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Abstract. Understanding the behavior of porous structures resting on elastic foundations
plays an important role for designers. This paper studies the free vibration of a three-phase
sandwich beam with porosity on a Pasternak elastic foundation using the trigonometric shear
strain beam theory. The core of the sandwich beam is homogeneous, while the two face layers
are made from power-law bidirectional functionally graded material. Based on Hamilton's
principle, the differential equation of motion of the beam is established and solved by the
finite element method to calculate the natural frequency of the beam. Numerical results are
performed to confirm the accuracy and convergence of the present method. The influence of
the porosity volume fraction, foundation stiffness parameters, material grading indexes, the
beam layer thickness and aspect ratio on natural frequency of the beam is investigated in
detail. The results in this paper also show that the porosity and elastic foundation have a great
influence on the free vibration of the beam.
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Tom tat. Hiéu biét vé ung xir ciia két cau co 15 rong dat trén nén dan hoi dong vai trd quan
trong dbi véi céc nha thiét ké. Bai bao nay nghién cau dao dong tu do cia dam sandwich ba
pha c6 15 rdng dit trén nén dan hoi Pasternak bang ly thuyét dim bién dang trugt dang luong
giac. Dam cd 18i 1a vat liéu thuan nhat, trong khi hai 16p mat 1am tir vat liéu c6 co tinh bién
bién thién hai chiéu theo quy luat ham liy thira. Dya trén nguyén Iy Hamilton, phuong trinh
vi phan chuyén dong cua dam da duoc thiét lap va duoc giai bang phuong phap phan tir hitu
han dé xac dinh tan sb riéng cua dam. Két qua sé duoc thuc hién dé khang dinh d6 chinh xéc
va sy hdi tu ctia phuong phép dua ra trong bai bao. Anh huong cua ty phan thé tich 15 rdng,
tham s6 d6 cung nen, tham so vt liéu, do day cac 16p trong dam va ty s6 chiéu dai/chiéu day
Ién tan s6 riéng cua dam duogc khao sat chi tiét. Két qua nghién cau nay cling cho thay 15 rong
va nén dan hoi c6 anh huong 1on dén dao dong riéng cua dam.

Tir khoa: Nén dan hdi Pasternak, dam sandwich, tan sé riéng, 16 rdng, vat liéu co tinh bién
thién.

@ 2023 Truong Dai hoc Giao thdng vdn tai

1. GIOI THIEU

Vit lidu c6 co tinh bién thién (Functionally Graded - FG) 12 mét loai vat liéu composite
méi cd tinh chat liéu thay ddi lién tuc theo mot hoic nhidu huéng. Pua vat liéu FG vao ché
tao két cau sandwich tranh duoc cac van dé thuong gap trong két cau sandwich truyén théng
nhu nat, tach 16p va tap trung ang suat. Ngay nay, két cau sandwich FG (FGSW) duoc tng
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dung nhiéu trong linh vuc hang khong vii tru, hang hai, xay dung dan dung,...do d6 hiéu biét
vé tng xir cua két cdu FGSW 1a mot van dé can thiét. Amirani va cong su [1] da nghién ctu
dao dong ty do cua dam FGSW c6 16i FG béng phuong phap Galerkin. Dya trén Iy thuyét
bién dang truot cai tién, Vo va cong su [2] nghién ctru dao dong ty do va mat 6n dinh caa dam
FGSW ¢6 co tinh bién doi ngang. Céc két qua nghién ciu cho thay tham sé vt ligu, do day
161, ty sb chiéu dai/chiéu day va diéu kién bién c6 anh huong dang ké I&n tan sé riéng va mat
6n dinh cua dam. Ly thuyét bién dang truot bac cao va nguyén Iy Hamilton duogc Nguyen va
Nguyen [3], Osofero va cong su [4] ap dung dé thiét 1ap phuong trinh vi phan chuyén dong
cua dim FGSW, phuong phap nghiém Navier dugc cac tac gia su dung dé nghién ctu mit 6n
dinh va dao dong tu do cua dam hai pha. Ung xt tinh caa dim FGSW c¢6 co tinh bién ddi theo
chiéu day va chiéu dai ctia dam dwoc xem xét boi Karamanli [5] dua trén 1y thuyét bién dang
truot twa-3D. Phuong phap khong gian trang thai dugc Trinh va cong su [6] su dung dé tinh
tan sé co ban caa dam FGSW c6 16i 1a vat liéu ddng nhat va 16i 1a vat liéu FG véi cac diéu
kién bién khac nhau. Trong tai liéu [7], Nguyen va cong su da thu nhan dap ung dong luc hoc
ciia dam sandwich c6 co tinh bién doi theo hai huéng (Bidirectional Functionally Graded
Sandwich - BFGSW) mang khéi luong di dong dua trén phan tir dam dugc lam giau. Dam
dugc xét dén trong [7] duoc 1am tir ba pha vat liéu cd tinh chat thay d6i theo quy luat ham lity
thira, va tinh chit vat liéu caa ching dugc xac dinh bang ca mé hinh Voigt va cong thic
Maxwell.

