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Abstract. Inverse analysis of material parameters plays a crucial role in solid mechanics
problems, which remain challenging and computationally expensive with conventional
numerical approaches such as the finite element method (FEM). This paper proposes a highly
efficient inverse analysis framework for 1D problems based on the Finite Element Informed
Neural Network (FEINN). Unlike Physics-Informed Neural Networks (PINNs), which solve
the strong form of governing equations, FEINN addresses the weak form through finite
discretization and incorporates Gaussian integration to compute the strain—displacement
matrix, thereby significantly accelerating training and convergence. In the inverse problem,
the unknown material parameters are inferred from the neural network’s output layer, while
the nodal coordinates serve as input. Nodal displacements and forces are employed as
constraints within the loss function. FEINN determines the material parameters by iteratively
optimizing the neural network using the fmincon function in MATLAB. The proposed method
demonstrates high efficiency through several benchmark cases involving both constant and
spatially varying material parameters.
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Tom tit. Phan tich nguoc cac tham sé vat liéu dong mot vai trd quan trong cac bai toan co vt
ran bién dang, von luén la thach thac va ton thoi gian véi cac phuong phap sé hién c6 nhu
phan tir hitu han. Bai béo nay trinh bay mot khuén khd phén tich nguoc hiéu qua cao cho bai
toan 1D dya trén mang no ron thong tin phan tir hitu han (FEINN). Thay Vi giai phuong trinh
dang manh nhu mang no ron thong tin vt Iy (PINN), FEINN giai phuong trinh dang yéu
bang céch roi rac mién hitu han va sau d6 két hop tich phan Gauss dé tinh ma tran bién dang —
chuyén vi, gitip tang téc dang ké qua trinh huan luyén va téc do hoi tu. Dol vai bai toan
nguoc, cac tham sé vat liéu chua biét dugc du doan & két qua Iop dau ra caa ciu tric mang no
ron trong khi gi tri 16p dau vao la toa do nat phan tir. Str dung gia tri da biét géom chuyén vi
va lyc tai cac nat dé vao ham diéu khién. FEINN c6 thé xac dinh céc tham sb vat liéu nay
bang céch tdi wu héa 1ap lai cAc mang no ron bang ham fmincon trong thu vién Matlab. Hiéu
qua rat cao do FEINN mang lai thdng qua mot sé bai toan ¢ tham sé vat liéu 1a hang sé va
bién thién.

Tir khoa: Phén tich nguoc; Mang no ron nhan tao; Phan tir hiru han; Bai toan 1D dan hoi tuyén tinh.
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1. PAT VAN PE

Bai toan ngugc dong vai tro quan trong trong co hoc tinh toan, giup xac dinh cac tham
s6 vat liéu hoic diéu kién bién tir cac dai lugng do dugc [1]. Cac phuong phap sb ¢b dién nhu
PTHH (Finite Element Method - FEM) hay phan tir bién (Boundary Element Method - BEM)
thuong gap kho khin khi bai toan kém xéc dinh, dan dén két qua khong on dinh va tén kém
tinh toan [1-10].

Sy phét trién manh mé cua tri tué nhan tao, dic biét 14 cac md hinh mang no-ron hoc
sau (Deep Neural Networks — DNN), da m¢ ra nhirng hudng nghién ciru mai cho cac bai toan
co hoc va ky thuat. Tai Viét Nam, nhiéu céng trinh gan day cong bd trén Tap chi Khoa hoc
Giao thong van tai (TCSJ) da chiang minh tiém ning ng dung cua mang no-ron trong mo
phong va dy doan cac hién tuong vat ly phtc tap. Cu thé, Hoang Viét Hai va cong su [9] da
su dung mang no-ron nhan tao (Artificial Neural Network - ANN) dé du bao cac tham 50
nhiét & giai doan sém cua bé tong khéi 16n, gitp kiém soat tng suat nhiét trong moéng cau.
Bai bao cua Tran Thé Hung [10] 4p dung mang no-ron tich chap (Convolutional Neural
Network - CNN) dé xac dinh truong dong chay xung quanh canh khi dong va cé4c cau trdc
hinh hoc phtc tap. Ngoai ra, Nguyen Thuy Anh va nhém nghién ciu [11] da trién khai ANN
va RNN dé udc tinh cudong do cat cua vat lisu FRP, cho thay do chinh xéac cao va kha ning
tong quét tét trong dy doan tinh chat co hoc vat liéu.

