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Abstract. Understanding the dynamic stability behaviour of functionally graded
microstructures is of great importance for the development of advanced micro-
electromechanical systems, aerospace components, and high-performance smart structures.
Accurate prediction of instability regions and vibration characteristics can significantly
improve structural reliability, safety, and lightweight design efficiency in modern
engineering applications. This study presents an analytical method for analysing the dynamic
stability of FG variable thickness microplate based on Mindlin plate theory, modified couple
stress theory and the Bolotin method. The microplate thickness is assumed to vary along the
length and width with a non-linear variation. The isogeometric analysis method is used to
derive the pulse frequency and dynamic stability region of the plate under different boundary
conditions. The accuracy of the model and calculation method is verified through numerical
comparison with reliable publications. A set of numerical results is collected to evaluate the
influence of input parameters; these results are crucial for the optimal calculation and design
of variable thickness structures in practice.

Keywords: Dynamic stability, variable thickness, microplate, isogeometric method,
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1. INTRODUCTION

The concept of functionally graded materials (FGMs) was initially introduced in Japan in 1984
as a new type of composite material with surface-to-surface variations in properties to carry out
particular functions, such as eliminating stress concentrations and offering corrosion protection
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from heat. Since the application of FGMs has lately spread to the realm of micro/nanotechnology,
functionally graded (FGs) micro/nano beams and plates are commonly used in atomic force
microscopy and micro and nanoelectromechanical systems (MEMS and NEMS). In these
applications, empirically demonstrated size effects [ 1] would significantly influence the prospective
uses of micro/nano FG beams and plates. Consequently, size effects must be considered when
forecasting the static and dynamic responses of micro/nano functionally graded beams and plates.
Traditional plate models grounded on continuum mechanics are incapable of predicting size effects
due to the absence of intrinsic length scales. In recent years, various size-dependent plate models
grounded in size-dependent continuum theories have been formulated, including non-local
elasticity theory [2], strain gradient theory [3], couple stress theory [4], and its modified variant [5].
Numerous studies have examined microstructures of different thicknesses, such as [6],
concentrating on addressing the static bending and natural vibration issues of the structure.
Furthermore, Huong et al. [7] employed the IGA method to investigate the nonlinear free vibration
of microplates with variable thickness and anisotropic mechanical properties, utilizing higher-order
shear strain theory and modified couple stress theory. Anh et al. [8] identified the nonlinear free
vibration characteristics of microplates with varied thicknesses composed of FG-GOEAM material
through the application of the IGA method and MCST. Lawongkerd et al. [9] investigated the linear
vibrational characteristics of multilayer microplate structures composed of graphene-reinforced
functionally graded material, supported by a viscoelastic substrate and subjected to a thermal
environment. Based on analytical methods, Tho and colleagues [10] analyzed the static bending of
FG beams resting on a two-parameter elastic foundation. The vibration behavior of structures under
explosive loads, especially plates with non-uniform thickness made of FGMs based on the finite
element method, was discovered by Hung [11]. Most of these studies predominantly concentrate
on assessing the static bending and vibrational properties of the structure, with a limited number
examining its mechanical performance under dynamic loads. Forecasting the performance of
structures subjected to dynamic loads is essential for the precise calculation and design of structures
functioning in real-world conditions.

To analyze the dynamic stability response of microplates made of materials with variable
mechanical properties and thickness that varies in both directions, this study suggests a combined
model based on the Mindlin plate theory and the MSCT. This model combines the IGA method
and the Bolotin method. The model is used to examine the impact of variables such as the thickness
variation law, material qualities, and load type on the structure's dynamic stability response after
being validated by comparison with trustworthy results in the literature. The findings of this study
can help with the design, computation, and optimization of micro-electromechanical systems that
support high-tech sectors like energy, semiconductor chips, sensors, and microprocessors.

