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Abstract. Doubly porous media have attracted a great number of investigations of the
research community in recent years. In these materials, effective permeability is one of the
most important properties. This work is concerned with the doubly porous media made of a
permeable solid phase containing a network of non-interconnected fluid-filled pores and the
interfaces between them are rough. The main purpose of this work is to study the influence
of that interface roughness on the effective permeability of the double porosity material. To
achieve the target, by employing the Boundary Element Method, we first solve the velocity
and pressure fields of the fluid flow in an infinite permeable solid containing a pore with
rough surface and undergoing a remote uniform pressure gradient. Next, each pore is replaced
with an equivalent permeable inclusion and its permeability can determined by using the
above solutions. Finally, the dilute distribution (DD) and Mori—Tanaka (MT) schemes are
applied to determinate the effective permeabilty of the doubly porous material under
consideration. The results given by the proposed approach are compared with the finite
element and the impact of interface roughness on the effective permeabilty is discussed.
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Tom tit. Mbi truong rong kép da thu hat duogc s6 lugng 16n cac nghién cau trong gisi khoa
hoc nhitng nam gan day. Déi vai loai vat liéu nay, do tham co hiéu 1a mot trong nhiing tinh
chat quan trong nhat. Nghién ciru ndy xem xét bai toan méi truong rong kép ma duoc tao boi
pha nén Ia chat ran cho phép tham ham chira trong né 1a hé thdng 16 rong khdng két ndi lap
day chat long, mat tiép xuc gitta hai pha 1a gd ghé. Muc tiéu chinh caa nghién cau nay la
déanh gia sy anh huong ciia do go ghé dén do tham c6 hiéu cua vat ligu rong kép. Dé dat duoc
muc tiéu nay, bang cach tng dung phuong phap phan tir bién, ching toi tién hanh giai bai
toan tim trudng van toc va ap suit cua dong chat long chdy qua mot mién chit ran vo han cho
phép tham, ham chtra mot 16 rdng c6 bé mat go ghé chiu tac dung ciia mot gradient ap suét &
xa vo cung. Tiép dén, mdi 15 rong dugc thay thé bang mot hat nhan twong dwong c6 d6 tham
dugc xéac dinh théng qua nghiém cua bai toan ndi trén. Cubi ciing, mé hinh pha lodng va md
hinh Mori-Tanaka dugc sir dung dé du bao do tham c6 hiéu cua vat liéu rong kép. Két qua
thu dugc tir phuong phap dé xuat dugc so sanh véi phuong phap phan tir hitu han, dong thoi
su anh huéng cia mat tiép xc gd ghé dén do tham cé hiéu duoc phan tich va danh gia.

Tur khda: Do tham c6 higu, do rong kép, mat tiép xdc go ghé, co hoc vi mo, dong nhat hda,
phuong phap phan tir bién.

@2024 Truong Pai hoc Giao thong Vdn tdi
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1. PAT VAN PE

MBoi truong rong kép cd thé duoc xem xét va xar Iy nhu mot vat lidu khong ddng nhét duoc
tao boi mot pha nén 1a chét ran trong d6 c6 chira céc 16 rong duoc chira ddy nudc. Trong tu
nhién, nhitng vat liéu nhu da, dat, dat sét, xwong hoac gd c6 thé duoc coi l1a vat lidu rdng kép
hoac tham chi vat liéu r5ng da cép dd. Nhirng vat liéu nhan tao nhu da xi mang, gach, bé tong,
bé tdng nhwa v.v. ciing thudng ton tai ¢ dang vat liéu réng da cip do. Vi du trong bé téng, 15
rdng tao boi khe ho giira cac hat cdt liu cd thé duoc xem 12 15 rdng & cip do thir nhit, trong
khi d6 vét nut hodc 16 bot khi duwoc nhan dinh 1a 16 rdng & cip d6 16n hon dai dién cho cap do
rdng tha hai. Phan 16n cac nghién ciru lién quan dén vat liéu rdng néi chung va vat liéu rdng
kép ndi riéng 1a hudng dén viéc xac dinh cac tinh chat truyén dan cé hiéu caa ching [1-16],
trong d6 d6 tham cd hiéu 1a mot trong nhiing tinh chat quan trong nhat.