Trong qué trinh ché tao vat liéu FG, 16 rong c6 thé xuat hién do cd su khac biét lon vé
nhiét do hoa ran gitra cac pha vat liéu cau thanh [8]. Vi ly do nay, anh hudng cua 16 rdng 1én
g xur cua két cau FG nhan dugc nhiéu sy quan tdm. Wattanasakulpong va Ungbhakorn [9]
phan tich dao dong tuyén tinh va phi tuyén cua dam FG c6 16 rdng dya trén ly thuyét dam
Euler-Bernoulli va phuong phap bién ddi vi phan. Sir dung ly thuyét dam Reddy, cac dac
trung dao dong cua dam FG chwa 16 rdng duoc nghién cau boi Ebrahimi and Jafari [10,11]
trong moi truong nhiét do. Dya trén phuong phap nghiém Navier, két qua nghién ctru da khao
sét chi tiét anh huong cia ty phan thé tich 16 rong va su phan b6 15 rong Ién tan sd riéng cua
dam véi sy thay doi nhiét do khac nhau. Dya trén phuong phdp khong gian trang thai,
Demirhan va Taskin [12] phan tich uén va dao dong ty do cua tim FG c6 16 rdng bing
phuong phap nghiém Levy. Sy phan b6 16 rong déu va khong déu dugc xét dén trong nghién
clru ndy. Zhang va Liu quan tdm dén anh huong cua 15 réng 1én dap ung dong luc hoc cia
dam micro FG chiu tac dong cua luc diéu hoa di dong. Nghién ciru nay chi ra rang ty phan thé
tich 15 rong va su phan bé 16 rong dong vai tro quan trong trong tng xir cua dam micro FG.

Dam dat trén nén dan hoi ¢ tng dung rong rai trong thuc tién va su hiéu biét vé ang xu
cuia dam dat trén nén Ia rat can thiét ddi voi cac nha thiét ké. Kien [14] di nghién ung xir dong
luc hoc cua dam Timoshenko chiu tai diéu hoa di dong dat trén nén dan hoi hai tham s. Bai
toan uén cua dam FGSW dat trén nén dan hoi Pasternak dugc thyc hién boi Zenkour va cong
su [15] dua trén cac Iy thuyét dam bac cao khac nhau. Céc tac gia sir dung phuong phap
nghiém Navier dé tinh cac chuyen vi trong dam va khao sat anh huong cua cac tham sé do
ciing nén 1én d6 vong cua dam. Su va cong su [16] phan tich dao dong tu do cua dam FGSW
dat trén nén dan hoi bang cong thirc Fourier cai bién. Anh huong cua nén dan hdi 18n tan sé
cuia dam duoc tac gia thuc hién bang ca mé hinh Voigt va Mori-Tanaka. Dya trén ludi noi suy
Chebyshev, Tossapanon va Wattanasakulpong [17] nghién cu mat 6n dinh va dao dong ty do
ciia dam FGSW dit trén nén dan hoi hai tham sé. Dao dong tu do va dép tmg dong luc hoc
ciia dam FGSW dit trén nén dan hoi chiu luc diéu hoa di dong duoc thuc hién boi Songsuwan
va cong sy [18]. Ly thuyét dam Timoshenko két hop véi phuong phap Ritz duoc &p dung
trong nghién ciru nay dé tinh toan cac dic trung trong dao dong tu do va dao dong cudng buc,
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va anh huong cua nén dan hoi 1én cac dac trung nay. Ninh [19] d& nghién cau tan sé co ban
cua dam sandwich dat twea mot phan trén nén dan hoi bang cac ly thuyét dam khac nhau.

