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Abstract. Understanding the dynamic response of the beam under the actions of a moving 

load is crucial for practical applications. In this study, nonlinear dynamic characteristics of 

an axially functionally graded (AFG) beam subjected to a moving load has been performed 

by using the trigonometric shear deformation beam theory and the von-Kármán geometric 

nonlinearity. The Voigt model is used to calculate the material properties of the beam. The 

system of nonlinear differential equation of motion for the beam is derived by using 

Hamilton’s principle. The finite element formula based on the Lagrange and Hermite 

interpolation functions is employed to discretize the model and obtain a numerical 

approximation of the system of differential equation of motion in nonlinear analysis. The 

Newmark method together with the Newton-Raphson iteration method is adopted to solved 

these equations. To validate the present work, the results in this paper are compared with 

those of the existing literature and good agreement is achieved. The results show that  the 

power-law index, velocity and moving load magnitude and aspect ratio play a very important 

role on the beam’s nonlinear response.  
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Research on the dynamics of the beam subjected to moving load has attracted 

signification attention due to its practical applications in engineering, such as bridges, 

guideways, railroads, overhead cranes,…This  can result in large displacement amplitudes in 

the beam. Consequently, the linear beam analysis is insufficient to accurately predict the 

beam’response under moving loads, therefore, the geometric nonlinearity must be considered. 

It has been shown that the moving load velocity significantly affects on the linear [1-3] and 

nonlinear dynamic response [4] of the homogeneous beam. 

Functionally graded material (FGM), first developed by Japanese scientists in the mid-

1984s [5], is a type of material whose properties change continuously within the solid, and thus 

it overcomes the limitations of traditional composite materials like delamination and stress 

concentration. Numerous studies have examined the response of FGM beams under moving 

load, however, most of them focus on the linear behavior. Among these reports, some studies 

have worked on the FGM beam whose material properties change in beam thickness [6-7], or 

axial direction [8-12], or both directions [13-15]. Only a few papers have examined the 

nonlinear response of FGM beams suffering from the external moving load. For instant, Şimşek 

[16] studied the nonlinear deflections of the beam subjected to moving harmonic load by 

Timoshenko theory combined with von-Kármán’s nonlinear strain–displacement relationships. 

The beam considered in Ref. [16] has material properties varying continuously in thickness 

direction by a power law. This report indicated that the beam’s nonlinear dynamic responses 

depend significantly on the material distribution and the moving load velocity. Lohar et al. [17] 

used the same beam theory to investigate nonlinear response of AFG beam on elastic 

foundation under harmonic excitation. The beams with different boundary conditions and 

material properties varying along the beam length were considered on their study. Other related 

works also can be found in Ref. [18] where Vu and Nguyen studies the nonlinear dynamic 

behavior of the beam with material properties that vary in both thickness and length under 

moving load using the third-order shear deformation beam theory. 

The objective of this paper to analyze nonlinear dynamic of a simply-supported AFG 

beam under a moving load is studied. The beam’s material properties change continuously 

along the beam length with a power-law form and are defined by Voigt model. Using the 

trigonometric shear deformation beam theory together with von-Kármán geometric 

nonlinearity, the nonlinear differential equations of motion for the AFG beam has been 

obtained. Finite element formula with the Lagrange and Hermite interpolation expressions is 

applied to establish the discrete nonlinear motion equations. Nonlinear deflection of the beam 

is determined by Newmark method together with Newton-Raphson iteration method. The 

dependence of the nonlinear behavior on the material distribution, moving load velocity, 

moving load magnitude and the aspect ratio is also examined in detail.  

2. AFG BEAM MODEL 

An AFG beam is depicted in a Cartesian coordinate system, as shown in Figure 1. The 

beam has a rectangular cross-section with the width b and thickness h, and is subjected a 
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moving load P that moves in the axial direction. The velocity of the moving load, v, is assumed 

to be constant. 

 

Figure 1. An AFG beam with a moving load. 