Viéc dy bao do thim c6 hiéu cua vat liéu rdng kép thu hut duoc sy quan tdm cta nhiéu nha
khoa hoc trén thé giéi vai nhiéu phuong phap tiép can khac nhau, c6 thé ké dén nhu phuong
phap ddng nhat hoa [1, 15-18], phuong phap phan tir hitu han [5, 8, 19, 20] va phuong phap
bién d6i nhanh Fourier [10, 11, 21]. Piéu dang luu ¥ 1a hau hét cac nghién ciru ké trén chua tinh
dén vigc xem xét anh hudng cua trang thai bé mat IS rong dén do tham c6 higu ciia vat ligu tong
thé mac du thyc té bé mat 16 réng thuong go ghe Chinh vi vy nghién cau nay huéng dén viéc
xem Xét dong chay chat long di qua vat liéu rdng c6 chua céc 16 rong vi mo lap day chét long
VGi bé mat go ghé, tir d6 xac dinh do tham co hi¢u cua vat licu rong kép va phan tich sy phu
thudc cua dai lugng nay vao mue do g6 ghé cua bé mat 16 réng. Trong do bé mat gd ghé cua 16
rong dugc m6 hinh duéi dang Iugn song theo ham s6 sine, mtrc do g6 ghé duoc dic trung thong
qua s lugng budc song va bién do go ghé. Tai diém chuyén tiép giira pha long va pha ran diéu
ki¢n Beavers—Joseph—Saffman van duoc st dung dé md ta trang thai tiép xtc. Dong chat long
di qua mdi trudng rong kép noi trén duoc md phong bang phuong trinh dong chay lién hop
Darcy-Stokes.

Bai bao nay duoc cau tric theo trinh ty co ban nhu sau. Muc 2 danh dé giéi thiéu tong quan
vé md hinh bai todn xem xét, cac phuong trinh diéu chinh, diéu kién tiép xtc ran/long va nguyén
ly tong quat xac dinh hé s6 tham vi mo. Tiép theo, trong muc 3 nhdm tac gia trinh bay chi tiét
nguyén tic xac dinh hé sb tham c6 hiéu bang viéc stir dung két hop nguyén Iy hat nhan twong
duong va cac mod hinh ddng nhat hda co dién trong co hoc vi md. Trong muc 4, bai toan phu
trg mot hat s& duoc giai s6 bang phuong phap phan tir bién dé xac dinh truong nghiém cia dong
chay chat long bén trong va ngoai 15 rdng lap day chat long c6 bé mat ghd ghé. Muc 5 sé danh
dé tng dung cho mot sb vi du véi s6 lidu dau vao cu thé. Két thic bai bdo bang muc 6 véi mot
s6 két luan va kién nghi.

2. MO HINH BAI TOAN VA CAC PHUONG TRINH PIEU CHINH CO BAN

Vit liéu rong kép xem xét trong nghién ctru nay dugc mé hinh boi mot mién chat nén ran
Q cho phép thdm nam trong khong gian hai chiéu, dic trung boi o tham k., bén trong né 1a cac
15 rdng cung kich thuse QO (i = 1,2, -+, N) lap day chit long véi bé mit gd ghé dwoc phan b
mot cach ngau nhién, lvu ¥ rang mién chat nén con lai khong chira 16 rdng dugc goi 1a Q@
(xem hinh 1). Dong chit long chay qua méi trudng nay duoc gia dinh 1a chat long Newtonian
khéng nén duoc vai do nhét dong hoc 1a 1. DONg chay duoc sinh ra boi mot gradient &p suat vi
mo & xa vo cling biéu dién bai vector G = (Gl, G,) = (G cos Y, Ge siny) voiy la goc tao boi
huong cua vector nay va truc toa do x. Mat tlep xUc giira pha nén ran va pha Iong (I 6 rong chira
chat long) duoc ky hiéu boi duong cong I'®, ¢é md phong trang thai bé mat gd ghé cuaa 16 rdng
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duong cong nay c6 dang ham s6 sine R(6) = R, + A sin(B), mitc do go ghé duoc dic trung
bai bién d6 nham A va s6 lugng dinh B .

Hinh 1. M6 hinh bai todn xem xét.

