝐿(𝑢𝑣))
2

= 1 and 𝐿(𝑢2)𝐿(𝑣2) = −3. 

So the Cauchy–Schwarz inequality fails for the pair (𝑢, 𝑣).                                                    □ 

Example 3. Let ℙ2 be the set of two – variable polynomials of degree up to 2 and 𝐿: ℙ2 →
ℝ be defined by letting 𝐿(𝑝) be the coefficient of 𝑥2 in the polynomial 𝑝. 

Let 𝑓 = 1, 𝑔 = 𝑥 + 𝑦. Then for any ℎ = 𝑎 + 𝑏(𝑥 + 𝑦) ∈ span{𝑓, 𝑔}, one easily checks 

that 𝐿(ℎ2) = 𝑏2 ≥ 0, ∀ℎ ∈ span{𝑓, 𝑔}. 

In particular, 𝐿(𝑓2) = 0 ,  𝐿(𝑔2) = 1 , and (𝐿(𝑓𝑔))
2

= 0 , so (𝐿(𝑓𝑔))
2

≤

𝐿(𝑓2)𝐿(𝑔2). Thus, the Cauchy–Schwarz inequality holds for (𝑓, 𝑔).                                                                        
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□ 

3.3. Some Applications 

In this subsection, we discuss some applications of Theorem 1 and 2 to proving elementary 

inequalities. In addition, Proposition 1 allows us to design a Python algorithm for verifying 

whether a linear functional is an inner product or a semi–inner product. 

Example 4.  Let 𝑐 ≥ 0. Prove that (𝑎 + 2𝑏𝑐)2 ≤ (1 + 4𝑐)(𝑎2 + 𝑐𝑏2) , for 𝑎, 𝑏 ∈ ℝ. 

Proof. 

Let ℙ2 be the set of one – variable polynomials of degree up to 2 and 𝐿: ℙ2 → ℝ be defined 

by 𝐿(1) = 1, 𝐿(𝑥) = 0, 𝐿(𝑥2) = 𝑐 . Then 〈𝑓, 𝑔〉 ≔ 𝐿(𝑓𝑔)  for 𝑓, 𝑔 ∈ ℙ1  is a semi-inner 

product on ℙ1. 

Let 𝑓 = 𝑎 + 𝑏𝑥, 𝑔 = 1 + 2𝑥. We obtain 

𝐿(𝑓𝑔) = 𝑎 + 2𝑏𝑐, 𝐿(𝑓2) = 𝑎2 + 𝑐𝑏2, 𝐿(𝑔2) = 1 + 4𝑐. (22) 

By Theorem 1 we have  (𝑎 + 2𝑏𝑐)2 ≤ (1 + 4𝑐)(𝑎2 + 𝑐𝑏2) for all 𝑎, 𝑏, 𝑐 ∈ ℝ, 𝑐 ≥ 0.           

□       

Example 5.  Let 𝑐 ≥ 1. Prove that 

(𝑎𝑏𝑐 − 3𝑎 − 2𝑏 + 6)2 ≤ (𝑐𝑎2 − 4𝑎 + 4)(𝑐𝑏2 − 6𝑏 + 9), 𝑎, 𝑏 ∈ ℝ, 3𝑎 ≠ 2𝑏. (23) 

Proof. 

Let ℙ4 be the set of one – variable polynomials of degree up to 4 and 𝐿: ℙ4 → ℝ satisfies 

𝐿(1) = 1,       𝐿(𝑥) = 0,      𝐿(𝑥2) = −1,       𝐿(𝑥3) = 0,      𝐿(𝑥4) = 𝑐. (24) 

Let ℎ ∈ span{1, 𝑥2} then 𝐿(ℎ2) = (𝛼 − 𝛽)2 + (𝑐 − 1)𝛽2 ≥ 0, ∀𝑐 ≥ 1, 𝛼, 𝛽 ∈ ℝ. 

