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Abstract. Functionally graded composite materials are increasingly being used in critical
fields such as defense, transportation, and construction. The analysis of structures made from
functionally graded composite materials has become an essential practical requirement. This
paper presents an exact solution to determine the critical buckling load of a functionally
graded composite beam resting on an elastic foundation and subjected to axial compression.
The material properties of the beam are assumed to vary continuously through the thickness
according to an exponential law and to contain micro-porosites. The governing equations are
formulated based on the first-order shear deformation theory (FSDT). A closed-form
expression for the critical load is derived through appropriate mathematical transformations
and is verified for reliability by comparison with previously published results. The paper also
investigates the effects of various factors such as material characteristics, geometric
parameters, and porosity on the axial buckling capacity of the composite beam. Numerical
results and key discussions are provided to enhance the understanding of the beam’s stability
behavior. These findings offer valuable scientific insights for engineers in selecting
appropriate design parameters under specific working conditions for composite beam
structures.
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Tom tat. Vat lidu composite c¢6 co tinh bién ddi ngay cang dwoc sir dung nhiéu trong nhiing
linh vyc quan trong nhu qudc phong, giao thdng van tai, xay dung. Tinh toan cac két cau lam
bang vat liéu composite c6 co tinh bién d6i 12 mot trong nhitng yéu cau cap thiét tir thyc tién.
Bai b&o nay sur dung loi giai chinh xac dé tim ra biéu thuc tai t6i han caa dam composite ¢6
co tinh bién thién twa trén nén dan hdi chiu nén doc truc. Vat liéu cua dam duoc gia thiét bién
dbi lién tuc theo chiéu day theo ham sé mii va c6 cac 16 rdng vi md. Cong thic tinh toan dugc
thiét 13p tir 1y thuyét bién dang cat bac nhét, biéu thirc twong minh déi v6i tai toi han duoc bai
bao tim ra thdng qua cac phép bién ddi hop 1y va dugc klem chung su tin cay théng qua so
sanh véi cac két qua da cong bd trude day. Bai bao cling tién hanh khao sat anh huong cua
mot s6 yéu té nhu dic trung vat liéu, hinh hoc, 16 rdng dén kha ning chiu tai nén cua dam
composite. Cac két qua s6 va binh luan quan trong dugc bai béo rat ra nham gidp cac nha
khoa hoc hiéu rd hon vé dép ung 6n dinh cia dam nay. Pay ciing 1a co s khoa hoc gilp cac
k¥ su ¢ co sé khoa hoc lya chon céc tham s thiét ké phd hop véi diéu kién 1am viéc cu thé
dbi voi cac két cau dam composite.

Tir kh6a: Composite; co tinh bién doi; tai téi han; 6n dinh; dam.
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1. GIOI THIEU

Cung véi sy phat trién cua khoa hoc ky thuat, cac nha khoa hoc da sang tao ra mét loai