Trong bai b4o nay nghién ciu dao dong ty do cia dim BFGSW ba pha c6 15 rdng dat
trén nén dan hoi Pasternak. Dam c6 ba I6p: 16p 16i 1am tir vat viéu dong nhat va hai I6p mat
lam tir vat liéu FG ba pha c6 tinh chat thay doi lién tuc theo ca chiéu dai va chiéu day caa dam
bang quy luat ham liy thura. Su phan bé 16 rong 1a déu. Dua trén ly thuyét bién dang truot
dang lugng giac, phuong trinh vi phéan chuyén dong cua dam c6 16 rong dat trén nén dan hoi
da dugc thiét lap va duoc giai bang phuong phap phan tir hiru han. Anh huong cua 16 rong, do
ctng nén, cac tham so vat liéu va tham sé hinh hoc caa dam Ién tan s6 riéng da duoc khao sat
va thao luén chi tiét.

2. CONG THUC TOAN HQC

2.1. Mb hinh dam BFGSW ba pha

Trong hinh 1 1a m6 hinh dam BFGSW ba pha vai chiéu rong b va chiéu day h dat trén
nén dan hoi. DAm duoc nghién ciu trong bai b4o nay cé bién tua hai ddu va duoc cAu tao boi
ba 16p: 16p 16i 1am tir vat liéu thuan nhat va hai 16p mat 1a FGM c¢6 15 rdng. Nén dan hoi
Pasternak duoc su dung & day, voi ke la d6 cing 10 xo dan hdi Winkler va ks 1a d6 cang 16p
truot. Hé toa do Bé-cac (XY, z) dugc chon sao cho (x,y) nam trong mit phang giira caa dam va
truc z vubng goc véi mat phang gitta. Ky hiéu zo=-h/2, z1, 7> va z3=h/2 la toa d¢ theo phuong
tryc z cua mat phang day, mat tiép xdc gitra cac 16p va mat phang trén cling caa dam.

Dam lam tir ba vat liéu riéng biét M1, M2 va Ms véi ty phan thé tich caa ching bién doi
theo ca truc X va truc z nhu sau [7]

nZ
z-1,
V, =
(21—20)

V,=1V,=V,=0 L z€[z,17,] (1)
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trong d6 V1, V2 va V3 1a ty phan thé tich ciia M1, M2 va Ms; N va n; 1a céc tham sb vat liéu
theo phuong X va z tuong ting; L 1a chiéu dai cia dam.

z x® X
} Lo rong

PP TS SIS S

sl AD-FGM L0 00000000000
X
M, M,

L ] M
S ALL S S AL /2D FGM CLI LS S LS ST S S S S 7 3

LD L LT ] s
% W

Mat cit ngang

Hinh 1. M hinh dam BFGSW ¢6 15 rdng véi bién tua hai dau dat trén nén dan hoi.

Tinh chat vat ligu hiéu dung Py cia dam nhu mo-dun dan hdi Er, mat do khoi pr, ty s6
Poison of vai sy phén bo 16 rong déu duge xac dinh boi moé hinh Voigt nhu [10]

H(V1—§]+P2(V2—E]+P{3—Ej z€lzy,2,], z€[z,.24]
P (x,2) = 2 2 2

2
RVi+ RV, + RV, :26[21’22] @

v6i Py, P2 va P lan luot 1 cc tinh chat caa M1, M2 va Ms; a (a << 1 [10]) 14 ty phén thé tich
cua 16 rong.

Thé phuong trinh (1) vao phuong trinh (2), ta dugc

z-1,

[Pl—PB(x)]( j +P,(X)— (P+P+P) D z€[zy,2,]

P.(x,2)=1P, L 2€(z,,7,] (3)

[Pl_st(X)]( -

1 0

_Z3j + P, (X) - (P+P+P) L 2€(z,,2,]

2 3

trong d6 Pyy(x)=P, —(P, - PS)[%j L Tar phuong trinh (3) cho thay, néu a =0 thi dim dang xét
dén tré vé dam nguyén ven trong [7]. Néu n=0 va a=0 thi phuong trinh (3) tr& vé md hinh
dam sandwich hai pha trong tai liéu [16, 18].

