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Abstract. Seismic analysis of soil-structure interaction (SSI) is a challenge due to the non-

linearities of soil-foundation interaction (SFI). The reliability of the design and the analysis 

results will suffer if SSI is ignored. In this paper, a two-step method based on the 

superposition theorem is used to perform a seismic analysis of a soil-foundation-tank-liquid 

system (soil-liquid tank system). The SFI analysis was conducted in the first step using the 

CyclicTP program's finite-element method. Meanwhile, the liquid tank system was analyzed 

in the second step using the lumped-parameter method. Numerical simulations conducted in 

homogeneous strata of sand soil demonstrated that the responses of the liquid tank were 24–

70% higher than the results of the fixed-base model. Compared to the sway-rocking model, 

these responses did not differ by 20%. This study also investigated cohesive soils of 

homogeneous clays and multiple strata. The paper recommends that future research 

investigate the experimentation, the geometric nonlinearity of the soil-foundation system, and 

the stress-strain analysis of the tank wall. 

Keywords: liquid tank system, soil-foundation interaction, soil-structure interaction, seismic 

analysis, superposition theorem. 
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1. INTRODUCTION  

Most seismic analyses for structural design are carried out with the assumption that the 

structures are fixed at the foundation level, as illustrated by Fig. 1(a), the fixed-base model [1]. 

Inertial forces produced by an earthquake's loading cause base shears and bending moments at 

the structure's base. The base of the structure can rotate and translate at the structural base, as 
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shown in Fig. 1(b), the sway-rocking model [2]. In this model, the structure is connected at the 

base by rotational and horizontal springs. In highly flexible structural systems, foundation 

motions may be neglected due to their small value in relation to the structure. However, for stiff 

structures, the overall flexibility of the system may be greatly increased by foundation motions. 

Therefore, ignoring these effects could make seismic response estimations unreliable [3].  

 

 
Figure 1. Two available simplified models: (a) fixed-base model [1], (b) sway-rocking model [2]. 

Seismic waves from an earthquake are transmitted from the ground through a structure's 

foundations. The structure is excited when seismic waves hit the foundations. The motion of 

the structure simultaneously changes the movement of the foundation and ground. The term 

“soil-structure interaction” refers to this phenomenon. The dynamically excited structure at a 

soil site causes two phenomena: kinematic and inertial interactions. Seismic analysis in the 

absence of a structure is referred to as kinematic interaction. Incoming seismic waves are 

reflected and refracted as they approach the soil-foundation interface because the foundation's 

stiffness is different from that of the nearby soil. The second phenomenon, inertial interaction, 

takes place when a structure is dynamically excited by a kinematic interaction [2,4]. 

The seismic interaction of soil-foundation systems was simply modeled using commercial 

software in the case of liquid tanks analyzed using the finite element method (FEM). Using the 

SAP2000 and 3DBASIS-ME programs, Seleemah [5,6] examined the seismic response of 

liquid tanks isolated by elastomeric or sliding bearings. Livaoglu [7] studied the effects of 

foundation placement on liquid tank responses, with a focus on soft soils and tank roofs. The 

ANSYS program was used to perform the dynamic analysis of the interaction between soil, 

foundation, tank, and liquid (SFTL). In Zhang's research [8], the SFTL system was also 

numerically simulated using the ANSYS program. 

Many studies (e.g., Quan [9], Saha [10], Miguel [11], Kim [12], and Malhotra [13]) have 

investigated the seismic response of liquid tanks under the assumption that the foundations are 

fixed to the ground. As seen in Fig. 2(a), the tanks in other investigations were isolated from 

the foundation. For instance, Shrimali [14-16] created a series of papers using modal analysis, 

various tank aspect ratios, and bearing properties to determine the response of base-isolated 

liquid tanks. 

A substructure method and a hybrid method for SFI have been typically combined with the 

most popular lumped-parameter model (LPM) for liquid tanks, which have been described in 

several design standards (e.g., API 650 [17], NZSEE [18]). The time-history responses of SFTL 

systems were obtained by Farajian [19]. As shown in Fig. 2(b), the study used the coupled 

spring-damper model of SFI and the simplified mass-spring model of the liquid tank. The 

motion equations were simulated using a MATLAB program. Larkin [20,21] obtained the 
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responses of liquid tanks by simulating the SFI using a sway-rocking model, see Fig. 2(c). 