vat liéu composite kiéu méi, d6 1a loai vat liéu két hop gitra hai hozc nhiéu thanh phan, trong
d6 chii yéu 1a gbm va kim loai. Chung duogc pha tron véi ty 1é phil hop nham dam bao co tinh
cua vat lidu tong hop bién d6i tron va lién tuc tir mat nay dén mit kia caa két ciu. Nho vay,
vat liéu méi nay vira mang dac tinh cua kim loai, nhung cling mang dﬁy du dac tinh cua gém,
do @6 ching c¢6 kha ning chiju tai co, tai nhiét, ma sat va mai mon tét hon cac loai vat liéu
truyén thdng. Vat liéu ndy cé thé duoc sir dung trong xay dung cac cira hdm trd 4m bom dan,
duong ray xe hira tbc d6 cao, budng d6t dong co tau hoa,...Ciing chinh vi tim quan trong cua
ching, cac nha khoa hoc ciing di tap trung nghién ctru nham lam sang to cac dap tng co hoc
cuia két cau 1am bang vat liéu co co tinh bién thién.
Lien [1] st dung phuong phap phan tor hitu han va ly thuyet bién dang cét dang luong gidc dé
phan tich dao dong ty do ciia dam nhiéu 16p c6 co tinh bién thién va co 15 rong Tuan [2] cling
dua trén phuong phap phan tir hitu han dé trinh bay nghién cau vé dap ung udn tinh cua tim
nhiéu 16p lam bang vat liéu composite ¢6 co tinh bién ddi, cac cdng thire duoc tinh toan thong
qua ly thuyét tim bac ba va phan tu tir gidc bon nat. Dya trén ca phuong phap giai tich va
phuong phap phan tu hitu han, Reddy [3] da nghién ctu ca bai toan uon tinh va dao dong
cudng bac cua tim Ccomposite co tinh bién thién. Ke va dong nghiép [4] str dung phuong phap
Galerkin—Vlasov dé nghién ciu udn tinh va dao dong cua tim composite ¢6 co tinh bién thién
c6 gan 16p ap dién dya trén Iy thuyét tim bac cao. Ciing dya trén phuong phap Galerkin—
Vlasov, nhém téac gia [5] lai tiép tuc giai quyét bai toan udn tinh cua vo hai do cong ¢o co tinh
bién thién cd cac I6p ap dién tua trén nén dan hdi. Ke va nhém nghién cuau [6] st dung ly
thuyét bién dang cat cai tién dé phan tich dao dong riéng caa tim composite nhiéu 1op c¢é co
tinh bién thién va c6 ké dén hiéu ung flexoelectric. Hung [7] sir dung ly thuyét tim bac nhét
dé nghién cau dap tmg dong luc hoc caa tam lam bang vat liéu c6 co tinh bién thién chiu tai
trong séng xung kich, két qua tinh toan dugc thyuc hién dya trén phuong phap tich phan truc
tiép Newmark két hop véi phuong phap phan tir hitu han. Babaei va cong su [8] da dua trén
phuong phap phan tir hitu han dé phan tich tan So dao dong riéng va dao dong cudng buc cua
dam lam bang vat liu co tinh bién ddi va c6 15 rdng tua trén nén dan hoi, trong do co tinh dén
can nhét cua nen Hadji va nhém nghién curu [9] da st dung 1oi giai dang giai tich dé giai
quyét bai toan udn va dao dong riéng caa dam co co tinh bién doi va co 16 rong tua trén nen
dan hoi. Forghani va nhém nghién ciru [10] d3 phan tich anh huéng caa bién dang Ion dén
dao dong riéng cua dam cé co tinh bién thién va c6 16 rdng tua trén nén dan hoi dya trén
phuong phap cau phuong vi phan.

Tir cac két qua nghién ctru da co, ta co thé thay rang da s cac cong trinh da cong bb chu
yeu giai quyét bai toan udn va dao dong riéng cua dam composite ¢6 co tinh bién thién, mot
s6 cong trinh ciing di dé cap dén cac ket cau co 16 rong, tuy nhién dap ung 6n dinh caa dam
composite co co tinh bién thién c6 16 rong vi md la chua dugc chira cu the, dac biét 1a 1o giai
dang giai tich, day cling chinh la diém moi can dugc kham pha. Do vay nghién ciu nay tap
trung lam 1 diéu ndy bang phuong phap giai tich.

2. MO HINH VA CONG THUC TiNH TOAN

Dam composite chiu tai boi lwc nén doc truc Ne duogc mé hinh nhu trén hinh 1. Chiéu dai
cuia dam l1a L, mat cat ngang caa dam c6 chiéu cao 1a h. Dam tya trén nén dan hoi véi hai tham
s6 do cung kw va ks trong ung véi do cing nén theo phuong thing ding (Winkler) va hé sb
cit ciia nén (Pasternak).
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Hinh 1. M5 hinh dim chiu tai nén doc truc.
Dam composite dugc tao ra tur hai loai vat li¢u khac nhau la gém va kim loai voi ty 1€ thé
tich vat liéu trong tng 1a Ry va Ry, chi s g twong ing vai vat liéu gom va chi so K twong g
voi vat liéu kim loai. Tuwong quan gitra ty 1€ thé tich cta hai thanh phan vat li¢u dugc biéu
dién boi [1], [6]:

z 1Y
Rg+Rk :1, RQ:[H+EJ , (1)
trong d6 n 1a sb khong am, biéu thi quy luat bién doi cta vat lidu theo chidu day dam, day
cling duoc goi 1a chi s6 mii thé tich.