Nhiing két qua trén khang dinh xu huéng két hop tri tué nhan tao (Artificial Intelligence
- Al) v6i md phong sé dang duoc quan tam rong réi va dan tré thanh cong cu hiru hiéu dé giai
quyét cac bai toan ki thuat phirc tap. Trong bdi canh d6, mé hinh mang no ron thong tin phan
tr hitu han (Finite Element Integrated Neural Network - FEINN) duoc xem 1a budc tién mai,
két hop uu diém cua mang hoc sau va phuong phap phan tir hitu han. FEINN tich hop dang
yéu cua phuong trinh cin bang vao ham mat mat, sir dung tich phan Gauss dé tinh toan céac
dai luong nang lugng, gitip tang toc dd hoi tu va cai thién do chinh xac [2]. Phuong phap nay
cho phép xur 1y bai toan ngugc trong co hoc dan hdi véi sai s6 nho (dudi 1%) va kha ning
tong quét hoa cao [2,3].

Céc nghién ciru gan ddy vé mo hinh lai nhu Neural-Integrated Meshfree (NIM) [4] hay
Finite-PINN [6] tiép tuc mo rong pham vi tng dung cua mo hinh hoc sau trong co hoc $6.
Bén canh d6, phuong phap phan tir hiru han Bayes (Bayesian Finite Element Method -
BFEM) [8] ciing duoc phét trién nham xir ly bai toan ngugc dudi goc nhin xac suét, ting do
tin cdy cua udc lugng tham sé. Nho céc tién bo nay, FEINN tré thanh cong cu manh mé dé
giai bai toan nguoc trong co hoc dan hoi 1D, két hop hiéu qua gitta FEM va hoc sau trong
ciing mot khung giai thuat thdng nhat.

2.COSO LY THUYET

Phuong phap FEINN la su két hop gitta FEM véi md hinh hoc sau (DL), nhu duoc trinh
bay trong Hinh 1. Bai toan nguoc ¢ day chu yéu di tim do cang EA phan bd trong két cau
thanh. Khéc vai bai toan thuan, truong chuyén vi (U) va luc tac dung (F) trong truong hop
nay duoc cho trudc, trong thuc té chung duoc do tryc tiép tir két cdu. Tuy nhién, dé co dit liéu
gidm sét, trong nghién ctru nay, ching dugc tinh toan tir FEM nhu thong thuong. Thuat toan
ctia phuong phap dugc md ta chi tiét nhu trong bang 1.

1165



Tap chi Khoa hoc Giao thdng van tai, Tap 76, S6 09 (12/2025), 1163-1172

Lép véo | Lop én Lop Ra

EA, 06—

/ E I E ! z N Vecto U va F dwoc tinh tiv FEM

\

.
\\Ir
\

1
™
1

- \/Z(K(EA). U-F2 |

:
aF
eE

0)
ﬂ ¥
f "“\ ‘I 0 O
\\1\
& = arg mén L(8)

Z' = tansig(wi.Z"t + bi), 1< <L E =wnzt +bn

No OK 1

Hinh 1. Mang no ron tich hgp phéan tir hitu han (FEINN) cho bai toan nguoc.
Bang 1. Thuat toan FEINN cho bai toan nguoc.

Bugc Mo ta
1 Nhap toa do nit x va dir lieu U, F.
Lan truyén tién qua mang DNN — thu duoc EA(x)
Tinh ma tran d6 ciing K (EA)bang FEM
Tinh ham mét mét L (@)
Téi wu B bang fmincon dé giam L(6)
Néu hoi tu — tra vé EA(x). Néu chua — quay lai buéc 2

o Ol |l W DN

_ Déi véi bai toan 1D dan hoi tuyén tinh, toa do cua cac nat (x) thu duoc tir phép roi rac
phan tir hitu han dugc dua vao khudn kho FEINN dé du doan mé dun dan hoi EAY, c6 the
duoc biéu thi bang phuong trinh sau:

{EA™ ] =DNN (x|0) 1)

trong d6 DNN biéu thi mang no-ron sau, va 6 biéu thi cac siéu tham s6. Ma tran do cung
K(EAW) duoc tinh theo do cing EANN va ma tran tinh bién dang B nhu sau

N =£(EA)N“ B'Bdx @)

_ Sau k}li do cung EAWN duoc xac dinh, chl],ng sé duoc danh gi’é theo cac cong thic bao
gom sai so tuyét doi trung binh (MAE) va sai s6 phan tram tuyét doi trung binh (MAPE) nhu
sau:
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trong d6 i biéu dién cac nat thir i, (EA)~ bicu dién gid trj do cung tai diém thi i trong thyc té,
m biéu dién so nat, (EA)i dé cap dén du doan d6 cing cia FEINN tai diem thu i,

3. KET QUA SO VA THAO LUAN

Két cAu khao st 1a thanh chiju luc phan bé déu doc truc q=1kN/m va dau tréi chiu lién
két ngam (Ux = 0) nhu hinh 2. Thanh c6 chiéu dai L=3m, d6 cung EA dugc gan gié tri cho
ting bai toan cu thé. Céc dit liéu vé chuyén vi U va tai trong F trong ham Loss dugc tinh toan
bang FEM théng thuong.

(/fﬂ*q

Hinh 2. Dang hinh hoc cta thanh chiu kéo dung tam.

3.1. P§ cirng ciia thanh 1 hing s6

Trong vi du dau tién, d6 cung cua thanh duoc gia thiét 12 hang trén toan bo chiéu dai,
v6i mo dun dan hoi EA=10 (kN/cm? x cm?) va luéi chia gom 10 phan tir. Két qua huan luyén
mang FEINN cho thdy mét hién tugng th( vi nhung hoan toan hop ly khi 4p dung md hinh
hoc méay cho bai toan don gian nay. Dir liéu trong Bang 2 chi ra rang khi s6 luong no-ron
tang, s6 budc lap can thiét dé dat ngudng sai s6 ding (L<107") ciing ting déng ké. Diéu nay
cho thay viéc du doan do ctimg khong doi khong doi hoi mot kién tric mang qua phuc tap;
nguoc lai, mang ¢ qua nhiéu tham sé s& 1am ting chi phi huan luyén va kéo dai qua trinh hoi
tu, trong khi két qua cudi cing hau nhu khong thay doi.

Bang 2. Gia tri ham mat mat (L) theo s6 No ron va s budc lap.

S6 16p 4n S6 no ron S6 budc lap Ham mét mat
1 1 30 9.09E-08
1 3 64 8.19E-08
1 5 165 8.05E-08
1 20 1159 9.95E-08

3.2. D) clrng ciia thanh 1a ham bac 2

Trong thi nghiém nay, m6 dun dan hdi phan bé theo quy luat bac hai EA(x), phan anh
tinh khong dong nhat theo chiéu dai cua thanh. Mang FEINN dugc cb dinh & kién trac
[1 55 1] (1 dau vao la toa do nat x; 2 16p an, mdi 16p 5 no-ron; 1 dau ra 1a EA tai nit), md
hinh duoc huan luyén véi téi da 2000 budc lip va diéu kién ham L<le-5. Mb hinh ciing dugc
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chia lu6i vé&i 10 phan tir.

H&i tu (Vong lap: 1802, Thoi gian: 00:02:10) - DAT DIEU KIEN DUNG
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Hinh 3. Ham mat mat (ham muc ti€u) theo thoi gian va phan bo d6 ciing EA chinh xac cling nhu
du doéan tai cac vong lap 5, 20, 100 va cudi cung.
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Hinh 4. Qua trinh hoi tu MAPE va MAE theo sb budc lap.