The volume fractions of ceramic and metal components, Vc and Vm, of the beam are 

determined as follows [10] 

1 , 1

n

c c m

x
V V V

L

 
= − + = 
 

 (1) 

where n and L are, respectively, the power-law index and beam length. According to the Voigt 

model, the effective property, P, can be expressed as follows 

( )1c c m cP PV P V= + −  (2) 

where Pc and Pm are the properties of ceramic and metal, respectively. From equations (1) and 

(2), we get 

( ) 1

n

m c m

x
P P P P

L

 
= + − − 

 
 (3) 

3. MATHEMATICAL MODEL 

Based on the trigonometric shear deformation beam theory [19], the axial displacement 

U and transverse displacement W are given by 

( ) ( ) ( ) ( )

( )

,, , ,

,

xU u x t zw x t z x t

W w x t

 = − +

=
 (4) 

where u(x,t) and w(x,t) are the axial and transverse displacement of the point on the mid-plane; 

θ(x,t) denotes the cross-section rotation; t denotes time and ( )
,x

 indicates the derivative with 

respect to x, and 

( ) sin
h z

z
h






 
=  

 
 (5) 

Using the assumptions of von-Kármán geometric nonlinearity, the strain-displacement 

relationship is as follows 
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2 2

, , , , , ,

,z , ,

1 1

2 2
xx x x x xx x x

xz x z

U W u zw w

U W

 

  

= + = − + +

= + =

 (6) 

where εxx and γxz are, respectively, axial and shear strain. The constitutive relation for FGM is 

expressed as 

( )

( )

xx xx

xz xz

E x

G x

 

 

=

=
 (7) 

with 
xx and

xz are the axial and shear stresses, respectively; ( )
( )

( )2 1

E x
G x

x
=

+  
where  

elastic modulus E and Poisson’s ratio   are defined from Eq. (3). 

The elastic strain energy of the beam UB is defined by 

( )
0

1

2

L

B xx xx xz xz

A

U dAdx   = +   (8) 

with A=bh. The elastic strain energy UB is calculated by summing two parts, ,L NL

BU U U= +

where UL and UNL represent the linear and nonlinear effects, respectively. By substituting Eqs. 

(6) and (7) into Eq. (8), these energy expressions are as follows 

( )11 2 12 22 2 13 23 33 2 33 2

, , , , , , , , ,

0

1
2 2 2

2

L

L

x x xx xx x x xx x xU A u A u w A w A u A w A B dx   = − + + − + +   (9) 

and 

11 2 12 2 13 2 11 4

, , , , , , ,

0

1 1

2 4

L

NL

x x xx x x x xU A u w A w w A w A w dx
 

= − + + 
 
  (10) 

where the beam rigidities are defined by 

( ) ( )

( )

11 12 22 13 23 33 2 2

33 2

,

, , , , , 1, z, z , , z ,
A

z

A

A A A A A A E x dA

B G x dA

  



 =  

=




 (11) 

The kinetic energy T of the beam is given by 

( )( )2 2

0

1

2

L

A

T x U W dAdx= +   (12) 

where the mass density  is defined from Eq. (3);  ( ).  presents differentiation with respect to 

time. Substituting equation (4) into equation (12) yields 
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11 2 11 2 12 22 2 13 23 33 2

, , ,

0

1
2 2 2

2

L

x x xT I u I w I uw I w I u I w I dx   = + − + + − +   (13) 

where the mass moments are defined by 

( ) ( )11 12 22 13 23 33 2 2, , , , , 1, , , , ,
A

I I I I I I x z z z dA    =    (14) 

The work of the load P at any instant is given below 

( ) ( )
0

,

L

PV PW x t x x dx= − −  (15) 

where ( ). is the Dirac delta function.  

Using to Eqs. (9), (10), (13) and (15) in Hamilton’s principle, the following nonlinear 

differential equations of motion for the AFG beam are derived for displacement field ( , wu and 

 ) 

( )

( )

11 12 13 11 12 13 11 2

, , , , ,

,

11 12 22 23 12 22 12 2

, , , ,
,

,

12 12 13 11 3

, , ,x , , , ,

,

13

1
: 0

2

1
:

2

1

2

:

x x xx x x

x

x x xx x
x

xx

x x x x x x x

x

u I u I w I A u A w A A w

w I w I u I w I A u A w A w

A u w A w w A w A w P

I u I

  

 





 
− − + + − + + = 

 

 
− − + − + + − 

 