Bai bdo nay st dung ly thuyet bién dang cit bac nhat, theo d6 thi thanh phan chuyén vi
thang theo truc dam va chuyén vi vudng goc véi truc dam duogc biéu dién theo biéu thuc:

{Vx(x,z):VOX(x,0)+ 26,

V, (x,2) =V, (x.0) @

V6i Vi va V; 1a hai thanh phan chuyén vi tai diém bat ky thuoc dam doc theo truc dam va theo
phuong vuong goc vai truc dam, Vox(x,0), Voz(x,0) Ia hai thanh phan chuyén vi tai vi tri co toa
d6 z =0, con 6, 1a goc xoay cua phap tuyén cua mat cat ngang dam.

Thong qua cac phép dao ham, ta rat ra biéu thac bién dang:

c :8VX :8V0X +289 _ 04
oX  oX 3)
oV,
=0 +—2
é’XZ X ax
trong do:
o (4)

Céc thanh phan ung suit cia dam composite dugc tinh toan thdng qua bién dang tuong
ung nhu sau:

«=E(2)¢, ()
__E(®
Fa _2(1+v(z))§“ ©)

trong do, cac ddc trung co tinh vat liéu gdm mod dun dan hoi va hé s6 Poisson dugc bi¢u dién
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theo ty 16 thé tich va 16 rdng nhu sau [1], [6]:
+Trong trudng hop 16 rong phan bd déu [6]:
E E E E E E E E
(Z)szk—i-gRg: K|y g_kRg_g 0|, | = )
v(z) Vi Vy Vi Vy Vi 2| v, Vi

+ Trong trudng hop 16 rdng phan bé khong déu [6]:

E E E
E(Z) _ Ek Rk 4+ 9R = Ek N 9| Ek R a 9|, Ek 1_% (8)
v | |v, v | ° e Vy v |7 21 |v, Vi h
V6i o 1a hé s6 phan bd 15 réng cua vat liéu.

Biéu thirc cdng kha di cua noi lec cua dam composite:

0

h
2
ort, = [| [ (0,6, +7,65, )z |d2
h
2

©)

z

E(2)280, + CE(2)2°5¢;

5E(2)
E 2[4” {M]Xﬂ}dz d0

: %E(z)évo +—%7E(2) 60

2 X 2 X
_[ 5(;(29 8220 dz dQ
’7'“ + 6x2x zE(z)é\/OX+aT;E(z)ZZMX

((XE(Z)§§X+§;ZE(Z)5§; jdz 0
+{ E

oV,

h

ol (g4 2| _EG) (00, v, | SE2)
}[ 'z[h[[ex OX J[2(1+V(z))]§gx [5)( P J[12(1+V(Z))J6VOZJ d.Q

Cong kha di cua lyc tac dung do nén dan hdi:

oI, = j(kwvozavoz +k, %5%}19
o oX  OX

Cong kha di cua luc nén tac dung 1én dam composite:

(10)

ov,, .oV
oll, =b| N —% 5 —2dx
; ~[ Cx o x (1)
v6i Ne 12 luc nén doc truc dam composite.
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Dé tim phuong trinh can bang cia dam composite, bai béo sir dung nguyén ly sau [13]-

[14]:
oll, + oIl =0oll (12)

Ldc nay, sau mot sb phép bién ddi, phuong trinh (12) duoc trién khai cu thé theo ba

bién chuyén vi 6V,,, 56, va 6V,, nhu sau:

h h
0%, } o, *
Ve J;zE(z)dz+ 6)(2 J;E(z)dz:O (13)
2 2
h h h
6\/2 2 SE( ) aZVX 2 2 ) 2 5
(9X+ 6)2 ji12(1+v)dz+ xg _J;(ZE(Z))dZ+ : _jh(z E(z))dz=0 (14)
2 2 2
h
o, (00, oV, \}t 5E(z) oV,
k V k 0z X 0z d =N 0z
wlor T o J{ x o jJ;lz(l-l-V(Z)) = (15)
2
trong d6 cac hé s6:
h h
2 2
M, = j E(z)dz; MZ:IZE(z)dz
Zh Zh
2 2
b \ (16)
2 t 5E(2)
M, = | Z°E(z)dz; M, = dz
’ Ih (2) ! _Ihl2(1+v(z))
2 2
Céc phuong trinh (13)-(15) duoc viét lai dugi dang:
o, . %0,
Ny : M, 8+ M, —5=0 (17)
o, 0%, oV,
M, axg +M; 2 +M4(0X+8_)2j=0 (18)
00, oV, oV, oV,

