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Abstract. Nowadays, with the development of material science, nano- or microstructures are 

increasingly of interest in research because of their applications in micro-electromechanical 

technology, semiconductor chips, or sensors. In this study, the isogeometric approach (IGA) 

method combining the Mindlin plate hypothesis and the modified couple stress hypothesis is 

used to analyse the forced vibration of a micro-plate with variable thickness made of materials 

with variable mechanical characteristics subjected to the effect of different types of dynamic 

loads. The thickness change of the microplate is considered in two directions with a nonlinear 

law, while the material characteristics vary with the plate thickness. The model's and method's 

accuracy are validated by comparing it with results from published studies. Then, the paper 

surveys the impact of geometric and material coefficient on the transient responses of FG 

microplate. The research results provide important bases in the design and optimization 

calculation of micro-electromechanical systems serving the chip and sensor industries. 
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1. BRIEF INTRODUCTION TO RESEARCH DIRECTION 

The idea of functionally graded materials (FGMs) was first presented in Japan in 1984 as a 

novel kind of composite material with characteristics that differ from surface to surface to perform 

specific tasks, like removing stress concentrations and providing thermal protection from corrosion. 

Functionally graded (FGs) micro/nano beams and plates are frequently employed in atomic force 

microscopy and micro and nanoelectromechanical systems (MEMS and NEMS), since the use of 
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FGMs has recently expanded to the field of micro/nanotechnology [1–3]. 

Size effects have been seen experimentally in these applications [4] and will be crucial to the 

possible uses of micro/nano FG beams and plates. Therefore, while forecasting the static and 

transient reactions of micro/nano FG structures, size effects should be considered. Conventional 

plate models grounded on continuum mechanics cannot predict size effects due to the lack of 

inherent length scales. Recently, several size-dependent plate models grounded in size-dependent 

continuum theories have been developed, including nonlocal hypothesis [5], strain gradient 

hypothesis [6], couple stress hypothesis [7] , and its modified variant [8]. There have been some 

studies on microstructures with variable thickness, such as [9–11]. These studies focus on solving 

the problems of bending and oscillation of the structure. In addition, Thu-Huong et al. [12] used the 

IGA method  to analyze the nonlinear free vibration of microsheet of variable thickness with 

mechanical characteristics varying in three directions. Ngoc-Anh and co-workers [13] discovered 

the nonlinear free oscillation behaviors of variable thickness microplates made of FG-GOEAM 

material based IGA method. The linear vibrational behaviors of multilayer micro-plate structures 

made of graphene reinforced FG materials resting on viscoelastic and temperature environments 

were discovered by J. Lawongkerd et al. [14]. Nguyen Chi and coworkers [15] investigated the 

static bending behavior of FG beams lying on Pasternak medium using an exact analytical solution 

and Timoshenko beam theory. Dung et al. [16] carried out nonlinear static bending analysis of 

microsheet lying on imperfect Pasternak medium. The common feature of most of the above studies 

is that they focus on analyzing the static bending capacity as well as the oscillation of this structure. 

There are very few studies evaluating the mechanical response of this structure when subjected to 

dynamic loads. Predicting the behavior of the structure under the effect of dynamic loads plays a 

very important role in calculating and optimally designing structures working in real environments. 

Based on the above analysis, this study proposes a combined model between the IGA method 

and the Newmark direct integration, based on the Mindlin plate hypothesis and the modified couple 

stress hypothesis, to analyze the dynamic response of microplates made of variable mechanical 

characteristics materials with thickness varying in both directions and subjected to dynamic loading. 

The model is verified by comparing with reliable results in the literature and then used to investigate 

the impact of coefficient such as thickness variation law, material characteristics, and load type on 

the dynamic response of the microsheet. The results obtained from this paper can contribute to the 

calculation, design, and optimization of micro-electromechanical systems serving high-tech 

industries such as semiconductor chips, energy, sensors, and microprocessors. 

