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Abstract. Multilayer nanoscale structures are widely employed in the fabrication of miniature
sensors, which serve as essential components in measurement systems used in civil
engineering, transportation, and defense applications. This paper presents an analytical
solution for the stability problem of multilayer nanobeams resting on an elastic foundation,
incorporating the flexoelectric effect under simultaneous thermal and moisture conditions.
The governing equations are formulated based on a refined shear deformation theory
combined with the von-Karman nonlinear strain model. Moreover, small-scale effects are
considered through the nonlocal elasticity theory. The reliability of the proposed analytical
approach is verified by comparison with previously published results. The study also
investigates the influence of several parameters-including foundation stiffness, geometric
dimensions, and material properties-on the stability response of multilayer nanobeams. The
results indicate that both the flexoelectric effect and the elastic foundation enhance the overall
stiffness of the structure, thereby improving its load-carrying capacity under compressive
loading.
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Tom tit. Cac két cau kich thuéc nano gom nhieu 16p thuong duoc sir dung trong ché tao céc
cam bién c& nho, ddy 1a thanh phan chinh cua céc thiét bi do dac trong xay dung, giao thong,
quéc phong. Bai bao nay st dung phuong phdp giai tich dé tim ra loi giai dbi véi bai toan 6n
dinh ctia dim nano nhiéu 16p tya trén nén dan hdi c6 ké dén hiéu ung flexoelectric va chiu anh
huong cua dong thoi nhiét d6 va d6 am. Cac cong thirc duoc thiét 1ap dua trén ly thuyét bién
dang cat kiéu mai va cd ké dén bién dang Ion theo ly thuyét cia Von-Karman. Bong thoi,
hiéu tng kich thudc nho ciing duoc tinh dén dwa trén Iy thuyét dan hoi phi cuc bo, Iy thuyét
tinh toan da dwoc kiém ching do tin cay bang céch so séanh véi cac két qua da cong bd. Bai
bdo ciing khao sat anh hudng cua mot s6 tham s6 nén dan hoi, hinh hoc, vat liéu dén dap tng
on dinh ctia dam nano nhiéu 16p, trong d6 nghién citu nay nhan thay hiéu ung flexoelectric va
nén dan hoéi da 1am ting d6 cung cua két cau, lam ting kha nang chiu tai caa dam nhiéu 16p
trong treong hop chiu tai trong nén.

Tw khoa: Dén} nano; dan hoi phi cuc bo; on dinh; phuong phap giai tich, hiéu tng
flexoelectric, nén dan hoi.
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1. PAT VAN PE

Trong thuc té, cac két ciu dang dam nhiéu 16p 1a mot trong cac dang két ciu phé bién
va duoc st dung rong rai, do vay viéc nghién ciru tng Xtr co hoc cua chiung dong vai trd quan
trong trong dinh hudng thiét ké va tdi uu ca v& mat hinh hoc va vat liéu, lam tang hiéu qua
kinh té. D4 ¢6 nhiéu nghién ciru doi voi két cu sandwich dugc cdng bo, Luat va dong nghiép
[1] da stir dung ly thuyet bién dang cit bac ba va phuong phap phan tir hitu han dé phan tich
dao dong riéng cua tim nhiéu 16p 1am bing vat liéu c6 co tinh bién thién. Tién va nhém
nghién ctru [2] s dung phuong phép giai tich dé phan tich chuyén vi un va 6n dinh tinh cua
tam hiru co gom nam 16p vat liéu, trong d6 hiéu tng kich thudc ciing duoc tinh dén trén co so
ly thuyét dan hoi phi cuc bo. Lan va cong su [3] 4p dung phuong phap Galerkin kiéu méi dé
phan tich 6n dinh tinh caa dam nhiéu l6p chiu tai trong nén.