Let 𝑓 = 2 + 𝑎𝑥2, 𝑔 = 3 + 𝑏𝑥2 , then span{𝑓, 𝑔} ⊂ span{1, 𝑥2}.  This implies that 𝑓, 𝑔 

are linearly independent (for 3𝑎 ≠ 2𝑏) and 𝐿(ℎ2) ≥ 0 for all ℎ ∈ span{𝑓, 𝑔}. We have 

𝐿(𝑓𝑔) = 𝑎𝑏𝑐 − 3𝑎 − 2𝑏 + 6, 𝐿(𝑓2) = 𝑐𝑎2 − 4𝑎 + 4, 𝐿(𝑔2) = 𝑐𝑏2 − 6𝑏 + 9. (25) 

By Theorem 2 we have  (𝑎𝑏𝑐 − 3𝑎 − 2𝑏 + 6)2 ≤ (𝑐𝑎2 − 4𝑎 + 4)(𝑐𝑏2 − 6𝑏 + 9) for all 

𝑎, 𝑏, 𝑐 ∈ ℝ, 3𝑎 ≠ 2𝑏, 𝑐 ≥ 1.                                                                                                      □ 

Example 6. Let 𝑐 ≥ 2. Prove that 

(𝑎𝑏𝑐 − 6𝑎 − 4𝑏 + 12)2 ≤ (𝑐𝑎2 − 8𝑎 + 8)(𝑐𝑏2 − 12𝑏 + 18), 𝑎, 𝑏 ∈ ℝ,  3𝑎 ≠ 2𝑏. (26) 

Proof. 

Let ℙ4 be the set of bivariate polynomials of degree up to 4 and 𝐿: ℙ4 → ℝ satisfies 

𝐿(1) = 1,         𝐿(𝑥) = 0,        𝐿(𝑦) = 0,         𝐿(𝑥2) = −1, 𝐿(𝑦2) = −1, 

 𝐿(𝑥𝑦) = 0, 𝐿(𝑥3) = 0, 𝐿(𝑥2𝑦) = 0, 𝐿(𝑥𝑦2) = 0, 𝐿(𝑦3) = 0, 

𝐿(𝑥4) = 𝑐,     𝐿(𝑦4) = 𝑐,        𝐿(𝑥2𝑦2) = 0,          𝐿(𝑥3𝑦) = 0,      𝐿(𝑥𝑦3) = 0. 

(27) 
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Let ℎ ∈ span{1, 𝑥2 + 𝑦2} then 𝐿(ℎ2) = (𝛼 − 2𝛽)2 + 2(𝑐 − 2)𝛽2 ≥ 0, ∀𝑐 ≥ 2, 𝛼, 𝛽 ∈ ℝ. 

Let 𝑓 = 4 + 𝑎(𝑥2 + 𝑦2), 𝑔 = 6 + 𝑏(𝑥2 + 𝑦2) , then span{𝑓, 𝑔} ⊂ span{1, 𝑥2 + 𝑦2} . 

This implies that 𝑓, 𝑔  are linearly independent (for 3𝑎 ≠ 2𝑏 ) and 𝐿(ℎ2) ≥ 0  for all ℎ ∈
span{𝑓, 𝑔}. 

We obtain 𝐿(𝑓𝑔) = 2(𝑎𝑏𝑐 − 6𝑎 − 4𝑏 + 12), 𝐿(𝑓2) = 2(𝑐𝑎2 − 8𝑎 + 8)  and  𝐿(𝑔2) =
2(𝑐𝑏2 − 12𝑏 + 18). 

By Theorem 2 we have  (𝑎𝑏𝑐 − 6𝑎 − 4𝑏 + 12)2 ≤ (𝑐𝑎2 − 8𝑎 + 8)(𝑐𝑏2 − 12𝑏 + 18), 

𝑎, 𝑏, 𝑐 ∈ 𝑅,  3𝑎 ≠ 2𝑏, 𝑐 ≥ 2.                                                                                                       □ 

Based on Proposition 1, Algorithm 1 provides a criterion for determining whether a linear 

functional induces an inner or semi-inner product. 

Objective. 

To determine whether a linear functional 𝐿 induces an inner product, a semi-inner product, or 

neither on ℙ𝑑. 

Input. 

A positive integer 𝑛 and a nonnegative integer 𝑑. 

A linear functional 𝐿: ℙ2𝑑 ⟶ ℝ, specified by its moments 𝑠𝛼 ≔ 𝐿(𝑥𝛼),   |𝛼| ≤ 2𝑑, where 

𝛼 ∈ ℕ𝑛, 𝑥𝛼 = 𝑥1
𝛼1 … 𝑥𝑛

𝛼𝑛. 