2. MATHEMATICAL FOUNDATIONS AND MODELING

2.1. Geometric and material models

Examine a rectangle FG microplate with varied thickness, as depicted in Figure. 1. The
geometrical dimensions of the FG microplate, including length L,, width L, and thickness

h(x, y) , are denoted as. The FG microplate consists of a material exhibiting diverse mechanical

properties based on thickness, with the upper surface (z = /4/2) composed wholly of ceramic
and the lower surface (z=-//2) composed entirely of metal. Throughout operation, the
microplate experiences a load P(t) applied in the neutral plane of the microplate. The law
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governing the fluctuation in thickness of the microplate has a non-linear distribution in the
horizontal plane, as illustrated below [7]:
A,

h(x,y):ho{1+7x(x/Lx))“}{l+}/y(y/Ly) } (1)

in this context, y,7,, 4, A, are the parameters that regulate the thickness of the microplate,
whereas £, is the initial thickness of the plate structure. The mechanical properties of the plate

material are delineated as follows [12]:
E(z)=E,+(E,—E,)(05+z/h)",p(2)= p, +(p.— p,)(0.5+2/h)" (2)

where: £(z), p(z) denote the elastic modulus and density of the plate material, respectively;
the indices m and c signify the metal and ceramic components of the material, respectively; p,

denotes the material exponent factor.

Figure 1. Mechanical microplate model with variable thickness.

2.2. Constitutive relationships

According to Mindlin's plate theory [13], the displacement at every point within the FG
microplate with variable thickness is articulated as follows:

u (x,y,z) =u, (x,y)+zax (x,y), v(x,y,z) =V, (x,y) +za, (x,y), w(x,y,z) =W, (x,y) 3)
here: uy,vy,w, , a,, a, are the unknown displacement and rotational components.

The linear strain field of the variable thickness plate is described as below:

Oty o,
ox ox % P
: 0 oa o
£, =& +zg,,6 =y,, with: g = % 6 = ny V0= o 4)
Y —+a,
quy | vy a, , 00, o
oy Ox d ox
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The curvature tensor components ¢, are calculated using Yang's modified stress coupling

theory [14].

e
¢

. 1 2 5 5 5
¢b: Yy ’¢S: ¢xz —z ¢xz ’¢xle aw0+& ’¢7:_l 8W0+aax ’ (Sa)
¢ ¢;Z ¢y22 2\ oxoy  ox - 2\ oxoy oy
¢

zz

Xy

p _ 1 %_% p 1 o’w, _82W0 N oa, _Oa, 4 1 o%v, B o’u,
=2l oy )Y 4l et ot oy oax ) 4l axt axoy )
b = 1( %, &y, 5 = 1{ &%a, _Gzay = 1{ d%a, _azay
o4 loxoy ot )" 4l ot exdy )T 4l exdy  ox?

The following is the weak form that describes the oscillation of a microplate of variable
thickness, based on Hamilton's principle [15]:

(5b)

j (e, D,&, + 36! D.&, + 4. D, @, +p! D, .8, ) = j (%]D,z,)+ j Sul H,ii, (6)
S S

N

where S is the area of the plate element.

A B P h(x,y)/2 h(x,y)/2
DI’{ }’an{ Q}’{AaB,EF | 00zdzp=2 | o4z
B E Q R —h(x,y)/2 6 —h(x,y)/2
h(x,y)/2 h(x,y)/2 2
2Gl 0
{Po.R}= [ 0,0,22)dzD,= | medz,Qms{ } (7)
—h(x,y)/2 —h(x,y)/2 0 2Gl
g oM o | PO 0
" ox Oy " 0 P(t)
2GI? 0 0 0
@ G 0 0 2GI* 0 0 cu O
¢, ¢ 01, = ,0, = “ , (8)
Qb 12 22 me 0 0 2G12 0 Qb |: 0 CSS :|
0 0 ¢4 5
0 0 0 2Gl
u, 'L, 0 0 L 0]
Vo L 0 0 L h(xy)/2
u,=1w, 1 H, = L 0 0| (L,LyL)= [ (Lz27)dz )
a L3 0 —h(x,y)/2
a, L L3J

here: [ called the length scale coefficient.
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3. SOLUTION METHOD