V6i cac két cdu kich thudce nho, ngudi ta c6 thé sir dung nhiéu ly thuyét khac nhau dé
tiép can, trong d6 ly thuyét dan hoi phi cuc b thuong duoc st dung vi ly thuyét nay tinh toan
thuan loi, d6ng thoi c6 xem xét dén hiéu tung kich thudc. Hoan va nhém nghién cau [4] két
hop ca ly thuyét dan hoi phi cuc bd va phuong phép trung binh kiéu méi dé phan tich tan sé
dao dong riéng phi tuyén caa dam nano trong mai truong nhiét do. Tho va dong nghiép [5] su
dung phuong phap giai tich dé trinh bay nghién ciu chuyén vi uén tinh cua tim nano nhiéu
l6p c6 ké dén anh huong cua hiéu ung kich thudce trén co so ly thuyét dan hoi phi cuc bo.
Toan va cong sy [6] sir dung ly thuyét bién dang ct cai tién kiéu moi va phuong phéap phan tir
hitu han dé nghién ctu 6n dinh va dao dong cua tim nano tya trén nén dan hoi bién doi, trong
d6 hiéu tng flexoelectric ciing duoc xem xét. Bic va nhdm nghién ctu [7] két hop ca ly
thuyét truong pha va phuong phap phan tir hitu han dé phan tich 6n dinh tinh ctia tim nano c6
vét nut va hiéu tng flexoelectric.

2. MO HINH BAI TOAN VA LOI GIAI

M6 hinh dam chiu tai trong nén doc truc duoc thé hién nhu trén hinh 1. Dam dai L,
chiéu day cua dam la h, chiéu day Iop 16i 1a he, chiéu day hai 16p ngoai ciing bang nhau va
bang hr. Loép 16i 1am bang vat liéu dong nhat, con hai 16p bé mat 1am bang vat liéu c6 hiéu
tng flexoelectric, ty 1& chiéu day cac 16p lan lugt 1a he-he-hy, vi du néu ky hiéu 1a 1-8-1 c6
nghia 1a ty & chiéu day 16p 16i gap tdm lan chiéu day cua I6p bé mit.

7z h he hy
i
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—
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4

Hinh 1. Dam nano nhiéu I6p.

Vit liéu cua céc 16p o cac 16 rdng vi md, quy luat phan b ty 1é thé tich 16 rdng nay theo
chiéu day duoc tinh toan theo quy luat nhu sau:
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h h
I:‘)\(/1):Rov {1_ po}; (_ESZS_ECJ
T Tz h h
R\(/Z) =Ry, {1_ Po +%Cos(h_cj}; ('EC <z< Ecj ¢H)]
h h
R =R, {1-py}; (ECSZSEJ

trong d6 R 1 ty 1¢ thé tich 15 rdng tai 16p tha i, tham s6 po biéu thi mat d6 phan b 16 réng
bén trong vat liéu ciia dim. Mb dun dan hdi va hé s Poisson cua 16p tht i dugc tinh toan nhu
sau: EV ()= E (1— R\(,i)); U ()= V((Ji) (1— R\Si)) , trong d6 E!" va v(()i) 14 md dun dan hoi va
hé s6 Poisson cua vat liéu khong co 15 rdng.

Truong chuyén vi cua dam [8]:

0, (% y,2) =u0—z%— f &a”x W, (X, ¥, Z) = Wy (X, Y) - W (X, Y) @

véi chuyén vi ctia dam tai truc trung hoa 1a up va chuyén vi vudng goc véi truc dam (theo truc
z) la w;, chuyén vi nay duoc chia ra thanh hai thanh phan Ia wa, and wzs. Ham f; ¢o thé chon
dusi dang nhiéu ham s6 khac nhau, & day bai bao chon ham f, & dang

127z* 777° 3%h) . nz) s
81 f = — + sinh| — |. Truong bién dang: ¢, =&, +2¢, + f.&¢5 7., =4V oy
[]2{200h3 125h 500} (h PN 6 TR AT L Ta T

. ou, 1fow, Y W, oW, ow, of,
YO = o )8 T e 8 T T e e T = ! @)
Quan hé tng suat va bién dang nhu sau [9]
0’ ) o _ 0.0 0’ ) 0 _ a0
1— 1 o =EWe 11— .7 =G
( ,Lll_ GXZJ X X [ ﬂL axz j Xz 7/xz (4)

v6i u, la tham s dan hoi phi cuc bo. Doi véi hai 16p ngoai cung, do tinh dén hiéu ting
flexoelectric nén thanh phan bién thién bién dang can duoc xem xét va c6 biéu thic:

/A )

o’w, of, o°w,  o°w, ﬁz( 82Wsj of
Ny =~ - == +—| = b+az

ox* oz ox° ox* oz ox
Do ¢6 hiéu ung flexoelectric nén quan hé &ng suat-bién dang tai hai 16p bé mat:

(1492 ) o) = %, —poV"; (1- V2 ) = G

Xz Xz

_ o _ (6)
ij()z == f14vz(l) ; Pz(l) = Pyi& T r33Vz(|) + f1ue
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trong d6 fi4 12 hé s flexoelectric va & 1a hé sé dién moi; #{,) 1a mo men ang sudt, V" 1a
dién truong va P chuyén vi dién cua lop thi i (i=1,3).
Sau khi bién d6i, ta biéu thirc cua dién truong:
2 2 2 2
V(') :h_a Wb Z_|_h_a WS f +h_a Wb +h_a WS i

.
Lo, ox , oX° ° 1, o I, ox* oz ()

Sau khi tich phan, nguoi ta thu dwoc cac thanh phan lyc doc (Nx), md men (My), md
men bac cao (Sx) va luc cat (Qx;) nhu sau:

f,(h—h
Nx_:uiviNx = BO‘C"O - p3] 14( C)g - p31 f14 B

&t 8
r33 z r33 Nf < f ( )
p2 h3 h3 p2 -
Mx_luzviszBzzgz—i_Bzfgf _i[___c gz_iB £ 65 (9)
: L1212 fy
P P

Sx _ﬂivisx = szgz + Bff &y - Bsz z =L BSzf &ty (10)

r33 r33

hi+1

Q.- #ViQ, =Y [ (6"))dz =By, (11)
i

trong d6 cac hé s6 phu thudc dc tinh vat liéu caa dam. Diéu kién dé dam can bang nhu sau:

560, —660, =0 (12)

trong d6 06O, la cong kha di cta ndi luc, and 56, la cong kha di cua ngoai lyc. Cac thanh
phan nay duogc tinh lan luot nhu sau:

—h,/2

h./2
[ (V8(a,)+#00m, +(e0)8(ra) )2+ [ (o6 (e)+(7))5 (7))o
56 _J‘ ~h/2 -h/2 ds
B )| n2
T (o8 (e) + on, + ()8 (7)) 02
e (13)
2 2
N, ou, +£(Nxa—wj6w— 0 '\QX oW, — 0 SZX A
_ J- OX OX OX OX OX ds
2 2
IR P S
OX OX OX

V6i céc hé s6 phu thude vao dic trung vat lidu.
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Dam dit trong moi truong chiu anh huéng caa déng thoi nhiét d6 va dé am, luc nén doc
truc 1a N, do d6 tong cong kha di ctia cac ngoai luc tac dung 1én dam c6 dang:

5HL=an8—W5( de jN @5( st jN @5( jds
< Ox \0ox ox \ OX ox \ OX

(14)
+jk wowdS +jk —5( aonls

trong d6 Nm va Nt 12 luc tac dung 1&8n dim do d6 4m va nhiét do, ching duogc tinh nhu sau:

|+1 _hc/2 hc/2 h/2
Z j EVgYAMdz = | EVpYAMdz+ [ E®pPAMdz+ [ EF5YAMdz
~h/2 —h,/2 h./2
|+1 ) _hc/2 hc/2 h/2 (15)
N, _z j EVeATdz= | EVaATdz+ [ EPa®ATdz+ | EPa®ATdz
~h/2 —h,/2 he /2

Vv6i hé s6 gidn no nhiét 1a o, AT 1a d6 chénh léch nhiét d6 moi trudng so vai nhiét do khéng
phéat sinh tng suat cua vat li¢u; Hé so gidn no vi d6 am la 3, va AM la d6 chénh d6 am cua
moi trudng so véi dd am khdng phat sinh tng suét cua vat liéu.