2. MODELING AND MATHEMATICAL BASIS 

2.1. Variable thickness microplate model 

Consider a rectangular FG microplate of variable thickness as shown in Fig. 1. The 

geometrical dimensions of the microplate, including length xL , width yL  and thickness is 

denoted as  h x, y . The microplate is made of a material with varying mechanical properties 

according to thickness, with the top surface ( 2z h ) made entirely of ceramic material and 

the bottom surface ( 2z h  ) made entirely of metal material. The thickness  h x, y variation 

law of the microplate is given to vary non-linearly in the horizontal plane as shown below [13]: 

       0, 1 / 1 /
yx

x x y yh x y h x L y L


     (1) 
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in which: , ,, x y x y     are the parameters that control the thickness of the microplate and 0h  is 

the initial thickness of the microsheet structure. The mechanical characteristics of the 

microsheet material are described as follows [17]: 

  

  

(z) ( ) 0.5 ,

(z) ( ) 0.5 ,

z

z

k

m m c c m c m
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m m c c m c m

E E V E V E E E z h x y

V V z h x y     

     

     
 (2) 

where: (z), (z)E   are the elastic modulus and density of the plate material, respectively; the 

indices c and m represent the ceramic and metal components in the material, respectively; zk  

represents the material exponent factor. 
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Figure. 1. Model of variable thickness mechanical microplate. 

2.2. Dynamic load model 

For structures in general and microstructures in particular, during the working process, they are 

affected by many different types of loads, including dynamic loads. In fact, these types of loads are 

very complex, such as shock wave loads of explosions, wind loads, impact loads, etc., so it is 

difficult to represent them with precise mathematical equations. In this paper, four time-varying 

load forms are used, described by the mathematical formula as below [18]: 

   0, ,q x y t q F t  (3) 

- With rectangular dynamic load: 

  1

1

1    with 0

0    with     

t t
F t

t t

 
 


 

 

(4) 

- With triangular dynamic load: 

 
1

1

1

2
1    with 0

0    with     

t
t t

tF t

t t


  

 
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(5) 
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- With sinusoidal dynamic load: 

 
  1

1

sin    with 0

0     with    

et t t
F t

t t

  
 


 (6) 

- With blast dynamic load: 

 
1

1

1

  with  0

0  with       

e t t
e t t

F t
t t

  
 


 (7) 

where: 1t  represents the total time of action of external force on the microsheet. In this 

paper, other values of dynamic load are defined as follows, 1 10.5 , 0.5et t     is the first 

frequency of microplate. 

2.3. Constitutive relationships 

Based on Mindlin's plate theory [19], the displacement at any location on the microplate is 

articulated as follows: 

0

0

0

 

 

x

y

u u z

v v z

w w
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

 






  
(8) 

here: 0 0 0u ,v ,w  and ,  x y   are the displacement and rotational components to be 

determined, respectively. The linear strain field of the microplate is delineated as follows: 

1 2 0,b sz       , with:  

0
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(9) 

Based on Yang's modified stress couple theory [8], the curvature tensor components ij  is 

determined as below: 
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(10a) 
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(10b) 

Based on Hamilton's principle [20], the weak form describing the oscillation of a 

microsheet of varying thickness is described as follows: 
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here: l  called the length scale factor, this factor characterizes microstructures and 

explains the cause of the stiffness of the structure. 

3. ISOEGOMETRIC METHOD 

Based on NURBS functions [21], displacement components 𝑢0, 𝑣0, 𝑤0, 𝜑𝑥 and 𝜑𝑦 of the 

microplate can be approximately calculated as follows: 
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(15a) 



Transport and Communications Science Journal, Vol. 77, Issue 4 (05/2026), 594-606 

599 

 0

1 1

0 0 0 0
e eN N

w

e e e e

e e

w R q X q
 

   ,  
1 1

0 0 0 0
e eN N

x

x e e e e

e e

R q X q
 

    (15b) 
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here: the unknown shape functions and displacement vectors at the control point e are 

shown by eR  and eq , respectively.   1 1eN p q    is the number of control points per 

physical element. p and q are the degrees of the function. 