2.2. Cac phuong trinh co ban

Theo ly thuyet bién dang truot dang luong giac [20], trudng chuyén vi theo truc X va truc
z ciia mot diém bét ky trong dam, ui(x,z,t) va us(x,z,t), duoc cho dudi dang sau

u,(x,z,t) =u(x,t) —zw (x,t) + f (2)O(x.1),

Uy (X,z,t) = w(x,t) “)

trong do u(x.t) va w(x.t) la cac chuyén vi doc truc va chuyén vi ngang cua mot diém trén mat
phing gitra cua dam; a(x,t) la goc xoay cua mat cit ngang; t la bién thoi gian; dau «,” duoc sir
dung dé ky hiéu dao ham theo bién viét phia sau n6. Ham f(z) c6 dang
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h . (zz
f(z)=;sm[FJ (5)
Tir phuong trinh (4), cac bién dang &, va y,, c6 dang
gn=U, —zw +f0, y,=1,0 (6)
Dua trén ung xir tuyén tinh caa vat liéu, ing suat o, va r,, dugc xac dinh nhu sau
0w = Ei(X2)&0, 7, =G (X2)y,, )
E((x,2)

trong d6 G, (X,2)=——"—=
s ((x2) 2[1+uf(x,z)}

la mé-dun truot hiéu dung, Ef va or dugc xac dinh tur

phuong trinh (3).

Ning luong bién dang cua dam Ug duogc cho boi

1 L
U B~ EII(Gxxgxx + szj/xz)dAdX (8)
0A

trong d6 A la dién tich mat cat ngang caa dam.

Thé cac phuong trinh (6) va (7) vao phuong trinh (8), cho ta
— 1 ( 2 2 B 5 )
Ug = EJ-(AMU'X 2Au W+ AW +2Au 0, —2A,W, 0, + A0, + B0 )dx ©)
0

Véi cac do ciang A, A, Ay, As Ag Ay VA B, dugce xac dinh nhur sau

(Aus Ass A Aas A, A) =B [ E, (212,23, F(2),2 1 (2), T2(2) a2

0

y (10)

By, =b[ G, (x,2) f2(2)dz
Ning luong bién dang chaa trong nén dan hdi U duge xac dinh boi

b L
_ 2 2

Ue _E_([(kww +kswyx)dx (11)
Pong nang T cua dam dugc xac dinh nhu sau

1¢ 2

T= Ejjpf (X, 2)(U? +u2)dAdx (12)
0A

dau cham trong cong thire (12) duoc ky hidu 1a dao ham theo bién thoi gian. Thé phuong trinh
(4) vao phuong trinh trén, dong nang ctia dam duoc viét lai nhu sau
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1 r . . 2 . . A 52 d
ZI[ u +W 2I12uvv’X + L, WS + 21,00 -21,,Ww 0+ 1,0 ] X (13)
0
trong d6 cac moé-men khdi luong 1y, 1y, 1y, L, Ly, 1ys duge xéc dinh

(T Tz 100 Ly g, I33)=b]§pf (x,2)[12,2°F(2), 2f (2), t7(2) iz (14)

)

Ap dung nguyén ly Hamilton d6i véi cac phuong trinh (9), (11) va (13), phuong trinh vi
phan chuyén dong cho dam BFGSW c6 13 rdng dit trén nén dan hoi c6 dang

(Ailu,x o AiZVV,xx + Aise,x ),x = |11U o IlZ\N,x + |130
OW: (_AiZU,x + AW — Azsg,x) o« —ly W+ (=1, U+ |, W, — |23é),x —b(k,, - ksvv,xx) (15)
86 (AU, — AW, + Ay, ) — Byl = 1 — 1, + 13,0

Do céc do cung va mo-men khoi lugng ciia dam Ia cac ham phu thudc x nén dé tim duoc
nghiém dang dong cua phuong trinh (15) la rat khé. Do d6 phuong trinh (15) s& dugc giai
bang phuong phap phan tir hitu han dé tinh tan sé riéng cia dam c6 16 rdng dit trén nén dan
hoi.