3.1. The IGA method
Based on NURBS functions [14], displacement components u,,v,, w;,c,,«, of the FG

microplate can be calculated as belows:
N, N, N,
=>[R 0 0 0 O]de=21“:dc,v0=2[0 R, 0 0 OW,=>T1d, (10a)
e=1 e=l e=l
N, N, N, N,
=>[0 0 R 0 o]de=2r:’de,ax=2[o 0 0 R O0W,=>T4, (10b)
e=l1 e=1

N,

a,=3[0 00 0 R, ZF:de (10¢)

e=1
where: R, and d, denote the unknown shape functions and displacement vectors at the

control point e, respectively [14]; ( p+1)(q+1) is the number of control points per
physical element. By inserting Eq. (10) into Eq. (6), the paper derives a comprehensive
differential equation system that characterizes the oscillatory behaviour of the FG microplate
with variable thickness as follows:

Md+(K+Pt)K,)d=0 (11)

Nel Nel Nel
in which: M= M K= K K.=) K_ arcthe mass matrix, stiffness matrix and
e e G Ge

e=1 e=1 e=l
global geometric stiffness matrix of the structure respectively, their subcomponents are defined
as below:
T u v w X y r
M, = [ N"H,Ndxdy, K, jB D Bdxdy,N=|I" I I' I I] (12)

w w w
Se

B)'[4 B 07(B) |B.| [P 0 07|B.
K, =[|{B} |B E 0 |[{B{+{B.\|Q R 0 |\B), | |dvdy (13)
*'\B,) 0 0 DB |B,| |0 0 D,| B,
et | | earr
ox ox . ory o’r’ or:
) Fe + 2 - 2
or’ or’ Ox . 1| oxoy oy
B] = - 3Bz = - , D, = w |2 P ms = 9 (14)
oy oy .o 4l o’r; o'r
or; oI, or;  or; Ty ox®  Oxdy
| Oy ox | | Oy ox |
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ifer; Lor!
2\ ox0y  Ox

or: or 1 [azr:’ L or: ]
BT:{ary aL} g _ L] OxOy ox’ _ 2\ axay oy (15)
Yl o U™ 4o e | 1(or? or:

o oxdy _E[K_ dy J

1 o’r _821"6”’ +61"ey _ory
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here: T is the symbol for the transfer matrix.
3.2. Bolotin’s method for dynamic buckling problem

According to Hoff [16], the static and dynamic components of the periodic compressive
load are taken to be as follows:

Pt)=P+P, cos(a)t)chr(nH//cos(a)t)) (16)

in which P is the static load and P, denotes the vibration forced, P, is the static buckling

load, o is the pulsation frequency. Besides, 7 is the static load factor and y 1is the vibration
load factor. Substituting Eq. (16) into Eq.(11), we have:

Md +{K +P, (n+ycos(at)) K, }d =0 (17)

The above equation is the equation of the Mathieu-Hill type, which establishes the dynamic
instability response of plates subjected to the periodic compressive load. Bolotin’s method is
used to solve the dynamic unstable boundary. According to this approach, the displacement
vector d may be given in the series with period 27 as follows [16]:

d= z a, sin(@j+bk cos(@j (18)
k=1,3,5... 2 2

in whicha, and b, are constant vectors. Based on Bolotin’s theory [16] A=1 can be

approximated to gain the instability boundary. Substituting Eq. (18) into Eq. (17), the governing
equation of the plates is rewritten as follows:

2
de{K+Pa,(ni%JKG—%M}:O (19)

Now, the critical static stability load can be determined, supposing ¥ =0,0=0. The

following boundary conditions are described and defined in the article: S stands for single
support connection, and C for clamp connection.
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4. SOME NUMERICAL RESULTS AND COMMENTS

4.1. Verify accuracy

Previous studies have shown that, for the rectangular microplate structure problem using
the iso-geometric section method based on the NUBRS function, the calculation results achieve
reliable convergence when the number of control points is 11x11 and the degree of the function
is p(q)=4 [17]. Therefore, in this study, the number of control nodes is 11x11 and the element
degree is p(g)=4 which are used for all the investigations in this study. Firstly, Table 1 presents

a comparison of the non-dimensional natural frequencies Q" = @, / p.L! / (Echz) of the varying

mechanical properties of the FG microplates. The thickness of the plates is specified as medium
(L, / h=20) and thin (L /h =100) with four values of the material length scale parameter

1/h=0.2, 0.4, 0.8, 1.0. The findings provided by the paper are in full agreement with the results
reported in [18] as seen in Table 1.