 By inserting Eq. (15) into Eq. (11), the this work obtains a general differential equation 

system describing the oscillation state of the FG microsheet subjected to dynamic load as 

follows: 

Mq Kq F   (16) 

in which: 
1 1 1

, ,
Nel Nel Nel

e e e

e e e

M M K K F F
  

      are the overall mass matric, overall stiffness 
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below: 
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(20) 

The system of equations is a linear differential system in time. Therefore, in this paper, 

the programming algorithm on MATLAB platform combined with the Newmark direct 

integration method has been applied to obtain the transient responses of the microsheet  with 

various boundary conditions [22]. The boundary conditions in the article are denoted and 

defined as follows: C: clamp connection; S: single support connection. CCCC: four-sided 

clamp connection plate. SSSS: four-sided single support connection plate. CSCS: plate with 

alternating clamp and single support connections. CCSS: plate with two adjacent clamp 

connections and two adjacent single support connections. Similar to the plates with the 

above characters. 

4. SOME NUMERICAL RESULTS AND COMMENTS 

To produce the dynamic response results, the input coefficient of the microsheet structure 

are given as follows (when investigating, some parameters will change; the remaining 

parameters are kept the same): 0 0 0 017.6 , 10 , 10 , 0.2 , 1, 0.1,x y z xh m L h L h l h k      

0.3, 1.5, 0.5y x y     . Variable mechanical properties materials made of metallic materials

Al and ceramic materials 2 3Al O have mechanical properties is 380 ,cE GPa  
30.3, 3.8 , 70 ,c c mv g cm E GPa   30.3, 2.7m mv g cm  . The dynamic responses including 

vertical deflection  1w t and phase trajectory    1 1w t v t over time at the center point of the 

microplate are presented as numerical result plots as shown below. 
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
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(21) 

where: 1  is the first frequency of the non-uniform FG microsheet. 

4.1 Verify accuracy 

First, the convergence of the IGA method for the natural oscillation frequency 1 of the 

FG microplate is presented in Table 1. The number of control points varied from 3x3 to 15x15 

with the degree of the function p(q) taken as 2, 3, 4. The results show that the oscillation 

frequency converges quickly when p(q)=4 and the number of control points is greater than 7x7. 

Based on the computing speed of the computer and based on research [22], the number of 
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control nodes is 11x11 and the element degree is p(q)=4 which is used for all the investigations 

in this paper. 

Table 1. The convergence of dimensionless natural frequencies 1  of non-uniform thickness 

microsheet. 

  number of control points 

BCs p(q) 3x3 5x5 7x7 9x9 11x11 13x13 15x15 

SSSS 

2 5.7326 5.6427   5.6194 5.6100 5.6052 5.6025 5.6008 

3 5.5997 5.5962 5.5958 5.5958 5.5958 5.5957 5.5957 

4 5.5959 5.5957 5.5957 5.5957 5.5957 5.5957 5.5957 

CCCC 

2 12.7458 10.5710 10.1284 9.9558 9.8692 9.8191 9.7874 

3 9.8304 9.7393 9.7152 9.7044 9.7044 9.7044 9.7044 

4 9.7307 9.7077 9.6978 9.6978 9.6978 9.6978 9.6978 

The survey object is a square plate with length 0.45xL m , width 0.045h m , and 

mechanical parameters of the material include: E = 3 GPa, 0.34v  , and 
31200 kg m  . The 

plate is subjected to a time-varying triangular load with maximum intensity 500mP kPa  and 

duration of action Tp = 0.01s. The results of displacement at the centre of the plate over time 

are compared with the analytical solution by the Navier method in Song's work [23] and are 

shown in Fig. 2 with the largest deflection of 0.15 mm. The agreement between the two results 

confirms the correctness and reliability of the calculation model used in this study. 

 
Figure. 2. Comparison of displacement between plates over time. 