Output. 

A characterization of the bilinear form 〈𝑢, 𝑣〉 ≔ 𝐿(𝑢𝑣),     𝑢, 𝑣 ∈ ℙ𝑑 , as an inner product, a 

semi-inner product, or neither. 

Algorithm 1. 

1. Define Λ𝑑 = {𝛼 ∈ ℕ𝑛: |𝛼| ≤ 𝑑}. 

2. Arrange Λ𝑑 in graded lexicographical order 𝛼(0), 𝛼(1), … , 𝛼(𝑁−1), 𝑁 = (𝑑+𝑛
𝑛

). 

3. Construct the moment matrix 𝑀 ∈ 𝕄𝑁(ℝ):  

𝑀𝑖𝑗 = 𝐿(𝑥𝛼(𝑖)+𝛼(𝑗)
) = 𝑠𝛼(𝑖)+𝛼(𝑗) . (28) 

4. Compute eigenvalues 𝜎(𝑀) = {𝜆0, … , 𝜆𝑁−1}. 

5. If 𝜆𝑖 > 0 for all 𝑖, then 𝐿 induces an inner product.  

6. If 𝜆𝑖 ≥ 0 for all 𝑖and 𝜆𝑗 = 0 for some 𝑗, then 𝐿 induces a semi-inner product.  

7. Otherwise, it does not induce a (semi-)inner product. 

The algorithm was implemented in Python in order to validate the theoretical results and to 

generate numerical examples. 

A Python implementation of Algorithm 1 is provided in Appendix A. 

3.4. Cauchy–Schwarz Inequality for a System of 𝒌 Vectors 

Let 𝑉 be an inner product space over ℝ, and let 𝑢, 𝑣 ∈ 𝑉. The classical Cauchy–Schwarz 

inequality asserts that 
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|〈𝑢, 𝑣〉|2 ≤ 〈𝑢, 𝑢〉〈𝑣, 𝑣〉, (29) 

where 〈  ∙  , ∙ 〉 denotes the inner product on 𝑉. Moreover, this inequality is equivalent to 

the non-negativity of the Gram determinant associated with 𝑢 and 𝑣: 

det (
〈𝑢, 𝑢〉 〈𝑢, 𝑣〉
〈𝑣, 𝑢〉 〈𝑣, 𝑣〉

) ≥ 0. (30) 

Hence, the case of two vectors can be naturally extended to a system of 𝑘 vectors.  

Theorem 3. Consider a linear functional 𝐿 on ℙ2𝑑 . If its corresponding moment matrix is 

positive semidefinite, then  

det (
𝐿(𝑓1

2) ⋯ 𝐿(𝑓1𝑓𝑘)
⋮ ⋱ ⋮

𝐿(𝑓𝑘𝑓1) ⋯ 𝐿(𝑓𝑘
2)

) ≥ 0             ∀ 𝑓1, … , 𝑓𝑘 ∈ ℙ𝑑 . (31) 

This result is well known in linear algebra and inner product space theory. A natural open 

question is whether Theorems 1 and 2 admit extensions to systems of 𝑘 polynomial. 

4. CONCLUSION  

We have investigated moment-related structures from an intrinsic perspective based on 

linear functionals on finite-dimensional polynomial spaces. Starting from a linear functional on 

ℙ2𝑑 , we analyzed the associated moment sequences and moment matrices, identifying the 

Hankel structure as a direct consequence of polynomial multiplication. 

We established a Cauchy-type inequality under basic algebraic conditions, without 

assuming an underlying inner product structure. Under stronger positivity assumptions, the 

same framework yields inner product structures, with moment matrices serving as their matrix 

representations. 

This approach provides a clear hierarchy between linearity, functional inequalities, and 

inner product structures, offering a coherent refinement of classical moment-theoretic ideas and 

a streamlined functional-analytic perspective. 

APPENDIX A. Python Implementation of Algorithm 1 

This appendix provides a Python implementation of Algorithm 1, which is used to verify 

the positivity properties of the moment matrix associated with a given linear functional. 