O day chung ta dwa vao khai niém chiéu dai dic trung cua I3 rdng Req chiéu dai nay duoc
hiéu 12 ban kinh ciia mot 16 rdng hinh tron twong duong cé dién tich bang dién tich caa I rong
g6 ghé Q@ nhu vay né c6 thé duoc xac dinh nhu sau:

Req =\/S/7T, €]
trong d6 S 1a dién tich cua 16 rong.

Pé dua toan bo cac dai lugng va phuong trinh sir dung trong nghién ctiru nay vé dang khéng
thir nguyén, chiing ta lua chon R,q, Goo RZ, /1, RZ;, Goo, RZ, 120 luot 13 céc gid tri tham chiéu cua
van toc, gradient ap suat, ap suat va do tham. Nho d6, phuong trinh Darcy mé ta dong chay di
qua pha nén duoc viét dudi dang khong don vi nhu sau:

U (x) = —kVP®)(x), xeQ©, (2)
v6i U (x) = (US, V) va P lan luot 1a van téc va &p suat khong don vi cia dong
chay trong mién con Q©@.

D4i v6i mién chat long ndm trong 18 réng, treong van toc va ap suét tuan this theo phuong
trinh Stokes biéu dién dudi dang khong thi nguyén dudi day:

AP (x) =vpP(x), V- ul(x)=0, xeq®. 3)
Trong phwong trinh trén u® (x) = (W®, v®) va p® dai dién cho van téc va &p suat cua cht
l6ng bén trong 15 rdng QO .

Pé md ta diéu kién chuyén tiép giira pha ran va pha long ciia méi truong rong kép dang
xem xét, & ddy ching ta ap dung diéu kién Beavers—Joseph—Saffman tai mat tiép xtc I'®, né
duoc biéu dién cu thé bang 3 phuong trinh sau:

uP (x)nx)=U (x)n(x) véi xer®, (4)
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[u(f) (x)-U® (x)]-t(x):lﬁ[a(f) (x)'n(x)]t(x) v&i xel' @, (5)
p) (x)-PO (x)=n(x) - [Vu(f )(x)+vTu? (x)] n(x) véi xeT®, (6)

trong d6 n(x) 1a vector phép tuyén tai I'® va c6 hudng tir mién Stokes dén mién Darcy; 6 (x)
la tensor tng suat Cauchy trong trong pha long; A 1a hé sb truot ban kinh nghiém khéng thi
nguyén, lay gi4 tri trong khoang tir 0 dén 5, t(x) 1a véc to tiép tuyén véi voi duong cong T,
Luu ¥ rang, trong cac phuong trinh ndi trén cac chi s6 “f”, “s” lan luot cha thich cho mién
Stokes va mién Darcy.

O cap do téng thé cua vat liéu rong kép, tng xur ¢ hiéu cia dong chat 1ong dugc dic trung
bai quy luat Darcy khdng thir nguyén dudi day:

U = —K¢/TVP. 7
Trén day, K¢/ dai dién cho tensor d thim c6 hiéu con U va VP lan luot I van téc va gradient
&p suat vi mo.
3. XAC PINH PQ THAM CO HIEU BANG CAC MO HINH PONG NHAT HOA
D¢ dat duoc muc tiéu xéc dinh d6 tham c6 hiéu ciia moi trueong réng kép nhu mo té o trén,
chung ta can thuc hién tuan tu hai budc.

Budc thir nhat, bang cach sir dung phuong phap hat nhan twong duong, mdi mét 16 rong
chira chat long ) duoc thay thé bang mét hat nhan rén cho phép tham 0 ¢6 ciing hinh dang
va kich thudc dong thoi do t’hém turong duong duoc ky hiéu 1a K@, o thim twong duong nay
dugc xac dinh thdng qua moi quan hé dudi day:

(w)® = —KO(vp)®, (8)

vai (u)@, (Vp)®D 14 trung binh van téc va gradient ap suét trén mién 15 rdng thir “i”. Cac

(u)® = % (J) [UD(x)n(x)]xdx, (Vp)® = % _([)P(S)(x)-n(x) dx véixer®, 9
ra ra

Budc thtr hai, do tham c6 hiéu K¢/ duoc udc tinh thong qua cac mo hinh dong nhét hoa
trong co hoc vi m6 ¢6 dién dugc biéu dién qua biéu thirc tong quat sau day:

N
Ke/f = kI + Z $i (KD — k1) - AD, (10)

=1

trong d6 ¢; la ty dién cua 15 rdng thir “i”, AW dai dién cho tensor dinh vi. Toan bd qué
trinh dong nhat hoa ndi trén duwgc mo ta trén hinh 2.
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Hinh 2. Quy trinh dong nhat héa.