Phuong trinh (12) liic nay duoc khai trién cu thé dudi dang nhu sau:

oN
ou, . —=*=0 16
0 (16)
o’'w o°M, o°T o’'w oW
ow, : N - x——2_(N +N,+N +k W+k,—=0 17
P X (Ny+ Ny T)ax M e an
o*w o0°’S, &%, oQ o*w o*'w
ow, : N ——r——Xe =t (N, +N, +N;)—+k w+k =0 18
U o X ox (N + Ny T)ax2 v o (18)
Phuong trinh (17) va biéu thic (8) dan ra biéu thuc sau:
N =B, au l(a_sz n p31f14(h_hc) 82Wb 4 P, f14 B 62Ws (19)
x 2\ ox I, x o, " oax
Sau khi tich phan hai vé cua (19) va rang budc diéu kién bién tai hai dau dam uo (x=0) =
Uo (x=L) = 0, ta rat ra biéu thuc cua luc doc:
L 2 L
f,(h=h 2 2 . .
X:i | (a_wj dx+ 22 (=) | OV 4 Par Fs By 0 % dx. Két hop cac biéu thic
2L 1\ ox A L "3 ox

trén, ta thu duoc hé phuong trinh can bang cho dam nano:
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ij(@wjd P ,4h h,) I
2L 5\ oX ox’

0

o (w, +w;)

L 52 ox’
p31 f14 a WS _ _ —
e By [ — o BN =Ny =Ny

0

&j’(%j dx + p31f14(h h)J‘a bd

ol 2L ox L . O o (W, +w,)
- 2 ox*
i Pufup [ow Y dx—N, - N,, =N,
r,L 0 ox?
o°w o°w o*w
+k, W+K, —— il | kK, —+K
v * ox? ﬂL( Yox: o oxt j

+BTb "+ BTS —H [BTb >+ BTs J

2 3 4 2 4
+ Bzz_h h__h_ aWb Bzf_hBsz 8VZS=0;
ry (12 ox* I OX

(20)
Ej‘(a_szdx 031f14(h h)J'aWbd
2L 4\ ox I . OX 0% (W, +w, )
L 52 ox?
+ P Bija % dx—N, =Ny, - N,
r;L o OX

L 2 _ L A2
B[ g Pufelbot) 2
2L .

2 o\ OX B OX 0 (Wb+W)
- 2 ox*
NLTLTY [ow % dx—N, =Ny, - N,
r,L . X
o°w, o°w,
+BYb +BYS IUL(BYb = +By, v j+8587

2 2 4
+kww+kngV2V—yf£k oWk a—Wj

—+
"oxt toxt
2 4 4
+ sz _hBsz 8—Vllb+ Bff p31 B a O
Iy OX i 6x
Giai hé phuong trinh (20) dé tim tai toi han Ny gay mét on dinh cho dam, gi thiét dam
tua don hai dau, diéu kién bién tai hai dau dam phai thoa man w; = 0 va My = 0, do vay biéu
thirc caa cac thanh phan chuyén vi c6 dang: w, =W, sin(ﬂTXj; w, =W, sin(ﬁ—l_xj , V6i Wop

and Wos 1a bién d6 cua cac chuyén vi. Sau khi thay nghiém trén vao hé phuong trinh can bang
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(20), ta thu duoc: W, =R, W,; W,, =R, W,, Vi Wo 1a bién do chuyén vi thang dung cua
dam, céc hé sé R,,, R,. phu thugc vao dic trung hinh hoc va vat liéu cua dim nano va cé
biéu thirc nhu phan phu lyc.

Sau khi bién d6i, ta thu duoc tai téi han ciia dam nhiéu 16p ¢ dang nhu sau:

Bowzon, N,

) 41°
(1+Aﬁ( j }(Lj 27Zp3114|:BNfRWS }M/
) 'wh ’

r,L° (h—h)R

{406

2
- &b+Bh ELB ]R

ovrs, T, o (7)
l

T
—H (BYb wa + BYS ws LJ

+Bs Rws (j
L L

(21)

| (2 (2]

Biéu thirc (21) 14 tai t&i han cta dam nhiéu 16p tya trén nén dan hoi trong truong hop co
ké dén hiéu ung flexoelectric, bién dang 16n, chiu anh huong cua nhiét do va dé am.