3. CONG THUC PHAN TU HUU HAN

Gia su rang dam dwoc chia thanh cac phan ta dam hai-nat c6 do dai I. Khi do véc-to
chuyén vi nat d chira tam thanh phan cé dang

dz{du d,, dH}T (16)
trong do
du :{ul UZ}T’ dW:{Wl Wi W, W,xz}T’ dez{gl ‘92}T (17)

la céc véc-to chuyén vi nat ddi véi u, w va 0. Chi s6 “T” trong cic phuong trinh trén va sau
nay dugc st dung dé ky hiéu cho chuyén vi cia mot véc-to hoac ma tran.

Cac chuyén vi duoc noi suy tir cac gid tri nat cua ching theo
u=Nd,, w=Hd, 6€=Nd, (18)
trong d6 N=[N1 Nz] va H=[H1 H2 Hs H] la cac ma tran cua cac ham néi suy véi Ni (i=1,2)
va Hj (j=1,...,4) 1a cac ham noi suy tuyén tinh va cac da thirc Hermite [7].

Ap dung cac phép ndi suy & trén, nang luong bién dang ciia dam trong phuong trinh (9)
duoc viét lai dudi dang

nel

Zdi d (19)
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véi nel 1a tong sé phan tir duoc st dung dé roi rac dam; ks 1a ma tran d6 cang phan tir va né
duoc viéet dudi dang cac ma tran con nhu sau

(S S
o= (k&) KB, KS, (20)
(k%) (kB) &
trong do

kl?u :j.N-,rxAilN,de’ k\?vw :j.H-,rxxAQZH,xde' kS& :j.(N-,rXA33N,X +NTBB3N)dX’
0 0

0

| [ [ (21)
kl?W :_J‘ N-,rxAiZH,xde' kl?ﬁ :J.NTXABN,de’ k\?/ﬁ :J.H:rxxAZBN,XdX
0 0 0
Ning luong bién dang Ur trong phuong trinh (11) ciing dugc viét lai duéi dang
1 nel T
Up =§Zd k.d (22)
trong d6 Kr 1a ma tran d6 cang phan tir ciia nén va duoc viét dudi dang sau
0O 0 O
ke=[0 ki 0 (23)
8x8 0 0 O
Vai
|
ki =b[(HTk,H+HkH ) dx (24)
0
Khi d6, ma tran d6 cing tong thé caa phan tir 1a
k=kg+K (25)
Tuong tu, dong ning cua dam trong cong thic (13) cling duoc viét lai
nel .
T= %Zdde (26)
trong d6 ma tran khdi lwong phan tir m viét dudi dang cac ma tran con nhu sau
muu muw mu9
m = (muw)T mww mwﬁ (27)

Véi
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| | |
= [NT1,Ndx, m,, =[(H IH+HT1LH Jdx, m,, = [NTI,Ndx,
0 0 0
I [ I (28)
m,, =—=[N"I,H dx, m,, = [NTI,Ndx,, m,, =—[H]1,,Ndx
0 0 0

Dua trén cac ma tran d¢ ctng va ma tran khéi lugng phan tir, phuong trinh chuyén dong
roi rac dé phan tich dao dong riéng ciaa dam BFGSW c6 16 rong dat trén nén dan hoi dugc
viét dudi dang

MD+KD=0 (29)

trong d6 D va D 1a céc véc-to chuyén vi niit va gia toc nit tong thé; M va K lan luot 1a ma
tran khi lwong va ma tran do cing cua két cAu, cc ma tran nay nhan dugc biang cach ghep
cac ma tran khéi luong phan tir m va ma tran do cang phan tir k. Gia st rang véc-to chuyen Vi
ndt c6 dang nghiém diéu hoa, khi d6 phuong trinh (29) dua dén bai toan gia tri riéng dé xac
dinh tan sd w nhu sau

(K-&'M)D=0 (30)
v6i D 1a bién @6 dao dong.
4. KET QUA SO VA THAO LUAN

Trong phan nay, tan s6 riéng cua dam BFGSW tya hai dau c6 16 rong, dat trén nén dan
hdi s& duoc tinh toan s6. Dam dugc xét dén ¢ day c6 kich thudc hinh hoc h=1 m, b=0,5 m va
duoc lam tur ba vat liéu alumina (Al203) — My, zirconia (ZrOz) — M2 va aluminum (Al) — M3
Véi c4c tinh chat vat liéu caa chung duge cho nhu sau [7]

e AlLOs: E1=380 GPa; p1=3960 kg/m?; v1=0,3
e Zr0O;: E2=151GPa; p,=3000 kg/m?; v,=0,3
e Al : E3=70GPa; p3=2702 kg/m?; v3=0,3