According to Larkin's results, shear forces and overturning moments in soft soils are especially 

impacted by SSI. For the seismic analysis of horizontal tanks, Lyu [22] used a simplified 

mechanical SFI model with three degrees of freedom, see Fig. 2(d). According to the study, 

horizontal tank responses to seismic loadings and the effects of soft and medium soils increased 

by 25–58%.  

 

  

(a) Base-isolated tank model [10-12] (b) Coupled spring-damper model [19] 

  

(c) Sway-rocking model [20,21] (d) Sway-rocking model [22] 

 

(e) Macro-element model [23,24] 

Figure 2. The models of soil-foundation interaction. 

In Vietnam, Quan [23,24] combined the simple LPM of a liquid tank with the macro-

element model of a hybrid method to simulate SFI; see Fig. 2(e). Quan [25], see Fig. 3, used 

the sway-rocking model in Fig. 2(d) to analyze a vertical cylindrical liquid storage tank 

subjected to seismic loads. 

 
Figure 3. A simulation of SFTL with sway-rocking model [25]. 
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As was previously mentioned, the FEM and LPM can be used to simulate SFI. Simulating 

SFI non-linearities with FEM software such as ANSYS, SAP2000, 3DBASIS-ME, etc., 

requires a significant amount of computation. Nowadays, specialized software (like CyclicTP 

and OpenSeesPL [26]) can be used to complete this challenging and complex task. Separate 

analyses of the structure and soil-foundation system are necessary to apply the superposition 

theorem [27]. So, this paper proposes that the dynamic analysis of SFTL systems be solved 

using a combination of FEM and LPM. 

 

Figure 4. An illustration of soil, foundation, and liquid tank system. 

In view of the above, this paper proposes a simple approach for seismic analysis of an 

SFTL. CyclicTP is used to identify the kinematic interactions of SFI. The analysis of LTI, which 

determines the inertial interaction, uses the first step's results as input. The main focus of this 

paper is to investigate how SSI affects the seismic response of the SFTL system depicted in 

Fig. 4. The analysis results of the proposed method are compared to sway-rocking (shown in 

Fig. 3) and fixed-base models. The paper also investigates the different types of homogeneous 

ground (sand and clay) and multiple strata. 

2. TWO-STEP METHOD FOR SEISMIC ANALYSIS OF LIQUID TANK SYSTEMS 

According to Kausel’s superposition theorem [4], the SSI analysis was carried out in two 

steps, as shown in Fig. 5. The matrix Eq. (1) contains the general equations of motion for the 

analyzed system. Where 𝒖 and 𝒚 are the absolute and relative displacements; 𝑴, 𝑪 and 𝑲 are 

the system mass, damping and stiffness matrices, respectively.  

 𝑴𝒖̈ + 𝑪𝒚̇ + 𝑲𝒚 = 0     (1) 

The solution of Eq. (1) is equivalent to the resolution of two matrices: 

 𝑴𝟏𝒖̈𝟏 + 𝑪𝒚̇𝟏 + 𝑲𝒚𝟏 = 0     (2) 

and 

 𝑴𝒖̈𝟐 + 𝑪𝒚̇𝟐 + 𝑲𝒚𝟐 = −𝑴𝟐𝒖̈𝟏     (3) 

where (𝒚𝟏, 𝒖𝟏) and (𝒚𝟐, 𝒖𝟐) are the relative and absolute displacements of the foundation and 

structure, respectively; 𝒖𝒈 is the ground motion vector; 𝑴𝟏 excludes the mass of the structure, 

while 𝑴𝟐 excludes the mass of the soil. 𝒖𝟏 = 𝒚𝟏 + 𝒖𝒈, 𝒖 = 𝒖𝟏 + 𝒚𝟐, 𝒚 = 𝒚𝟏 + 𝒚𝟐 and 𝑴 =

𝑴𝟏 + 𝑴𝟐. 
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(a) The complete solution 
(b) The first step-kinematic 

interaction 

(c) The second step-inertial 

interaction 

Figure 5. Two steps of the SSI problem using superposition theorem [4]. 