3. CAC Vi DU MINH HQA SU TIN CAY

Vi du so sanh 1: Dam nano ¢4 L = 10 nm, chiéu cao mit cit ngang 1a h, ty 1¢ giira chiéu
dai va chiéu cao cua dam la L/h= 10-100, E = 30 MPa, v = 0,3. Dam chiu nén doc truc,
bang 1 trinh bay két qua so sanh giira 10i giai cia nghién ciu nay véi cac 10i giai chinh xéac
[10]-[12] va loi giai bang phuong phéap sé [13]. D& dang nhan thay rang khi tham sé dan hoi
phi cuc bo £, nhan céc gia tri khac nhau thi loi giai ctia nghién ctru nay van bam sat véi cac
loi giai con lai, diéu nay chitng minh su tin cay caa ly thuyét tinh toan cua nghién ciu nay.

Vi du so sanh 2: Dam c6 ty 18 L/h =20. Két qua tinh toan va so sanh giita 1oi giai cua
bai bao vai 10i giai chinh xac [14] duoc thé hién nhu trén hinh 2, ngudi ta d& dang nhan thay
rang céc két qua tinh toan cua bai bao va cua tai liéu [14] khdng nhiéu sai léch, diéu nay
chting minh su tin cay cua 10i giai dbi vai bai toan 6n dinh cua dam co xét dén bién dang 16n.
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Bang 1. So s&nh ti t6i han cua dam nano.

L/h Tai liéu # ()
0 1 2 3
[10] 9,86 8,08 8,24 7,61
[11] 9,86 8,08 8,24 7,61
10 [12] - - - -
[13] - - - -
Bai bao 9,88 8,09 8,25 7,62
[10] 9,85 8,07 8,23 7,60
[11] 9,80 8,02 8,19 7,56
20 [12] 9,80 9,57 9,34 9,13
[13] 9,86 8,08 8,24 7,61
Bai bao 9,83 8,95 8,21 7,58
[10] 9,81 8,03 8,20 7,58
[11] 9,62 8,75 8,03 7,42
10 [12] 9,62 8,75 8,03 7,42
[13] - - - -
Bai bao 9,73 8,85 8,12 7,50
1 e Bai bdo

—e— Tai liéu [14]

8

0 01 02 Woh 03 04 05
Hinh 2. So sanh tai téi han caa dam chiu nén.
4. TINH TOAN SO VA THAO LUAN
Dam nano chiéu dai L = 10nm, ty I¢ L/h =10. Dam gom ba 16p, trong d6 hai 16p bé mat

lam bing vat ligu c6 hiéu tng flexoelectric véi tham sé: EY = E\? = 102 GPa, v\ =11Y=0,3,
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ps1=-17,05 C/m? ry=1,76. 10-8 c/vm), o =a¥= 9,6384.10° K1, pY=p%= 10°
(%H20)%, tham s§ ) = )= f14 va c6 gia trj bién ddi tir 0 dén 4,10 C/m. Lop giira 1
nhom (Al) c6 E® =70 GPa, v/9=0,3, ¢®=23.10° K, 8 = 102 (%H,0). Dam tya trén

12k, L0 . 12k L?

nén dan hoi véi hai tham s do cang K, ===~ K =

—, K ===—. Téi t¢i han ciia dam duoc
E,h 7 Esh

2
é(z)l;] N, . Su bién d6i cta tai tsi han theo tham s6 fi4 V6i hai

0
gia tri khac nhau cua ty 18 Wo/h va M /' h dugc thé hién trén hinh 3, mot sé nhan xét nhu sau:

+ Khi tang gia tri cua tham s6 f14 thi tai t6i han coa ting 1én, va sy ting 1én theo dudng
cong phi tuyén, tuc 12 hiéu tng flexoelectric lam ting d6 cng cua dam.

tinh toan theo cong thuc: N, =

+ Tai téi han ctia dam trong truong hop Wo/h=0,5 16n hon so véi truong hop Wo/h=0,
dieu nay cling c6 nghia la tai toi han trong truong hop phi tuyen Ién hon so véi truong hop
tuyén tinh.