Hinh 3 mo ta qué trinh hoi tu caa mé hinh FEINN trong bai toan thanh 1D ¢6 mé dun
dan hoi bién thién bac hai theo toa d6. Gié tri ham muc tiéu giam nhanh trong khoang 0200
vong lip, sau d6 giam cham dan va dat diéu kién ding tai vong lap thir 1802. Cac d6 thi nho
cho thdy mé dun dan hoi du doan tién dan dén gia tri thuc theo thoi gian huan luyén: ¢ cac
bude dau (5-20) sai léch con Ién, dén khoang 100 vong lip duong du doan da gan khop, va
tai vong 1802 hai duong hau nhu tring nhau. Két qua nay cho thiy mang FEINN c6 kha ning
hoc 6n dinh va md phong chinh xé&c quy luat bién thién phi tuyén caa vat liéu chi véi mot kién
trdc ¢ dinh [1 55 1]. Twong tu, hinh 4 cho thay ca hai chi s6 MAPE va MAE déu giam nhanh
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trong giai doan déu va tiép tuc giam 6n dinh cho dén khi dat trang thai hoi tu sau khoang 1800
vong lap. Sai s6 nho dan theo thang log chiing to md hinh FEINN hoc hi¢u qua va duy tri qua
trinh tbi uu on dinh trong suét qué trinh huan luyén. C6 thé thdy rang sai s tuyét doi giam
dan theo sb vong lap va dat gia tri rat nho khi mé hinh hoi tu duoc mo ta nhu Hinh 5. Sai sb
I6n tap trung tai dau tu do cua thanh, noi chuyén vi 16n hon va do nhay cia ma tran do cang
d6i voi bién thién mo dun dan hoi cao hon, dan dén sai khac du doan tang nhe so véi phan
con lai.

Hinh 5 thé hién phan bé sai sb tuyét d6i theo toa do nit tai cac giai doan huan luyén
khac nhau. C6 thé thay sai s6 giam dan rd rét khi sé vong lap tang, dic biét sau 100 vong lap
duong sai s gan nhu tién sét truc hoanh. DBén vong I3p 1802, sai s6 gan bang khong trén toan
mién, cho thay mang FEINN d& m6 phong chinh xac quy luét bién thién ctia mé dun dan hoi
theo toa do. Ngoai ra, sai s nho tap trung chu yéu ¢ vung dau trai cua thanh — vi tri c6 lién
két, noi chuyén vi bi khdng ché nén anh huong cia sai s6 tinh toan duoc giam thiéu rd rét.

Phan bb sai sbé tuyét doi

5 T T ! : | [
Vvong lap 5
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>
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w
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Hinh 5. Phan bd sai s6 tuyét ddi theo chiéu dai thanh.

3.3. Thanh c6 d$ cirng giam yéu cuc bd

Nham danh gia tinh tmg dung vao thuc té ciia mo hinh FEINN vao viéc du doan do
climg cua két cdu thanh, mot thanh c6 van dé vé hu hong duogc dat trung boi su giam yéu cua
mé dun dan hoi. Gia dinh réng dd cling cd su phan bd nhu Hinh 6 (duong mau den) voi su
giam yéu do cung tai gitta ddm. M6 hinh FEINN c¢6 cdu trac [1 15 15 15 15 1] dugc huin
luyén vai 8000 budce lap.

Hinh 6 thé hién qua trinh hoi ty cua cac chi s6 sai s6 MAE va MAPE theo s6 vong lap.
C6 thé thay ca hai chi s6 déu giam rat nhanh trong giai doan dau, dic biét trong khoang tr 0
dén khoang 2000 vong lap, cho thdy mang FEINN nhanh chong hoc dugc quy luat tong quat
ctia phan bd vat liéu. Sau méc nay, cac dudong cong gan nhu nam ngang, biéu hién viéc sai s6
khong con giam dang ké — mo hinh da dat trang thai hoi tu va cac tham sé mang chi dao
dong nho quanh gia tri t6i wu. Didu nay ching té qua trinh huan luyén 6n dinh, dong thoi xac
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nhén rang sé vong lip khoang 2000 1a du dé mo hinh dat do chinh xac mong muén ma khong
can huan luyén thém.

Hinh 7 thé hién phan b6 do cimg doc theo chiéu dai thanh, trong d6 m6 hinh FEINN
dugc sir dung dé nhan dang su thay dbi cua m6 dun dan hdi EA(X). Po clng cua thanh giam
manh tai vi tri x=1,5m, biéu hién vung suy yeu hozc hu hai cuc bd cua két ciu. Cac duong du
doan ¢ cac mdc vong lap khac nhau cho thdy qua trinh hoi ty rd rang: & giai doan dau (budc
10 va 200), mang chua tai hién duoc vi tri va bién dé cua vung hu hai, giad tri du doan con
thip va phan bé muot hon so véi thyc té. Khi s6 vong lap ting (budc 1000 va 8000), duong
du doan tiém can gan nhu tring khop vé6i gia tri dtng, phan anh kha ning cua FEINN trong
viéc xac dinh chinh xdc vi tri va mic d6 giam do ciing — dac trung cho sy hu hai cua thanh.
Két qua nay cho thiy mé hinh khong chi mé phong chinh xac ving vat liéu dong nhit ma con
nhan dang tt cac khu vuc suy yéu cé tinh cuc bo cao.