 

 
  

(a) Analytical results 𝒖̈ 
(b) The first step result (𝒖̈𝟏)-

kinematic interaction 

(c) The second step result 

(𝒖̈𝟐)-inertial interaction 

Figure 6. Seismic analysis of a liquid tank system using two-step method. 

 

The response of the massless structure is obtained in the first step by resolving Eq. (2). 

Next, Eq. (3) of the second step is solved by applying inertia forces to the structure using the 

results of the first step as the input parameters. Kinematic and inertial interactions, respectively, 

are terms used to describe the analytical results of the first and second steps. In this paper, the 

analytical solution using Kausel's proposal is called a two-step method from now on.  

The proposed analysis procedure is shown in Figs. 6(b-c) when a liquid tank located on a 

soil stratum is subjected to seismic loading following the two-step method. The system of soil 

and tank foundation under seismic loading (𝒖̈𝒈) are analyzed in the first step, Fig. 6(b), to 

determine the acceleration of the foundation (𝒖̈𝟏). The model of the liquid tank under excitation 

𝒖̈𝟏 is examined in the second step, Fig. 6(c), to determine the liquid tank responses (𝒖̈𝟐). 

The kinematic interaction (𝒖̈𝟏) can now be performed by available software or by a script 

written in a programming language, such as MATLAB. SFI's non-linearities are challenging 

for researchers who aren't skilled programmers. However, these tasks are resolved by the free 

software CyclicTP for shallow foundations, which has been used in many studies [28–31]. The 

first step in this study is simulated by CyclicTP (version Beta 0.3.0, updated October 23, 2015) 

[26], while the second step is simulated by LPM, which is based on the API 650 model [17]. 

The entire liquid mass (𝑚) of the tank vibrates in two different ways [17]: convective and 

impulsive masses. The convective mass (𝑚𝑐), the top liquid mass, alters the free liquid surface.  
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The impulsive mass (𝑚𝑖), the intermediate liquid mass, vibrates simultaneously with the tank 

wall [9]. Eqs. (4)-(8) are used to express the different masses, centroid heights of masses, and 

associated vibration periods of the liquid-tank system [7]. 

 {

𝑚𝑐 = 0.230
𝐷

𝐻
𝑚 tanh (

3.67𝐻

𝐷
) 

ℎ𝑐 = (1 −
cosh(

3.67𝐻

𝐷
)−1

3.67𝐻

𝐷
sinh(

3.67𝐻

𝐷
) 
) 𝐻

 (4) 

For 𝐷/𝐻 ≥ 1.333 (broad tanks): 

  {
𝑚𝑖 =

tanh(0.866
𝐷

𝐻
)

0.866
𝐷

𝐻

𝑚

ℎ𝑖 = 0.375𝐻

    (5) 

For 𝐷/𝐻 < 1.333 (slender tanks): 

  {
𝑚𝑖 = (1 − 0.218

𝐷

𝐻
) 𝑚

ℎ𝑖 = (0.5 − 0.094
𝐷

𝐻
) 𝐻

  (6) 

 𝑇𝑖 =
2𝜋

𝜔𝑖
= 𝐶𝑖

𝐻√𝜌

√
2𝑡

𝐷
×√𝐸

  (7) 

 𝑇𝑐 =
2𝜋

𝜔𝑐
= 𝐶𝑐√𝐷  (8) 

where 𝐻 is the liquid height, 𝑅 and 𝐷 are the radius and diameter of the liquid tank, 𝜌 is the 

liquid density, 𝐸  is the Young’s modulus for tank material, 𝑡  is the equivalent uniform 

thickness of the tank wall, and 𝑇𝑖 and 𝑇𝑐 are the natural periods of the impulsive and convective 

responses, respectively. The impulsive and convective coefficients, 𝐶𝑖 and 𝐶𝑐, can be looked up 

on a data table or diagram that is readily available [5]. The coefficient 𝐶𝑖 is dimensionless, while 