Can phai tim sy lién hé gitra goc xoay va chuyén vi vubng goc véi truc dam composite,
2 2
V M, o060, .. L )
0 — —M—2 *, lay ket qua nay ket hop voi phuong trinh (18):
1

- =

do @6 tr (17) ta thu dugc

2 2
[M3 —&J 0 6} +M, (HX +%j =0, ta thu dugc hai phuong trinh ddi voi hai an:
M, OX
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MZ)o0%6 oV
M, -——% X+M,| 6, +—221=0 20
M |2, 0 @)
26, oV, oV, oV,
M4 aX + 6X2 +kWVOZ+kS aXz :Nc axz (21)

Bai bao nay tinh cho dam c6 hai dau déu twa don, ham chuyén vi va goc xoay duoc biéu
dién thong qua cac ham lugng giac nhu sau:

Vo, = D Vo, cos(r %X)

r=1

. (22)
0=V, cos(r”—x)
r=1 L
Vy, =DV, sin(rﬂ—xj
1 L
Véi r 1a s6 nguyén duong. Két hop biéu thire (22) va hai phuong trinh (19)-(20):
M? j( rz jz . rz. .
M,—| M,——2 || == | [V, +M,—=V, =0 (23)
|: 4 ( 3 Ml L 1 4 L 0
AF7ZAI'7Z’2 A Arirz Al‘7r2
_MA [Ve T+V02 (Tj J—'_ kWVOZ - ksVOz (T) = NcVOz [Tj (24)

Giai phuong trinh (23), ta thu duoc:

rr
M, —
5 4 L "

ISR

Giai phuong trinh (24), ta rat ra biéu thirc cua tai trong nén doc truc ciia dam composite
nhu sau:

2
r
M42 (j 2 2
L2 . _|\/|4(r|irj +kW—ks(rf)
M, Ms_& r= (26)
M, )L L
N, = 2
T
)
_ Gia tri nho nhat cia luc nén theo bicu thirc (26) chinh 14 tai toi han gay mét 6n dinh cho
dam composite tya trén nén dan hoi.

3. KIEM TRA SU TIN CAY CUA LY THUYET TINH TOAN
Dam hai dau tya don c6 cac tham sé hinh hoc va vat liéu gdm chiéu dai L, chiéu cao mit
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cit ngang 1a h, xét trudng hop dd manh cua dam l1a L/h= 20, E = 380 MPa, v = 0,3. Dam
chiu tac dung cua tai trong nén doc truc dam. Bang 1 liét ké céc sé liéu tinh toan tai trong téi
han théng qua 10i giai cua phuong phép chinh xac ma bai bao thuc hién véi céc sb liéu da
cong bd bang ca 1oi giai giai tich trong céc tai lidu [11], [13]-[14] (ky hiéu la G-T1-G-T3), loi
giai Galerkin (ky hiéu 1a G-L) trong tai liéu [12] va 10i giai bang phuong phap phén tir hitu
han [15] (ky hiéu 1a PTHH). Thong qua sé liéu liét ké va so sanh nhu trong Bang 1, ta thay
rang 10i giai cia nghién ciu ndy rat gan véi cac két qua da cong bd trude ddy, su khéc biét 1a
do ly thuyét dam st dung khac nhau va phuwong phép giai khac nhau.
Bang 1. So sanh tai ti han cua dam tia don hai ddu, dam khdng c6 16 rong

L/h G-T1[11]  G-L[12] GT2[13] G-T3[14] PTHH[15]  Baibao

20 9,86 9,87 9,86 9,86 9,86 9,80

4. KET QUA TINH TOAN SO

~ Trén co s Iy thuyét tinh toan da duoc thé hién & phan trén, phan nay tién hanh khao
sat so nham 1am r6 anh hudng cua cac tham so6 vat liu ciing nhu déc trung hinh hoc cua dam
dén kha nang on dinh cua dam thong qua gia tri cua tai téi han. Dam dugc lam tir gom va kim
loai véi cac dic trung vat lieu bao gom E. = 380 GPa, En = 70 GPa, v, =v,, =0,3; dam c6
chiéu dai tong 1a L = 2 m, chiéu cao ctia mat cat ngang ky hiéu 1a h 6 thé bién doi tir 10 dén
40. Dam tya trén nén dan hoi vai hai tham so6 do cing duoc chuan hda theo cdng