1 Qua trinh hoi tu MAE Qua trinh hoi tu MAPE
10 - - T 10° - - -
~ B
=
= 10° g
g £
£ S
L|.| .] -
< 10 L
= <
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102 * ; ' 10° ! ’ !
0 2000 4000 6000 8000 0 2000 4000 6000 8000
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Hinh 6. Qua trinh hoi tu MAE va MAPE theo vong lap.
12 T T T T T
. 81" |=——Chinh xac s
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= 6 |- — -Duy doan budc 200 [ 7
g Dw doan budc 1000 . f
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Hinh 7. Phan b6 d6 ctng cta thanh.

Hinh 8 cho thay sai s6 tuyét déi tap trung chu yéu tai viing gitta thanh, twong tng véi vi tri
x~1,5 m— noi d6 cing giam manh do hu hai cuc bg. Sai so tang vot tai khu vuc nay phan anh
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dic tinh phi tuyén va do déc lon cua ham E(x), khién mo hinh kho xap xi chinh xéc trong
viing chuyeén tiep. O cac vung con lai, sai s gan bang khong, ching t6 mang FEINN mo
phong rat tot phan vat liéu dong nhat cua két cau.

08 Phan bb sai sb tuyét doi

0.7 1 1
06 .

0.5t v -

04 F

Sai s6 tuyét dbi (kN)

03r 4

02} » ]

01} -

0 I o I 5 A _/

0 0.5 1 1.5 2 25 3
, . x(m)

Hinh 8. Phan bo sai s0 tuyét doi theo toa do nut.

4. KET LUAN

M hinh FEINN dugc trinh bay trong nghién ctru nay cho thay tinh hiéu qua va linh hoat
cao trong viéc két hop gitta phuong phap phan tir htu han va mang no-ron nhan tao. Viéc tich
hop dang yéu cua phuong trinh can bang vao qué trinh huan luyén giup mo hinh duy tri dugc
co s& vat ly cua bai toan, ddng thoi tan dung kha ning hoc phi tuyén ciia mang no-ron dé giai
cac bai toan nguoc trong co hoc vat liéu mot cach on dinh va chinh xéc.

Két qua sé cho thidy FEINN nhan dang chinh x4c phan bd mé dun dan héi trong ca ba
truong hop: vat liéu dong nhat, vat liéu bién thién theo quy luat bac hai va két cau c6 ving
giam yéu cuc bo. Cac chi s6 MAE, MAPE va ham muc tiéu déu giam nhanh trong giai doan
dau va dat trang thai hoi tu 6n dinh, trong khi phan bé sai s6 theo khong gian duoc kiém soat
t6t, tap trung chu yéu tai cac ving c6 d6 déc I6n ciia ham d6 cing hoic tai céc vi tri nhay cam
cua két ciu. Kha ning tai hién dung vi tri va bién d6 ving suy yéu chung to FEINN ¢ tiém
nang 16n trong nhan dang hu hai va danh gia 6 cang cua két cau thanh. Tuy nhién, mac du
dat hiéu qua cao, phuong phap FEINN van phu thudc dang ké vao kién tric mang va thuat
toan tdi wu, khién chi phi huan luyén c6 thé ting manh khi mé hinh duoc mé rong cho cac bai
toan c6 mirc do phi tuyén hoac hinh hoc phiic tap. Nham nang cao kha niang tng dung trong
tuong lai, nghién ctru dé xuat phat trién céc ky thuat ting toc huan luyén va mé rong FEINN
sang khong gian 2D-3D dé xir ly hiéu qua hon cac bai toan nguoc thuc té va nhan dang hu
hai phuc tap trong co hoc két cau.
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