Trong pham vi nghién ciru nay, ching ta st dung mé hinh b&o hoa (DD) va Mori-Tanaka
(MT) dé thuc hién quy trinh ddng nhat hda, chi tiét vé cac moé hinh nay cd thé tim thay trong
cudn sach caa Tran Bao Viét va cac cong su [22], tensor do thadm c6 hiéu KPP va KMT cd thé
thu duoc thong qua hai céng thirc sau:

N
i=1
va
N N -1
KMT = {qbokl + > ¢ KD -7\(")} : {¢ol + @ND} : (12)
2 2

Trong hai cong thirc néu trén I 1a tensor don vi bac 2, ¢, 1a ty dién cua pha nén ran, A® 13
dang don gian hoa cua tensor dinh vi A®. Tensor dinh vi don gian héa A® duoc xac dinh cac
thanh phan dya vao mai lién hé dudi day:

(Vp)(i) =_AW.qG. (13)
4. XAC PINH NGHIEM CUA BAI TOAN PHU TRQ MOT HAT

Bai toan xé&c dinh do tham c6 hiéu bing so 6 dong nhat hoa trong co hoc vi mé ¢b dién &
muc 3 duoc giai quyét hoan toan khi biét duoc do thim twong dwong K® va tensor dinh vi AD.
Trong nghién Clu nay, chung dugc xac dinh bing cach giai bai toan phu tro mot hat (béj toan
Darcy-Stokes két hop). Bai todn phu tro mot hat la bai toan tim truong vat toc va ap suat bén
trong va bén ngoai mét 15 rdng duy nhat Q07 I4p day chat 1ong (goi 1a hat), dit trong mot mién
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chat ran vo han Q% cho phép thim dic trung bai hé sé thim khong thir nguyén k, chiu tac dung
cua mot truong gradient ap suit G nhu mo ta chi tiét & muc 2. Mién tiép xuc gitta hai pha nay
dugc ky hiéu boi T. Pé tim nghiém cua bai toan phu trg, ¢ ddy nhém nghién ciru st dung
phuong phap phan tir bién.

Trudng van toc va ap suat bén trong 15 rdng QY duoc biéu dién bang hai phuong trinh
tich phan bién nhu sau:

e@ul = - f () SxE) dix) - f 0P () 3%, n(x)dI(x), (14)
(@ pP = f D@8 dix) + f 1 (0)-0(x,H) n(x)dI(x). (15)
r r

_ Truong van toc va &p suat trén mien Darcy Q&) = *\Q) dugc tach thanh hai phan bao
gom phan & xa vo cung va phan nhiéu dudi day:

P X)) =p*x) + p(s) (%), u® x)=u®X) + u® x) vxe Q) (16)
trong dé
p®(x) =G-x, u”(x) = —kG. a7

Phan nhiéu caa truedng van tée va ép suat duoc biéu dién bang phuong trinh tich phan bién
trén mién Darcy nhu sau:

(@p = j 4D (0g % di(x) + f P (RN dI(x), (18)
MEF F?::i

cEu = k f 4OMTg(xE) dix) — k f PO ()VA(E) dI(x). (19)
r r

Trong cac phuong trinh tich phan bién néi trén € va c 1a cac hang sb c6 gia tri phu thuoc
vao vi tri cua diém nguon & cu thé nhu sau:

1 khi & ndm trong Q) /QY),
1 . . i
c(§)/e(§) = 3 khi & ndm trén mién tiép xtc T, (20)
0 khi & ndm ngoai Q&) /Q;

1w, ¢, p© 13 cac gia tri trén bién cua luc kéo, van tdc, dong va &p xuét tai diém x
trén duong tiép xuc T; S, 3, f, O, g, h lan luot 1a Stokeslet, tensor Green ting suat bac ba, vector
&p suat twong tng cua Stokeslet, tensor &p suat bac hai twong ung cua tensor Green ng suét,
nghiém co ban cua &p suat dong. Biéu thirc cu thé cta cac ham Green nay duoc trinh bay mot
cach chi tiét trong céc cudn séch cua Pozrikidis [23] va Katsikadelis [24].