𝐶𝑐 is expressed in 𝑠/√𝑚. The sloshing and impulsive masses are connected to the tank wall by 

corresponding equivalent springs and dampers; having stiffness and viscous damping 𝑘𝑐 =
𝑚𝑐𝜔𝑐

2, 𝑐𝑐 = 2𝜉𝑐𝑚𝑐𝜔𝑐 and 𝑘𝑖 = 𝑚𝑖𝜔𝑖
2, 𝑐𝑖 = 2𝜉𝑖𝑚𝑖𝜔𝑖 respectively. 

The liquid tank, as shown in Fig. 5(c), has two degrees of freedom (DOF). Under 

foundation excitation (𝑢̈1), Eqs. (9) and (10) are the basic equations of motion and are expressed 

in matrix form as Eq. (11). Only horizontal responses are studied in this paper (𝑥𝑐 , 𝑥𝑖 ). A 

MATLAB-Simulink tool diagram is used to resolve Eq. (11) as shown in Fig. 7. In the following 

sections, the numerical calculations from the proposal are compared with the fixed-base and 

sway-rocking models. 

 𝑚𝑐𝑥̈𝑐 + 𝑐𝑐𝑥̇𝑐 + 𝑘𝑐𝑥𝑐 = 𝑚𝑐𝑢̈1  (9) 

 𝑚𝑖𝑥̈𝑖 + 𝑐𝑖𝑥̇𝑖 + 𝑘𝑖𝑥𝑖 = 𝑚𝑖𝑢̈1      (10) 

 [
𝑚𝑐 0
0 𝑚𝑖

] {
𝑥̈𝑐

𝑥̈𝑖
} + [

𝑐𝑐 0
0 𝑐𝑖

] {
𝑥̇𝑐

𝑥̇𝑖
} + [

𝑘𝑐 0
0 𝑘𝑖

] {
𝑥𝑐

𝑥𝑖
} = [

𝑚𝑐 0
0 𝑚𝑖

] 𝑢̈1      (11) 
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Figure 7. Diagram using MATLAB-Simulink to solve Eq. (11). 

3. NUMERICAL ANALYSIS AND RESULTS 

3.1. Description of storage tank system and ground motion 

The geometric characteristics of a cylindrical tank model are as follows: tank radius 𝑅 =
𝐷/2 = 10 m, liquid height 𝐻 = 10 m, 𝐷/𝐻 = 2.0, equivalent uniform thickness of the tank 

wall 𝑡 = 15 mm, and Young's modulus of steel 𝐸 = 200 GPa. The reinforced concrete shallow 

circular foundation has a 2 m depth above the surface, a radius of 𝑅𝑏 = 𝑅 + 1 = 11 m [16], 

and a density of 𝜌𝑐 = 2.1103 kg/m3. Water is added to the tank at a density of 𝜌 = 1.0103 

kg/m3. Table 1 lists the parameters for the liquid tank model's impulsive and convective 

vibration modes. 

Table 1. The resultant parameters of the equivalent mechanical model of liquid tank [23]. 

𝑚𝑐 (kg) 𝑚𝑖 (kg) 𝐶𝑐 (𝑠/√𝑚) 𝐶𝑖 𝑇𝑐 (s) 𝑇𝑖 (s) 

14.19105 17.21105 1.52 6.36 6.80 0.12 

ℎ𝑐 (m) ℎ𝑖 (m) 𝑘𝑐 (N/m) 𝑘𝑖 (N/m) 𝑐𝑐 (Ns/m) 𝑐𝑖 (Ns/m) 

6.16 4.19 12.11105 4.71109 13.11105 3.60108 

Table 2. Basic model parameter values of soils [32,33]. 