 
− − + + = 
 

− −( )23 33 13 33 13 2 33

, , , ,

,

1
0

2
x x x x

x

w I A u A A w B  
 

+ + + + − = 
 

 (16) 

4. SOLUTION METHOD 

The finite element method is used herein to discretize the beam’s equation of motion. For 

this purpose, a two-node beam element of length l with eight degrees of freedom is considered, 

and its nodal displacement vector is expressed as 

( )
 

8 1

T

u w 

=d d d d  (17) 

where the nodal displacement vectors for ,u w and   are calculated at their nodal values as 

     1 2 1 1 2 2 1 2, ,
T T T

u w x xu u w w w w   = = =d d d  (18) 

The displacement field is interpolated from the nodal displacements as follows 
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   

 

1 1

1 2 1 2

2 2

1

1

1 2 3 4

2

2

,

,

u

x

w

x

u
u N N N N

u

w

w
w H H H H

w

w








   
= = = =   

   

 
 
 = =
 
 
 

Nd Nd

Hd

 (19) 

where Ni (i=1,2) and Hj (j=1,…4) are Lagrange and Hermite shape functions, and they are 

defined as.  

1 2,
l x x

N N
l l

−
= =  (20) 

and 

2 3 2 3

1 22 3 2

2 3 2 3

3 42 3 2

1 3 2 , 2 ,

3 2 ,

x x x x
H H x

l l l l

x x x x
H H

l l l l

= − + = − +

= − = − +

 (21) 

 

Based on the above interpolation, the linear and nonlinear strain energy of the beam in 

Eqs. (9) and (10) are rewritten as 

1 1
,

2 2

nel nel
T L T NL

L NLU U= = d k d d k d  (22) 

where nel denotes the number of elements used to discretize the beam; the element linear and 

nonlinear stiffness matrices, L
k and NL

k are defined as 

( )

( ) ( )

2

2
8 8

L L L

uu uw u

T
L L L LL

uw ww w

T T
L L L

u w

U




  



 
 

  = =
 
 
  

k k k

k k k k
d

k k k

 (23) 

and 

( )

( )

2

2
8 8

NL

uw

T
NL NL NL NLNL

uw ww w

T
NL

w

U






 
 

  = =
 
 
  

0 k 0

k k k k
d

0 k 0

 (24) 

 

the sub-matrices in Eqs. (23) and (24) are calculated as follows 
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( )

, 11 , , 12 ,x , 13 ,
(2 2) (2 4) (2 2)0 0 0

, 22 ,x , 23 ,x , 33 , 33
(4 4) (4 2) (2 2)0 0 0

, , ,

, ,

l l l

N T N T N T

uu x x uw x x u x x

l l l

N T N T N T T

ww xx x w xx x x

A dx A dx A dx

A dx A dx A B dx



 

  

  

= = =

= = − = +

  

  

k N N k N H k N N

k H H k H N k N N N N

 (25) 

and 

(

, , 11 , , , 13 ,x
(2 4) (4 2)0 0

, 11 ,x ,x , ,x 12 ,xx
(4 4) 0

, ,x 13 ,x , ,x , ,x 11

, ,

3

3

2

l l

NL T T T NL T T T

uw x w x x w x w x

l

NL T T

ww x u x w

T T T T

x x x w w

A dx A dx

A A

A A dx





 



= =

= −


+ + 



 



k N d H H k H d H N

k H N d H H H d H

H N d H H H H H d d

 (26) 

Equation (13) is also written as follows 

1

2

nel
TT = d md  (27) 

in which the matrix m is written as  

( )

( ) ( )

2

28 8

uu uw u

T

uw ww w

T T

u w

T




  



 
 

= =  
  

  

m m m

m m m m
d

m m m

 (28) 

with 

( )

11 12 ,x 13
(2 2) (2 4) (2 2)0 0 0

11 , 22 , , 23 33
(4 4) (4 2) (2 2)0 0 0

, , ,

, ,

l l l

T T T

uu uw u

l l l

T T T T

ww x x w x

I dx I dx I dx

I I dx I dx I dx



 

  

  

= = − =

= = − =

  

  

m N N m N H m N N

m H H + H H m H N m N N

 (29) 

The work of the load P in equation (15) is rewritten by 
nel

T

PV = −d f  (30) 

where 
Pf is element nodal load vector and it is defined as 

8 1

e

T

P

x

P


 
 

=
 
  

0

f H

0

 (31) 

where xe represents the instantaneous position of the load on the element. 