Thuc hién roi rac hoa cac phuong trinh tich phan bién két hop véi cac diéu kién tiép xtc
chlng ta giai dugc cac gia tri trén bién noi trén. Thay nguoc cac gia tri trén bién tim dugc vao
phuong trinh tich phan bién dé xac dinh truong van toc va ap suat tai bat cr diém nao trén mién
tinh toan xem xét. D¢ hiéu thém vé k§ thuat ctia phuong phap phan tir bién nguoi doc ¢ thé
tham khao tai li¢u cua Brebbia va Dominiguez [25].
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5. AP DUNG SO VA PHAN TICH CAC KET QUA

Nham muc dich minh hoa sé cac két qua rit ra tir viéc giai bai toan Darcy-Stokes két hop,
trudc tién chdng ta tinh toan nghiém cua bai toan phu trg mot hat véi cac thong s6 cu thé nhu
A=03;B=20;1=2; k=10"° Gradient ap suat G = (1,0) &4p vao mién tinh todn & xa vd
cung. Pé kiém chung tinh dang dan cua nghiém nay cling nhu d6 tin cay cua phuong phap dé
XUt nhom nghién ctru da so sanh véi cac két qua thu duoc bang phuong phap phan tur hiru han
trén nén tang phan mém Comsol Multiphysics, tuy nhién phan mém nay khong thé mé phong
mién tinh todn vo han nhu bai toan dt ra, chinh vi vy mién tinh toan duoc thiét 1ap trong pham
vi hitu han nhung Ién hon nhiéu so véi kich thuéc 16 rdng dé dugc tam coi 1a vo han, cu thé
trong nghién ciru nay kich thuéc cta hinh vudng bao quanh 16 rdng la 30 x 30 (m?) trong khi
d6 15 rdng cd Ry, = 0,9772 m. Trong md phong phan tir hitu han mién tinh todn dugc roi rac
héa thanh 113576 phan tir voi 56861 ndt minh hoa trén hinh 3.

L L ! L L

AvA
AVAYAY

A
.

INI
X
X

=D : r
-4 -

-6| o B

-8 SKRKE VAV XX
-10] AVAVAVAVAVAVA .

=T 21 * % XX I
147 ; -

4 m
) ‘10 0 10 |
Hinh 3. Minh hoa viéc chia luéi toan bo mién tinh toan (trai) va phan 15 rong (phai) theo PP PTHH.

Hinh 4 12 hinh anh minh hoa trudng &p suat sau khi tinh toan bang Comsol Multiphysics
hoan tat. Trén hinh 5 ching ta biéu dién su bién thién van toc u = (x, 0) vau = (0, y) lan luot
tai cac diém nam trén truc toa do x va y duoc tinh toan bang phuong phap dé xuat trong nghién
ctu (BEM) nay dong thoi so sanh vai két qua trong ung md phong bang phuong phap phan tir
hitu han (FEM), chling ta d& dang nhan thay rang hai két qua nay la kha trang khit.

m

!
-4t
-6}
-8t

.10}

-12}

-14!

20 -10 0 10
Hinh 4. Truong ap suat khi md phong bang PP PTHH
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-6 -6

x 10 7 7 7 7 7 )
—BEM —BEM

%10

* FEM

0 L I | I _
S 4 3 2 -1 0 1 2 3 4 5 S5 4 3 2 -1 0 1 2 3 4 5
X y
Hinh 5. Bién thién van téc u doc theo truc toa do x (tréi) va doc theo truc toa do y (phai).