Soil type 

Shear wave 

velocity 

(m/s) 

Friction angle/ 

Undrained shear 

strength (kPa) 

Possion's 

ratio 

Mass density 

(kg/m3) 

Permeability 

coeff. (m/s) 

Dense sand 255 40o 0.4 2.1103 6.610-5 

Medium clay 200 37.0 0.4 1.5103 1.010-9 

Stiff clay 300 75.0 0.4 1.8103 1.010-9 

This study examines the heavy soil types that are suitable for shallow foundations and are 

similar to the fixed-base model. Table 2 is a list of the predefined parameters of the soils, these 

are the CyclicTP defaults. The soil profile is a homogeneous stratum, see Fig. 4. The soil depth 

𝐻𝑠 = 66 m is meshed into a stratum with 66 layers from the top to the bottom. With the non-

linear analysis option, CyclicTP creates a mesh with 4402 nodes and 1056 elements. The 

equivalent parameters of the soil-foundation system in the sway-rocking model are listed in 

Table 3. 
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Table 3. Equivalent soil-foundation system parameters for the sway-rocking model [25]. 

𝑚𝑓 (kg) 𝐼𝑓 (kgm2) 𝑘𝐻 (N/m) 𝑐𝐻 (Ns/m) 

1.4106 43.37106  8.53109 3.28108 

𝑘𝛼 (Nm/rad) 𝑐𝛼 (Nms/rad) 𝑐𝜑 (Nms/rad) 𝐼𝜑 (kgm2) 

1.061012 7.23106 18.36109 6.56108 

 

 

Figure 8. The acceleration time history of the earthquake of El Centro (1940) [34]. 

Fig. 8 depicts the time history of ground accelerations during the El Centro (1940) 

earthquake, with 𝑃𝐺𝐴 = 0.319𝑔  and gravity acceleration 𝑔 = 9.81  m/s2 [34]. Due to the 

complete collection of input motion data, this famous earthquake has been included in popular 

textbooks such as [35]. As seen in Fig. 9(a), the ground motion of this earthquake (𝒖̈𝒈) is applied 

longitudinally to the structure in the Input Motion section of CyclicTP's main window. 

  

(a) CyclicTP’s main window 
(b) Response time history of 

foundation 

Figure 9. First step SFI analysis using CyclicTP. 
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3.2. Effect of SSI on responses of liquid tank 

In order to analyze two comparative models, replace 𝒖̈𝒈 for the fixed-base model for 𝒖̈𝟏 at 

the right side of Eq. (11) and input the system parameter and earthquake acceleration into Eq. 

(12) for the sway-rocking model. The data set obtained from CyclicTP represents the time-

history accelerations of the foundation, as shown in Fig. 9(b).  

Fig. 10 compares the results of the first step using various models. These results are the 

input data for the inertial interaction analysis of the second step. The second step is performed 

using the Simulink diagram shown in Fig. 7. The results of the second step are the liquid tank 

responses, as shown in Fig. 11, and Table 4 tabulates the peak values. 

Table 4. Peak responses of the foundation and the liquid tank. 

No. 
Responses 

Fixed 

base 

Sway-

rocking 
Present Error,  

(5)−(2)

(2)
% Error, 

(5)−(3)

(5)
% 

(1) (2) (3) (5) (6) (7) 

1 𝑢̈1 (m/s2) 3.19 5.64 5.20 63.01% 8.46% 

2 𝑥𝑖 (10-4 m) 7.14 10.97 12.18 70.53% 9.93% 

3 𝑥𝑐 (10-1 m) 1.34 1.37 1.67 24.74% 17.96% 

4 𝑀 (107 Nm) 2.35 3.23 4.02 70.92% 19.65% 

5 𝑄 (107 N) 0.55 0.75 0.93 68.17% 19.35% 

 

 

Figure 10. Time-history acceleration foundations: present model (𝒖̈𝟏), sway-rocking model, and 

fixed-base model (El Centro, 𝒖̈𝒈). 

 

The tank foundation's acceleration is higher than that of the fixed-base model, El Centro 

(1940); see Fig. 10 and row 1 of Table 4. The peak acceleration of the tank foundation is higher 
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than that of the fixed-base and sway-rocking models, at 63.01% and 8.46%, respectively. Since 

both the proposed model and the sway-rocking model take soil-foundation interaction into 

account, the analysis results between the two models are similar (see Fig. 11 and column 7 of 

Table 4). 