4.2. Some results of survey 

Firstly, the impact of the length-scale factor l  on the deflection responses and phase 

trajectories of the microplate is depicted in Fig. 3. It is easy to see that, as the ratio 0l h  

increases, the deflection amplitude over time decreases, which is explained by the fact that at 
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the micrometer scale, the factor l  plays an important role in increasing the strain energy of the 

structure, and thus the considered structure will be stiffer. It should be noted here that the time 

of the external force is only 0.5 times the time of the survey. Therefore, after the external force, 

the structure will oscillate freely. Moreover, due to the assumption that the working structure is 

not subject to the effect of the resistance force, so after removing the applied load, the structure 

will oscillate freely periodically over time. Looking at Fig.3, we can also see that, when the 

stiffness of the plate is improved and stiffer, the oscillation period of the deflection amplitude 

also decreases and along with that, the time for the structure to reach the maximum value is also 

faster. 

  

a) deflection  b) phase trajectory 

Figure. 3. Impact of length scale factor l  on dynamic response of FG microplate under rectangular 

load (SSSS). 

Next, the influence of the material exponential coefficient zk  on the deflection response of 

the microplate subjected to a sinusoidal load is described in Fig. 4. In this investigation, the 

coefficients are investigated with 4 values: 0, 0.5, 1 and 10, along with the boundary condition 

CCCC. The results show that, during the time of action of the sinusoidal external force, when 

the coefficient zk increases, it makes the deflection amplitude value increase, and the time to 

reach the maximum deflection value also increases. More specifically, the time to reach the 

maximum deflection value at 10zk  is 1.08 maxt , while the time to reach the maximum 

deflection value at 0zk   is only 0.7 maxt . Also note that, when the external force is removed, 

when the system oscillates freely, the amplitude of free oscillation at this time, in addition to 

being affected by the internal structure itself, also depends on the time of removing the external 

force. If the accumulated energy when removing the external force is still large, it will continue 

to oscillate greatly, and when the time of removing the external force is small, the amplitude of 

free oscillation will be small. 

Finally, the effects of taper coefficients ,x y   and thickness change law control ,x y  on 

the deflection responses of the microplate under triangular loading and blast loading are 

depicted in Fig. 5 and Fig. 6, respectively. In this survey, the coefficients ,x y  are given 4 

values respectively: 0, 0.1, 0.3 and 0.5; while the coefficients ,x y  are surveyed at the values 

of 0, 0.5, 1 and 5. From the response results, it is shown that, when the taper coefficients ,x y 
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increase, the deflection amplitude will decrease, which is completely understandable because 

the increase in coefficients ,x y  will make the plate thicker and therefore the structural 

stiffness it brings will increase. In addition, the increasing thickness control coefficient ,x y 

increases the deflection, so the micro-plate structure will be softer. From here, we can see that 

the thickness and the plate thickness change rule really affect the structure's vibration process 

significantly. Therefore, for each specific structure, calculating and choosing the thickness and 

thickness rule will help optimize the cost as well as the durability during the structure's 

operation.   

  

a) deflection b) phase trajectory 

Figure. 4. Impact of material exponent factor zk on deflection response of FG microplate under 

sinusoidal load (CCCC). 

  

a) CSCS b) CCCC  

Figure. 5. Impact of taper coefficient ,x y  on deflection response results of FG microplate under 

triangular load. 
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a) CCSS b) SSSS 

Figure. 6. Impact of thickness rule control coefficient ,x y  on deflection response results of FG 

microplate under blast load. 

5. CONCLUSION 

Based on the IGA method, modified stress couple theory, and Mindlin plate theory, this 

paper has analyzed the forced oscillation response of FG microplate with non-uniform 

thickness. The paper has established a set of calculation programs on MATLAB software and 

verified them through reliable numerical comparison. Through a series of numerical 

investigations, the paper finds that the length scale factor l  has a significant impact when the 

structure has a micrometer size and is neglected when the structure size increases to the 

macroscale; the magnitude of the dynamic responses will increase when the material exponent 

factor zk increases. Meanwhile, the increasing taper coefficients ,x y   make the microplate 

stiffer and thus reduce the dynamic responses of the microplate. On the contrary, the increasing 

thickness control coefficients ,x y  increase the dynamic response values. In addition, the 

dynamic response results are also highly dependent on different boundary conditions. These 

results can be useful references in the calculation and design of micro-electromechanical 

structures, serving engineering industries requiring high technology, such as semiconductors, 

chips, sensors, and biomedicine. 
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