Using the derived element matrices, the system of discrete nonlinear equation of motion 

for the beam are obtained as   
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( )L NL + MD + K K D D = F  (32) 

where ,D D and F are, respectively, the global nodal displacement, accelerations and load 

vectors; M, KL and KNL denote the global mass, linear stiffness and nonlinear stiffness 

matrices. The nonlinear equation (32) is solved using Newmark method and Newton-Raphson 

iteration method.    

5. NUMERICAL RESULTS 

In numerical results, the nonlinear dynamic deflection of the simply – supported AFG 

beam is investigated. The dimensions of the beam are: h=0.5 m, b=0.5 m [16] and different 

values of beam length. The beam material consists of aluminum (Al: Em=70 GPa, ρm=2702 

kg/m3, νm=0.3) and zirconia (ZrO2: Ec=200 GPa, ρc=5700 kg/m3, νc=0.3) [16]. The non-

dimensional quantities for the dynamic factor (Dd) used here is 

( / 2, )
maxd

st

w L t
D

w

 
=  

 
 (33) 

where 3 48st mw PL E I= . The Newmark’s method uses a uniform time step 300t T =  ,  T

is the total time that the load P passes through the beam. 

Firstly, the accuracy of the present formulation is verified by comparing the results 

obtained from this paper with those in previous work. For this purpose, the time histories of 

the mid-span linear deflection of the AFG beam under a moving load obtained in present work 

is compared with the result of Wang and Wu [10] in Fig. 2, while Fig. 3 compares the curves 

for the maximum dynamic deflection-moving load velocity of homogeneous beam (n=0) in 

linear and nonlinear analysis with the results of Şimşek [16].  It is easy to observe the curves 

in present model agree well with the curves reported by Wang and Wu [10], and Şimşek [16]. 

Note that the Timoshenko theory combined with Lagrange’s equations are used in both Ref. 

[10] and Ref. [16] to calculate their results. 

 
Figure 2. Time histories for the mid-span linear deflections of AFG beam under a moving load 

for n=0.5, L/h=15, v=50 m/s. 
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Figure 3. Curves for the maximum dynamic deflection-velocity of the moving load of 

homogeneous beam subjected to a moving load. 

Table 1 shows the convergence study for L/h=10, P=1000 kN, different values of index n 

and moving load velocity v by calculating the nonlinear dynamic factor of the AFG beam. 

Irrespective of the values of index n and velocity v, the numerical accuracy is achieved with 

twenty-four elements. Based on the results in the table, twenty-four elements are used in the 

subsequent analyses. 

Table 1. Convergence of the beam elements in evaluating nonlinear dynamic factor of the AFG beam 

(L/h=10, P =1000 kN). 

v (m/s) n nel=6 nel=12 nel=14 nel=16 nel=18 nel=20 nel=22 nel=24 

30 0 1.5110 1.5122 1.5123 1.5123 1.5123 1.5123 1.5122 1.5122 

 2 2.9521 2.9557 2.9561 2.9564 2.9566 2.9567 2.9568 2.9568 

 5 3.9380 3.9435 3.9443 3.9449 3.9454 3.9457 3.9460 3.9460 

60 0 1.5439 1.5429 1.5425 1.5425 1.5424 1.5424 1.5424 1.5424 

 2 3.0800 3.0826 3.0825 3.0825 3.0824 3.0821 3.0819 3.0819 

 5 4.1514 4.1566 4.1572 4.1572 4.1573 4.1573 4.1573 4.1573 

    The nonlinear dynamic factor Dd of the AFG beam is shown in table 2 for v=50 m/s, 

different values of the index n, aspect ratio L/h and moving load magnitude P. Observations 

from this table show that the index n increasing by increasing in the factor Dd, irrespective of 

the aspect ratio and magnitude of moving load. This is explained that increases in n will result 

in a decrease in the percentage of ceramic, as seen from Eq. (1), while the rigidity of ceramic 

is larger than the metal, hence, the stiffness of the beam decreases, thus the nonlinear dynamic 

factor increases. It is also observed from table 2 that the beam with L/h=20 yields a lower 

nonlinear dynamics factor compared to that with L/h=5, irrespective of the index n and 

magnitude of moving load P. The change in the magnitude of moving load has a significant 

effect on the nonlinear dynamics factor Dd, the factor Dd increases by increasing the load 
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magnitude. The dependence of dynamic factor in both linear and nonlinear analysis on  the 

moving load magnitude is more clearly observed in Fig. 4, where the results are calculated 