The implementation is intended solely for numerical validation and illustrative purposes 

and does not form part of the theoretical contributions of this paper. 

import numpy as np 

from numpy.linalg import eigvalsh 

from itertools import product 

# A.1 Multi-index generation (graded lex order) 

def multi_indices(n_vars, max_degree): 

    indices = [] 
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    for total_degree in range(max_degree + 1): 

        for alpha in product(range(total_degree + 1), repeat=n_vars): 

            if sum(alpha) == total_degree: 

                indices.append(alpha) 

    return indices 

# A.2 Moment matrix construction 

def moment_matrix(n_vars, d, L_func): 

    indices = multi_indices(n_vars, d) 

    N = len(indices) 

    M = np.zeros((N, N)) 

 

    for i in range(N): 

        for j in range(N): 

            alpha = indices[i] 

            beta = indices[j] 

            gamma = tuple(a + b for a, b in zip(alpha, beta)) 

            M[i, j] = L_func(gamma) 

 

    # numerical symmetrization 

    M = (M + M.T) / 2.0 

    return M, indices 

# A.3 Eigenvalue test 

def check_positive_definiteness(M, tol=1e-10): 

    eigvals = eigvalsh(M) 

 

    if np.all(eigvals > tol): 

        return "positive_definite", eigvals 

 

    if np.all(eigvals >= -tol) and np.any(np.abs(eigvals) <= tol): 

        return "positive_semidefinite", eigvals 

 

    return "indefinite", eigvals 

# A.4 Full test 
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def moment_matrix_test(n_vars, d, L_func): 

    M, indices = moment_matrix(n_vars, d, L_func) 

    status, eigvals = check_positive_definiteness(M) 

    return M, eigvals, status 

ACKNOWLEDGMENT 

This research is funded by University of Transport and Communications (UTC) under grant 

number T2026-CB-011. Author would like to thank colleagues for their critical discussion. 

REFERENCES 

[1]. W. Rudin, Functional Analysis, 2nd ed., McGraw–Hill, New York, 1991. 

[2]. J. B. Conway, A Course in Functional Analysis, 2nd ed., Springer, New York, 1990. 

[3]. J. A. Shohat, J. D. Tamarkin, The Problem of Moments, American Mathematical Society, 

Providence, RI, 1943.  

[4]. N. I. Akhiezer, The Classical Moment Problem, Oliver & Boyd, Edinburgh, 1965.  

[5]. R. E. Curto, L. A. Fialkow, Recursiveness, positivity, and truncated moment problems, 

Houston Journal of Mathematics, 17 (1991) 603–635. 

[6]. R. E. Curto, L. A. Fialkow, Flat Extensions of Positive Moment Matrices: Relations in 

Analytic or Conjugate Terms, in: J. B. Conway, B. B. Morrel (eds.), Nonselfadjoint Operator 

Algebras, Operator Theory, and Related Topics, 1st ed., Springer, Basel, (1998) 59–82. 

https://doi.org/10.1007/978-3-0348-8779-3. 

[7]. E. Kreyszig, Introductory Functional Analysis with Applications, Wiley, New York, 1978. 

[8]. M. Laurent, Sums of Squares, Moment Matrices and Optimization over Polynomials, in: 

M. Putinar, S. Sullivant (eds.), Emerging Applications of Algebraic Geometry, Springer, New 

York, (2008) 157–270. https://doi.org/10.1007/978-0-387-09686-5. 

[9]. J. B. Lasserre, Moments, Positive Polynomials and Their Applications, Imperial College 

Press, Singapore, 2010. 

[10].  S. Fitzpatrick, Linear Algebra: A Second Course, Featuring Proofs and Python, 

University of Lethbridge, Lethbridge, 2023. 

[11].  K. Schmüdgen, The Moment Problem, Springer, Cham, 2017. 

https://doi.org/10.1007/978-3-319-64546-9. 

[12].  G. Strang, Linear Algebra and Its Applications, 4th ed., Thomson Brooks/Cole, 

Belmont, 2006. 

[13].  P. Karageorgis, Chapter 3. Bilinear forms. 

https://www.maths.tcd.ie/~pete/ma1212/chapter3.pdf, 2024, (accessed April 13, 2026). 

https://doi.org/10.1007/978-3-0348-8779-3
https://doi.org/10.1007/978-0-387-09686-5
https://doi.org/10.1007/978-3-319-64546-9
https://www.maths.tcd.ie/~pete/ma1212/chapter3.pdf