. 12k Lt . 12k 1P <o LA s
thuc: k, =—"—, k; =——="—, trong d6 ho = L/20. Tham s6 tinh toan s6 va khao sat la tai toi
Ehy ER,
2
han ctia ddm duoc chuan héa theo cong thic: N, = 12ELh’;c :

- Khao sat anh huong cua do cing nén:

Thay dbi ca hai gié tri cia 6 cing nén dan hoi sao cho tham s6 k. bién ddi tir 0 dén 10
va tham s6 k. bién doi tir 0 dén 4, két qua tinh toan tai téi han phu thuoc vao céc tham sb do
cting cua nén dugc trinh bay trong Bang 2, Bang 3 va Hinh 2.

D& dang nhan thay rang khi ting tham s6 do ciing cia nén thi tai t6i han cua dam tang
1én, diéu nay ching to kha nang chiu tai nén cta dam tot hon.

Bang 2. Tai téi han cua dam phu thudc do cieng nén dan hoi, 16 réng phan bé déu, L/h=10

k,=0 k, =2 k, =4 k., =6 k,=8 k,, =10
k;=0 33,212 33,415 33,618 33,820 34,023 34,225
k;=1 34,212 34,415 34,618 34,820 35,023 35,225
k;=2 35,212 35,415 35,618 35,820 36,023 36,225
k;=3 36,212 36,415 36,618 36,820 37,023 37,225
k. =4 37,212 37,415 37,618 37,820 38,023 38,225

Su phu thudc cua tai téi han d6i véi cac tham sb do ciing cua nén duoc biéu dién boi
duong tuyen tinh. Piéu nay duogc suy ra tir biéu thic (26), tai trong nén la ham bac nhat cua
tham so d6 cang nén. Thém vao do6, tai toi han ctia dam composite trong trueong hop 16 rong
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phan b khong déu van cao hon so véi truong hop 16 rdng phan bé déu.

39

43

38

4w
A

36 |

35

34

33

a. Lo rdng phan bb déu

o
Ly

|
f =Y

b. LG rdng phan bé khong déu

Hinh 2. Tai téi han cia dam phu thudc vao do ciing cia nén dan hdi, L/h=10, n=1, « =0,1
Khao sat anh huong caa chi s6 mil thé tich:
Bang 3. Tai téi han cua dam phu thudc d6 cing nén dan hoi, 15 rong phan bé khéng déu, L/h=10

k,=0 k=2 k; =4 k, =6 k,=8 k=10
k:= 0 37,008 37,211 37,413 37,616 37,818 38,021
k:z 1 38,008 38,211 38,413 38,616 38,818 39,021
k:= 2 39,008 39,211 39,413 39,616 39,818 40,021
k:= 3 40,008 40,211 40,413 40,616 40,818 41,021
k: =4 41,008 41,211 41,413 41,616 41,818 42,021
14 < 14 =
—m—K_=0 ——k =0
12} —o—k, =2 12] ]
L —o—k:=5 —o—k:v=5
10 ——K_ =7 10 4 ——k =7
- : +k‘::10 = +k:v=10
z z

a. Lb rdng phan b déu

b. L& rdng phan bb khong déu

Hinh 3. Tai ti han cia dam phu thudc vao k|, va sé mii thé tich vat liéu, L/h=20, k=2, o =0,1.

Tang dan chi s6 mii thé tich sao cho gi4 tri cia n bién doi tir 0 dén 10, két qua tinh toan
tai toi han cua dam composite dugc chi ra nhu trén hinh 3. Cac ket qua nay cho thay khi téng
chi s6 mu thé tich n, tai téi han cia dam giam xuong, diéu nay c6 duogc la do ty 1€ kim loai
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trong dam ting 1én khi s6 mii n ting 1én, tic 12 didm c6 xu hudng “mém” hon, do vay kha
ning chiu tai nén caa dam ciing giam xudng.