Tan s6 khong thir nguyén va cac tham sb d6 cing nén khong thir nguyén dugc dua ra nhu
sau [7, 16]
L Ps k_kWL“_ _kSL2

. =) — , = f k = 31
zul I h E3 1 Ell 2 El| ( )
trong d6 wi la tan s6 riéng thir i cua dam. Ty s6 do day céc lop trong dam duoc ky hiéu boi ba
chir so, vi du nhu (1-2-2), nghia la ty s6 d6 day 16p day, 16p 16i va I6p trén cung 1a 1:2:2.

Trugc khi nghién ctu anh huong caa 15 rdng, cac tham sé do cing nén, tham sé vat liu
va tham s6 hinh hoc Ién tan sé riéng caa dam BFGSW ba pha, viéc khang dinh d6 chinh xéc
va sy hoi tu cua phan tir dam dua ra can thiét. Dé 1am diéu nay, tan s6 riéng cua dam BFGSW
ba pha nguyén ven, khdng nén véi L/h=5 tinh boi phuong phap dua ra trong bai bao dugc so
sanh voi cac két qua trong tai liéu [7], ma & do sir dung ly thuyét dam bién dang trugt co
chuyén vi ngang dugc phan tach thanh hai thanh phan, dugc dat trong bang 1. Quan sat tir
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bang 1 cho thay tan s tinh bang phuong phap dua ra ¢ trén rat gan V6i tan s tinh duogc trong
tai liéu [7], voi moi tham sb vat liéu va ty s6 do day céc 16p trong dam.

Bang 1. So sanh tham s 'gan s6 co ban cua dam BFGSW ba pha vai cac tham s vat liéu va ty 18
chiéu day céc lop khac nhau (L/h=5; a=0; ki=k.=0).

Ny n 2-1-2 2-1-1 2-2-1
Tailieu Bai  Saish Tailieu Bai  Saisd  Tailieu Bai  Saisé
[7] bio (%) 7] bio (%) [7] bio (%)
05 05 43262 4,3325 -0,146 4,3918 4,3976 -0,132 4,4867 4,4910 -0,096
1 3,8854 3,8854 0 3,9945  3,9945 0 4,1349 14,1350 -0,002
2 3,4702 3,4701 0,003 3,6260 3,6261 0,003 3,7960 3,7961 -0,003
5 3,1551 3,1551 0 3,3460 3,3462 -0,006 3,5094 3,5095 -0,003
1 05 4,3814 4,3872 -0,132 44421 44474 -0,119 45296 4,5337 -0,091
1 3,9781 13,9781 0 4,0778 4,0778 0 4,2055 4,2055 0
2 3,6053 3,6052 0,003 3,7456 3,7457 -0,003 3,8973 3,8974 -0,003
5 3,3293 3,3292 0,003 3,4985 13,4986 -0,003 3,6408 3,6409 -0,003
5 0,5 4,4993 45040 -0,104 45496 4,5541 -0,099 4,6219 4,6253 -0,074
1 41743 4,1743 0 4,2545 4,2546 -0,002 4,3559 14,3560 -0,002
2 3,8881 13,8881 0 3,9968 13,9969 -0,003 4,1115 4,1115 0
5 3,6898 3,6898 0 3,8153 3,8153 0 3,9165 3,9166 -0,003
Bang 2. So sanh tham sé tan sé co ban cua dam (1-1-1) dat trén nén dan hoi (L/h=10; n,=0; a=0).
Ky kol 7 Ngudn n,=0,6 n;=1 n,=2 n,=5
0 0 Tai liéu [16] 4,3706 4,0017 3,5159 3,0937
Bai bao 4,3726 3,9995 3,5137 3,0918
Sai s6 (%) -0,046 0,055 0,063 0,061
0,5 Tailicu[16] 59427 5,7192 5,4540 5,2632
Bai béo 5,9438 5,7176 5,4525 5,2619
Sai sb (%) -0,019 0,028 0,028 0,025
1 Tai liéu [16] 17,1784 7,0289 6,8652 6,7699
Bai béo 7,1791 7,0275 6,8639 6,7688
Sai 56 (%) 0,010 0,020 0,019 0,016
100 0 Tai liéu [16] 7,2381 7,0917 6,9321 6,8406
Bai bao 7,2389 7,0904 6,9309 6,8396
Sai s6 (%) -0,011 0,018 0,017 0,015
0,5 Tai liéu [16] 8,2828 8,1846 8,0894 8,0576
Bai béo 8,2832 8,1834 8,0883 8,0566
Sai s6 (%) -0,005 0,015 0,014 0,012
1 Tai liéu [16] 9,2097 9,1479 9,1007 9,1134
Bai béo 9,2098 9,1467 9,0996 9,1125
Sai s6 (%) 0,001 0,013 0,012 0,010
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Tham s6 tan sé co ban ciia dam (1-1-1) ¢6 co tinh bién doi theo chiéu day dam (n=0), dat
trén nén dan hdi duoc so sanh véi két qua tinh bai Su va cong su [16] trong bang 2. Quan sat
tir bang 2 cho thay céc gia tri tham s6 tan s6 co ban nhan duoc tir bai béo rat sat vai cac két
qua trong tai ligu [16]. Luu ¥ rang, trong tai ligu [16] cac tac gia da st dung 1y thuyét dam
bién dang truot bac nhat dé thiét lap cac phuong trinh co ban va phuong phap chudi Fourier
cai bién duoc sir dung dé giai phuong trinh chuyén dong cua dam.