+ Khi tang gi tri cia tham s6 phi cuc bo thi tai t6i han cua dam nano giam xuong, diéu
nay chung to tham so dan hoi phi cuc bo lam giam d6 cang cua dam.

Trén hai hinh 4-5 trinh bay két qua tinh toan tai t6i han cia dam nano phu thuoc do
ctirng cua nén dan hoi, cac két qua nay cho thay:

+ Gia trj d¢ ciing cua nén cang I6n thi tai toi han cia dam nano cang I6n, diéu nay 1 vi
d6 cung cua dam da dugc tang 1én do nén dan hoi.

+ Sy bién ddi cua tai t6i han theo d6 cing ctia nén theo dudng tuyén tinh.

. -8
f, (10°% c/m) f,, (10 C/m)

0 i 2 3 4 0 1 2 3 4
a. Wo/h=0 b. Wo/h=0.5

Hinh 3. Sy bién d6i cua tai téi han phu thudc fis Véi cac gié tri khac nhau caa Wo, AT =100 K, AM =1
(%H,0), po=0,4, Vo=0,4, K =10, K. =2, 1-8-1.
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27

+ NL/h=0
26 + uL/h=1
—— uL/h=2
25 f|—o—p /=3

0 1|0 zlo Kw 3|0 4|0 50
a. Wo/h=0 b. Wo/h=0,5
Hinh 4. Sy bién ddi cua tai toi han phu thuoe K vai céc gié tri khéc nhau caa Wo, AT =100 K,

AM =1 (%H0), 1,=10 C/m, po =0,4, Vo=0,4, K. =2 1-8-1.

25

—0— i /h=3
0 0,5 1 K& 15 2 0 0,5 1 K 15 2

a) Wo/h=0 b) Wo/h=0,5
Hinh 5. Sy bién dbi cua tai ti han phu thugc K. véi céc gia tri khac nhau ciia Wo, AT =100 K,

AM =1 (%H,0), f1,=10°C/m, po =0,4, Vo=0,4, K_ =10, 1-8-1.

Hinh 6 trinh bay két qua tinh toén tai tgi han cia dam nano phu thudc vao ty 1¢ bién do
Wo/h va ty 1& chiéu day cac 16p, mot s6 nhan xét duge rat ra nhu sau: Tai toi han ting 1én theo
duong phi tuyén khi tang gia tri caa ty 18 bién d6 Wo/h, diéu nay 1a do tai téi han 1a ham bac
hai cua bién do Wo. Khi chiéu day 16p 18i cang Ién thi tai téi han caa dam cang nho, diéu nay
12 do mé dun dan hdi cua 16p 18i nhd hon so voi mé dun dan hoi caa lop bé mit.
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20
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0 01 0,2 Wah 03 0,4 0,5 0 01 0,2 Weh 03 04 05

a) f14 =0 b) f14 =10% C/m
Hinh 6. Sy bién d6i cua tai toi han phu thudc ty 1é Wo/h véi cac gié tri khac nhau cua ty 18 chiéu day

cac 16p, AT =100 K, AM =1 (%H,0), po =0.4, Vo=0,4, 1, =h, K =10, K =2.

5. KET LUAN

Bai bao di két hop giita Iy thuyét bién dang cit bac cao cai tién véi cach tiép can giai tich dé
nghién cuau tai toi han caa dam nhiéu I6p tya trén nén dan hoi cd ké dén hi¢u tng flexoelectric, trong
do co tinh dén bién dang 16n cua dam, cac két luan chinh dugce rat ra nhu sau:

+ Tham s6 dan hoi phi cuc bo cang 16n, thi kha ning chiu tai caa dam cang kém do tai
tai han ciia dam cang giam.

+ Hiéu tmg flexoelectric di 1am ting do cng caa dam, lam ting tai toi han cua dam, tac
la kha nang chiu tai cua dam tang 1én.

Nghién ciru nay 1a co s& khoa hoc gitp cac ki su lya chon cac tham sé hinh hoc va vat
liéu deé thiet ke cac két cau dang dam nano nhieu lop trong thyc te.

PHU LUC
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