Nhung diéu thd vi & ddy 1a su bién d6i cua tai toi han chi thé hién rd rét nhat khi chi sb
mii thé tich bién d6i tir 0 dén 2, con khi n > 2 thi tai t6i han it thay doi, va véi n = 0 thi tai toi
han 13 cuc dai. Diéu nay tao co s& cho cac ki su c6 thé lya chon gia tri cua tham s n thich
hop nhim dam bao kha ning chiu tai nén cua dam composite 12 tét nhat nhung van phai ¢am
bao tan dung wu thé caa kim loai nhu tinh déo, kha ning dé gia cong.

Anh huéng cua ty 1€ 15 rdng trong vat liéu:

Thay doi ty Ié 156 rdng cua vat lidu bang cach cho tham s6 « nhan gia tri tir 0 dén 0,4; két
qua tinh toan tai tgi han dugc trinh bay nhu trén Hinh 4. Khi ting gia tri ciia tham s6 « thi tai
t6i han caa dam giam xudng, diéu nay 1a do d6 ctirng cua dam composite giam xuéng. Va Vi
cac gia tri khac nhau cua tham sd « thi tai téi han cua dam trong truong hop 16 rdng phan b
khéng déu ludn 16n hon trudng hop 15 réng phan b déu.

12
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a. L& rdng phan bé déu b. L3 rdng phan b khong déu

Hinh 4. Tai t6i han ciia dim phuy thugc vao hé sb 15 rdng o va chi sb mii n, L/h=20, k; =10, k. =2.

Anh huéng cua ty 1¢ chiéu dai va chiéu day caa dam L/h:

80 80 .
- == n=0
=0—n=0.5
—— =1
60 60 —0—n=2
—$—n=5

Nod

40

L/h

a. L& rdng phan b déu b. L3 rdng phan b khéng déu

Hinh 5. Tai téi han ctia dam phu thudc vao chiéu day dam va sé mii n,  =0,1, k;, =10, k_ =2.
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Hinh 6. Tai t6i han ciia dim phu thugc vao chiéu day dam va ty 18 16 rdng, n=1, k;, =10, k_ =2.

Thay dbi chiéu day cua dam sao cho ty & L/h bién d6i tir 10 dén 40, két qua tinh toan tai
t6i han cua dam composite phu thudc vao ty I& L/h dugc the hién nhu trén hinh 5 va hinh 6,
Khi ty I¢ L/h tang 1én, tic la chiéu day caa dam cang giam, thi tai t&i han cua dam ciing giam
XUOng Dam cang day, tac laty 1€ L/h cang lon, th| tai toi han cang thay ddi rd rét khi tham
s6 16 rdng o thay d6i, diéu nay ciing co nghia rang tham s6 16 rdng « cang thé hién anh
hudng ddi vai dam cé chiéu day cang lon.

5. KET LUAN

Trén co s¢ cua ly thuyét dam bac nhat va phuong phap giai tich, bai bao da trinh bay
nghién ctru dap ung on dinh cua dam composite lam bang vat liéu c6 co tinh bién thién c6 16
réng vi mo tya trén nén dan hoi hai hé s6. Mot sb két qua chinh ma bai bao da tim ra nhu sau:

Cong thic giai tich chinh xac d6i voi tai toi han cia dam composite ¢ do chinh xac cao
khi so sénh véi cac nghién ciru da cong bo.

Ty 18 16 rdng trong vat liéu cang tang thi tai tdi han cua dam composite cang giam, téc 1a
kha ning chiu tai nén cia dam giam xudng.

Tai toi han cia dAm composite ty 1é thuan véi sy ting 1én ctia d6 ciing nén dan hoi.

Chi s6 mii thé tich vat liéu tang 1én, ddm cang mém, do d6 tai ti han ciia dim composite
cang giam.

Dam composite ¢ ty 1& L/h cang nho thi tai toi han caa dam cang 1on, tic 1a kha ning
chiu tai nén tang lén.

Cac két qua cua nghién ctru nay 1a co so khoa hoc ¢é gié tri, gilip cac nha thiét ké tham
khao dé tinh toan va ché tao cac dam composite trong thuc té.
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