Table 1. Comparison of natural frequencies Q" of FG microplates.

p.=0 p. =1 p.=10
L / h I/h [18] paper [18] paper [18] paper
0.2 6.4027 6.4424 4.9568 4.9834 4.0323 4.0657
20 0.4 7.6708 7.7081 6.0756 6.1016 4.7488 4.7755
0.8 11.4108 11.4478 9.2887 9.3171 6.9013 6.9216
1 13.5545 13.5934 11.1042 11.1352 8.1494 8.1691
0.2 6.4534 6.4551 4.9922 4.9940 4.0725 4.0751
100 0.4 7.7217 7.7233 6.1126 6.1146 4.7840 4.7866
0.8 11.4689 11.4704 9.3344 9.3370 6.9345 6.9375
1 13.6186 13.6202 11.1560 11.1589 8.1846 8.1880

Next, a comparison of the critical buckling load values of isotropic plates with linearly
varying thickness in the y-direction is presented in Table 2. The input parameters and exact
results are published in the study [14]. From the data table, it can be seen that, with the change

of the taper coefficient y and the ratio L, / L, , the results proposed by the paper are in complete
agreement with the results published in [14].

Table 2. The dimensionless buckling load values of a uniformly squeezed isotropic plate with
changing thickness along the y-axis.

L, /Ly method y, =0.125 y, =025 y,=0.5 y, =10
0.5 [14] 7.4621 8.7531 11.5687 18.1368

’ paper 7.4625 8.7534 11.5691 18.1372
11 [14] 4.8363 5.7242 7.7729 12.9874

’ paper 4.8366 5.7247 7.7732 12.9880
15 [14] 5.1931 6.1249 8.2311 13.4394

’ paper 5.1935 6.1254 8.2321 13.4402

A study on dynamic stability characteristics of FG plates is examined. Material properties
are given by: E. =14.4GPa,E, =1.44GPa, p, =12000kg/m’ , p, =1200kg/m’, v, =v, =0.38,
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h=17.6um,L =L, =10hk, =1. In Figure 2, the effect of the static force factor on the
dynamic buckling behaviour of S-FGM plates and the influence of the dynamic force factor on
the pulse factor are presented. When there is a change in the static load factor 7, the results

proposed in this paper are in complete agreement with the results published by Han et al. [19].
3

Present: n=0
Present: n=0.5

N
o
|

o Han et.al (2015): 6 =0
o Han et.al (2015): § =0.5

[N}

Dynamic load factor,
—_
- ot

©
ot

0.6 0.8 1 1.2 1415

0 02 04
FExcitation frequency, ()

Figure 2. The effects of static load factor on the dynamic instability of S-FGM plate.

4.2. Results of the Survey

The microplate structure's input parameters are as follows in order to get the dynamic

stability response results (some parameters will change during investigation; the remaining
values remain unchanged): &, =17.6um, L, =10h,, L, =10k, =0.3hy, p. =1,y, =0.15,
7, =0254 =25,4,=1.5. Variable mechanical properties materials made of metallic
materials A/ and ceramic materials ZrO,have mechanical properties [20] is E, =200GPa,
v.=0.3,p, =3.0g/cm’ ,E, =70GPa,v, =0.3,p, =2.7g/cm’ . The pulse frequency of the FG
microplate is presented as numerical result plots as shown below:

— , me4
Q=ER ¢
m" "0

First, the influence of the value p, on the dynamic stability region response and pulse

frequency Q of the FG microplate is described in Figure 3. It can be seen that as the value p.