L/h=20, v=40 m/s and n={0, 0.5}. Similar to the nonlinear analysis, the linear dynamic factor 

increases with increasing the magnitude of moving load. On the other hand, the results in Fig. 

4 also show that the linear dynamic factor is always higher than the nonlinear dynamic factor, 

independent of the moving load magnitude and the power-law index n. 

Table 2. Nonlinear dynamic factors of the AFG beam for v=50 m/s. 

 L/h=5     L/h=20    

P (kN) n=0.2 n=0.5 n=1 n=3  n=0.2 n=0.5 n=1 n=3 

1000 1.8090 2.0781 2.5189 3.7232  1.7276 1.9678 2.3535 3.3313 

1500 2.7135 3.1171 3.7783 5.5848  2.5873 2.9449 3.5189 4.9899 

2000 3.6180 4.1561 5.0377 7.4462  3.4407 3.9119 4.6657 6.6064 

2500 4.5225 5.1951 6.2971 9.3077  4.2834 4.8625 5.7845 8.1595 

3000 5.4269 6.2340 7.5565 11.1690  5.1117 5.7926 6.8732 9.6109 

 

Figure 4 . Variation of linear and nonlinear dynamic factor with magnitude of moving load for 

L/h=20, v=40 m/s. 

The time history curves for the mid-span nonlinear deflection of AFG beam is represented 

in Fig. 5 for L/h=15, v=50 m/s, P=1000 kN, and n={0, 0.5, 3, 5}. Dependence of the nonlinear 

deflection on the index n is clearly illustrated in this figure. It is clear that increasing index n 

results in increasing the nonlinear deflection, regardless of the load positions moving on the 

beam. 
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Figure 5. Time histories of mid-span nonlinear deflection for L/h=15, v=50 m/s, P=1000 kN, and the 

different power-law index. 

Figs. 6 and 7 depict the dynamic responses of AFG beam evaluated by the linear and 

nonlinear analyses. As observed from Fig. 6 for most of the traveling time of moving load, the 

mid-span deflection predicted by the nonlinear analysis is lower than that predicted by the 

linear analysis, regardless of different values of the velocity of moving load. A similar trend is 

observed on the Dd-v, as seen in Fig. 7, for L/h=40, P=1000 kN and different values of index 

n.  This is due to the stiffening of the beam in the nonlinear analysis, as seen from Eq. (32). 

Observing the maximum displacement in Fig. 7 reveals that for the nonlinear case, the 

maximum response occurs at a higher loading velocity than the linear case, regardless of  the 

values of index n. 

 

Figure 6. Time histories of mid-span deflection for L/h=40, n=0.5, P=1000 kN, and various moving 

load velocities. 
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    Figure 7. Dynamic factor versus moving load velocity for L/h=40, P=1000 kN. 

6. CONCLUSION 

In this paper, nonlinear dynamic analysis of a simply-supported AFG beam subjected to 

a moving load is investigated within the framework of the trigonometric shear deformation 

beam theory and the von-Kármán geometric nonlinearity. The material properties of the 

constituent material are deemed to change smoothly along the axial direction by the power-law 

form. Hamilton’s principle is adopted to establish the nonlinear differential equations of 

motion. This system of equations is then discretized using the finite element method. 

Numerical solution is obtained by using the Newmark method and Newton-Raphson iteration. 

The results are the following.  

• The linear mid-span deflection is always higher than the nonlinear mid-span deflection, 

independent of different values of the moving load velocity. 

• Irrespective of the values of index n, the nonlinear dynamic factor reaches maximum at 

higher moving load velocity values compared to linear analysis 

• The nonlinear dynamic factor increases with increasing the index n and load P.  

• The nonlinear dynamics factor decreases with increasing the aspect ratio, independent of 

the index n and load P. 
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