Bang 3 so sanh tham s tan sb co ban cua dam FG c6 16 rdng véi céc két qua nhan dugc
boi Ebrahimi va Jafari [10]. Phuong phép nghiém Navier dugc sir dung trong tai liéu [10] dé
tinh tham s6 tan s6 co ban cua dam FG véi L/h=20; n=0; ki=k»=0 va céc gia tri khac nhau cua
ty phan thé tich I8 rdng a va tham sé vat liéu n,. Tir bang 3 c6 thé thay rang tham sé tan s
nhan duoc tir bai bao rat sat véi cac két qua cong bd trong tai lidu [10], didu ndy ding vai cac
gia tri cia a van,.

Bang 3. So sanh tham s6 tan sé co ban cua dam FG ¢6 15 rdng (L/h=20; n=0; ki=k»=0).

a Ngudn n,=0 n,=0.5 n=1 n,=2 n,=5

0 Tai liéu [10]  6,55957 4,51585 3,95829 3,55529 3,23323
Bai bao 6,5596 4,5397 3,9836 3,5809 3,2467

0.1 Tai lieu[10] 7,12576 4,58213 3,95091 3,50825 3,16336
Bai bao 7,1262 4,6112 3,9825 3,5403 3,1805

0.2 Tai lieu [10] 8,04528 4,66783 3,94056 3,44947 3,07867
Bai bao 8,0463 4,7041 3,9808 3,4904 3,1008

Sy hoi tu cua phan tir dam trong bai bao dugc dua ra trong bang 4, trong d6 tham s tan
s6 co ban cua dam dbi xung (1-2-1) va phi ddi xang (1-2-2) duoc tinh toan voi L/h=20;
ki=50; ko=5; a=0,1 va cac gia tri khac nhau ctua tham s vt liéu. Nhu quan sat tir bang 4, su
hoi tu cua phan tir dam dat duoc khi sir dung 16 phan tir, diéu nay dung véi cac ty s6 do day
cac 16p va tham sb vat lieu khac nhau. Tir két qua hoi tu ndy, cac két qua dua ra dudi day sir
dung luéi gdm16 phan tir dé tinh toan.

Bang 4. Sy hoi tu ciia phan tir dam BFGSW trong danh gia tham s tan sb co ban (L/h=20; k;=50;
k2=5; a=0,1).