Tiép theo, dé tim hiéu vé mirc d6 anh huong cia bé mat go ghé trong 15 rong dén do tham
¢6 hiéu cia mé hinh vat liéu rong kép nhu mé ta trong nghién ciu nay, chdng ta minh hoa trén
hinh 6 va 7 biéu d6 3D thé hién su bién thién caa d6 thim c6 hiéu khong thir nguyén k¢//theo
d6 rdng ¢ va s luong dinh go ghé B cho cac bién do go ghé khac nhau A = 0,1;0,2; 0,3; 0,4,
trong d6 két qua trén hinh 6 dugc xac dinh bang mé hinh pha lodng (DD) con hinh 7 1a két qua
ddng nhat hoa do tham bang md hinh Mori-Tanaka (MT). Vé co ban, chlng ta nhan thay rang
d6i v6i ca hai mé hinh DD va MT thi 6 tham c6 hiéu tang khi ty dién 15 rdng va s6 luong dinh
g6 ghé tiang, bién d6 nham cang 16n thi d6 tham c6 hiéu cang 16n. Bé minh hoa rd hon cho nhan
dinh nay, chdng ta biéu dién trén hinh 8, 9, 10 cac lat cit cua biéu d6 3D.

(10 = ki A=0.1
i < khi A=0.2
< khi A=0.3
= khi A=0.4
3.5
3|
g 25
-4
2
1.5
1

10 0.6
6 0.7
0.8

Hinh 6. Bién thién d¢ thim c6 hiéu theo s lugng dinh go ghé B va ty dién 16 rong vi md ¢ sir
dung mo hinh dong nhat hoa pha lodng (DD).
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%1075 —T B ihia-01]
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Hinh 7. Bién thién do thim c6 hi¢u theo s6 lugng dinh go ghé B va ty dién I3 rong vi mo ¢ sir dung
mo hinh dong nhat hdéa Mori-Tanaka(MT).

%107

—kPP khi A=0.1&¢=0.05
- - kPP khi A=0.2&¢=0.05
-~ kPP khi A=0.3&¢=0.05
........ kPP khi A=0.4&¢=0.05
12 kM khi A=0.1&¢=0.05
o KMT khi A=02&¢=0.05

= kMT khi A=0 3&¢=0.05

118 -0k MT khi A=0 4&¢=0.05

122

e o s A A Y s
- P R L
1.16 o """"""""""""""""""""""""" A
i N *_—*
o ......... /*7//‘,,7»/ _—___—_—-_____—_-_—__—__—
L= > s s o
S i T M R
]]4 w” /.—"/ _e_—-o___e__e__e_--o- -G (=] ]
- _o_,,e'—e‘ __________________________
PO "o N N S
1.1 =

6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
B
Hinh 8. Bién thién d¢ thim c6 hi¢u theo s lugng dinh go ghé B thay dbi khi ¢ = 0,05.
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Hinh 9. Bién thién d6 tham c6 hiéu theo theo ty dién 15 rong khi s6 lwong dinh go ghé B = 16.
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Hinh 10. Bién thién d6 tham c6 hiéu theo theo ty dién 15 rong khi bién do go ghé 4 = 0,2.
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6. KET LUAN

Trong nghién ctru nay chung t6i da str dung cac ky thuat cia phuong phéap phan tir bién dé
MO phong trudng nghiém cua bai toan phu trg mot hat — bai toan lién quan dén mot 16 rong 1ap
day chat long dat trong mot mién chét ran vo han cho phép tham. Nghiém cua bai toan phu tro
dugc su dung dé tinh toan do thim cua hat nhin twong dwong. Mai truong rong kép ban dau
chtra céc 16 rdng go ghé gio day duoc thay thé bing cac hat nhan twong duong ma chung ta da
tinh toan duoc d6 thim caa ching. Cubi cing d6 thdm c6 hiéu cua vat liéu xem xét dugc Xac
dinh bang cach van dung cac so dd ddng nhat ha cb dién trong co hoc Vi , cu thé trong bai bao
nay 1a hai md hinh pha lodng va Mori-Tanaka. Bing céch thay di cac théng sé dic trung cho
bé mat gb ghé cua I6 rdng, ching t6i tién hanh xem xét va binh luan &ng xir cua gia tri do thaim
c6 hiéu. Phuong phéap dé xuat duoc kiém nghiém tinh hiéu qua va chinh xac bang viéc so sanh
vé6i phuong phap phan ti hitu han.

LOI CAM ON

Nghién ctru nay duoc tai trg boi Truong dai hoc Giao thdng van tai (PH GTVT) trong dé
tai ma s6 T2024-CT-005.
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