increases, the stability region of the plate shifts to the left and the pulse frequency also
decreases. This is explained by the fact that as the value p, increases, the material phase of the

FG microplate shifts from ceramic to a softer metal, and therefore the FG microplate becomes
softer and more prone to instability. Furthermore, it can be seen that the CCCC boundary
condition provides better stability than the SSSS boundary condition. Next, the effect of the
length-scale parameter /on the stability region of the FG plate is described in Figure 4. It is
easy to see that increasing the value will make the plate stiffer, due to the addition of strain
energy. This directly causes the stability region of the structure to shift to the right with

614



Transport and Communications Science Journal, Vol. 77, Issue 4 (05/2026), 607-618

increasing pulse frequency Q. This is explained by the fact that, at the microscale, as the length-
scale parameter / increases, the elastic strain energy of the structure increases, and therefore it
becomes stiffer. However, when the size of the structure becomes macroscopic, this size effect
will no longer have a significant impact and is often ignored. Finally, the influence of thickness
rule control coefficients on the stability region of the FG microplate is described in Figure 5
and Figure 6. It can be seen that the taper coefficient y,,y makes the structure thicker, which

directly increases its stability, while an increase in the thickness rule control coefficient 4, A,

makes the structure more prone to instability. Therefore, in practical design calculations,
finding the specific thickness rule control is a prerequisite and crucial to the stability of the
structure during operation.

1

= 08} = 0.8}
. .
QS )
E E
“~ 0.6 “ 0.6 |
S =3
S g
204t 204}
% ——p, =0 g —0—p. =0
g —0—p. =05 s —0—p. =05
Q02| —0—p. =1 Q 0.2 —o—p. =1
Pz = P, =2
—0—p. =10 —0—p. =10
0 I . 0 ‘
0.5 1 1.5 2 2.5 3 2 3 4 5 6
FExcitation frequency, (2 Excitation frequency,$)

a) SSSS b) CCCC

Figure 3. The effect of grading index p. on the stability region of the FG microplate.

/Z ‘ 1
L 08¢ 1 L 08)
5 5
Q Q
S 0.6} S 0.6
=04} 204}
S —o—1/hy =0 § —o—1/hg =0
2 —0—1/hy = 0.2 S —0—1/hg =0
0.2 —0—1/hy = 0.51] 0.2 —0—1/hy=0
l/}L0:O7 l/hgio
—O—l/hoil.o —O—l/h():l
0 ~& w 0 . P e ws——
2 4 6 8 10 3 4 5

FExcitation frequency, (2

a) CCCC
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Figure 4. The effect of length-scale parameter / on the stability region of the FG microplate.
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Figure 5. Effect of thickness rule control coefficient 4, A, on the stability region of the FG
microplate.
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Figure 6. Effect of taper coefficient y,, y, on the stability region of the FG microplate.

5. CONCLUSION

Based on the IGA method, modified stress couple theory, and first-order shear strain
theory, this paper conducts a dynamic stability analysis of microplates made of materials with
varying mechanical properties and a thickness that changes non-linearly in two directions in the
horizontal plane. The paper established a computational program in MATLAB software and
verified it through reliable numerical comparison. The study showed that the length-scale
coefficient [ greatly affects the stability of micrometer-sized structures, but this effect is
ignored as the size grows to macro-scale. The stability region shifts to the left, and the pulse
frequency decreases as the material volume coefficient p, increases. Meanwhile, the taper

coefficient y,,y, increases, making the microplate stiffer and thus increasing the microplate's
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pulse frequency. Conversely, increasing the thickness rule control coefficient A, A, causes the

dynamic stability region to shift to the left and the pulse frequency to decrease. Furthermore,
the pulse frequency and stability region results are highly dependent on various boundary
conditions. These results can serve as useful references in the calculation and design of
microelectromechanical structures, serving high-tech engineering fields such as
semiconductors, chips, sensors, and biomedical engineering.
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