As illustrated in Fig. 11(a), the impulsive mass displacements increased significantly as a 

result of the SSI effect, whereas Fig. 11(b) shows that the convective mass displacements of the 

three models were similar. In line with Farajian's research [19], the convective response has a 

comparatively long period. For instance, the maximum displacements of the impulsive and 

convective masses increased by 70.53% and 24.74%, respectively, in comparison to a fixed-

base model (see column 6 of Table 4).  

  

(a) Impulsive displacement (b) Convective displacement 

  

(c) Overturning moment (d) Base shear force 

Figure 11. Comparison of the responses obtained by two-step method and fixed base analysis. 

 

Furthermore, the proposed method enables the computation of the structural base shear 

force (𝑄) and overturning moment (𝑀) using the formulas 𝑄 = 𝑘𝑐𝑥𝑐 + 𝑐𝑐𝑥̇𝑐 + 𝑘𝑖𝑥𝑖 + 𝑐𝑐𝑥̇𝑖 and 

𝑀 = (𝑘𝑐𝑥𝑐 + 𝑐𝑐𝑥̇𝑐)ℎ𝑐 + (𝑘𝑖𝑥𝑖 + 𝑐𝑐𝑥̇𝑖)ℎ𝑖 [19]. The SSI increased the overturning moment and 

base shear force by 70.92% and 68.17%, respectively; see Figs. 11(c-d) and column 6 of Table 

4. Column 7 of Table 4 shows that there are only 20% deviations from the sway-rocking model.  
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3.3. The system's response to different grounds 

CyclicTP not only analyzes effectively with sandy soils but also with clay soils. The 

software has predefined these soils, but users can also define a new soil with particular 

characteristics. Moreover, the software allows the ground to be divided into a maximum of ten 

separate strata, with multiple layers of equal depth being created within each stratum.  

This section uses these characteristics to examine clay strata as well as multiple strata with 

profiles in Table 5. The good soils suitable for shallow foundations are those with the properties 

of soil indicated in Table 2. Similar to the previous sections, two steps of seismic analysis are 

performed. Fig. 12 displays the time-history accelerations of foundations to various grounds, 

and Table 5 lists the maximum values. The analysis's results show that the responses of the 

liquid tanks and foundation accelerations are influenced by soil strata. 

 

Table 5. The soil profiles and peak responses. 

No. Soil stratum 
𝑢̈1  

(m/s2) 
𝑥𝑖  

(10-4 m) 
𝑥𝑐  

(10-1 m) 
𝑀  

(107 Nm) 
𝑄  

(107 N) 

1 66 m - stiff clay 1.71 5.42 6.42 1.60 0.34 

2 66 m - medium clay 1.08 3.60 4.67 1.08 0.22 

3 

66 m - multiple strata: 

1.02 3.43 3.96 1.11 0.24 
 Dense sand (6 m) 

 Medium clay (10 m) 

 Stiff clay (50 m) 

 

 

Figure 12. Time-history accelerations of foundations with various soil strata.   

4. CONCLUSIONS 

The paper proposed a two-step method based on the superposition theorem to analyze the 

seismic responses of the SFTL system. Using the finite-element program, SFI analysis is 

performed in the first step. The liquid tank model in LMP is used to analyze the second step. 

SFI analysis is performed in the first step using the finite-element program, the free download 

tool CyclicTP was used to analyze this paper. In this study, soil-shallow foundation interaction 

was analyzed using CyclicTP, a free download tool. In dense sand homogeneous soil, fixed-

base model responses were 24–70% higher than those of the proposed method. In the meantime, 

variations from the sway-rocking model were found to be less than 20%. The paper also 
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investigated grounds composed of clay soils and multiple soil strata. In addition to ground 

behaviors and the stress-strain relationships of the tank wall, future experimental research is 

recommended. These studies also need to take into account the geometric nonlinearity of the 

soil-foundation system, which is the foundation bottom sliding and separating from the ground. 
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