Dam Ny n, nel=6 nel=8 nel=10 nel=12 nel=14 nel=16

1-2-1 0,5 0,5 6,2620 6,2619 6,2619 6,2619 6,2619 6,2619
) 5,5706 5,5706 5,5705 5,5705 5,5705 5,5705

2 0,5 6,3286 6,3284 6,3284 6,3284 6,3284 6,3284
5 5,7462 5,7461 5,7460 5,7460 5,7460 5,7460

1-2-2 05 05 6,2680 6,2678 6,2677 6,2676 6,2676 6,2676
) 5,6037 5,6028 5,6024 5,6021 5,6019 5,6019

2 0,5 6,3407 6,3405 6,3404 6,3404 6,3403 6,3403
5 5,7895 5,7887 5,7884 5,7882 5,7881 5,7881

Anh huong cia 15 rdng, tham sé vat ligu 1én tham s6 tan s6 co ban cia dam BFGSW dat
trén nén dan hoi dugc thé hién chi tiét trong bang 5 véi cac ty s6 do day cac 16p trong dam
khéc nhau. Cac két qua trong bang 5 dugc tinh vai cac tham s6 d6 cang nén k1=100; k2=10 va
hai tri caa ty sb chiéu dai/chiéu day dam L/h={5; 20}. Quan sét tir bang 5 cho thay, tham sb
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tan sb co ban tang khi tang tham sb vat lieu doc truc ny va giam tham sb vat lieu ngang n,
diéu nay dung véi cac ty s6 do day cac lop trong dam, va cac gia tri khac nhau cua a va L/h.
Bén canh d6, khi ting gia tri cua a va L/h ciing dan dén gié tri cua tham sb tan sé co ban caa
dam ting. Mat khac, cac két qua trong bang 5 cho thay su xuat hign cta 15 rdng anh huong
dang ké Ién tham sb tan s6 cua dam BFGSW, ddi véi dam nguyén ven (a=0), tham sé tan sb
cua dam ting khi tang do day |6p gilra va giam do day I6p mat, trong khi do, khi xuat hién 15
réng thi su thay doi ciia tham s tan sé 1a nguoc lai.

Bang 5. Tham s6 tan sb co ban cia dim BFGSW dit trén nén dan hdi (k;=100; k,=10).

a Nx n; L/h=5 L/h=20
1-2-1 1-1-1 1-2-2 1-2-1 1-1-1 1-2-2
0 0,3 0,5 7.2056 7.1602 7.1932 7.4006 7.3438 7.3841
1 7.0557 6.9961 7.0450 7.2222 7.1485 7.2070
2 6.9235 6.8662 6.9264 7.0667 6.9954 7.0662
5 6.8223 6.7940 6.8559 6.9481 6.9089 6.9814
3 0,5 7.2664 7.2320 7.2578 7.4722 7.4283 7.4604
1 7.1500 7.1068 7.1444 7.3313 7.2762 7.3223
2 7.0499 7.0118 7.0571 7.2109 7.1608 7.2160
5 6.9761 6.9639 7.0094 7.1216 7.1001 7.1560
0,1 0,3 0,5 7,3180 7,3418 7,3527 7,4979 7,5116 7,5307
1 7,1605 7,1698 7,1976 7,3119 7.3082 7,3462
2 7,0211 7,0339 7,0732 7,1494 7,1494 7,1997
5 6,9142 6,9601 7,0001 7,0257 7,0621 7,1124
3 0,5 7,3819 7,4175 7,4207 7,5725 7,6001 7,6104
1 7,2599 7,2872 7,3027 7,4260 7,4425 7,4673
2 7,1549 7,1889 7,2123 7,3006 7,3236 7,3576
5 7,0776 7,1416 7,1643 7,2079 7,2634 7,2971
0,3 0,3 0,5 7,5863 7,8093 7,7503 7,7332 7,9480 7,8992
1 7,4118 7,6221 7,5805 7,5305 7,7293 7,6993
2 7,2560 7,4751 7,4434 7,3527 7,5610 7,5402
5 7,1361 7,4013 7,3624 7,2174 7,4766 7,4458
3 0,5 7,6572 7,8933 7,8257 7,8147 8,0449 7,9866
1 7,5232 7,7542 7,6989 7,6559 7,8776 7,8336
2 7,4072 7,6514 7,6029 7,5198 7,7540 7,7175
5 7,3219 7,6083 7,5558 7,4195 7,6984 7,6574

Anh huong cta cac tham sb vat liéu 1&n bdn tan sé riéng dau tién caa dam (1-1-1) duoc
thé hién trong hinh 2 ddi véi céc gia tri L/h=20; k1=100; k»=10; a=0,1. Cac két qua nhan dugc
trong hinh 2 cho thay su phu thudc cua cac tham s6 tan s6 cao vao cac tham s vat liéu giéng
v6i tham sb tan sé co ban, cac tham sb tan sé ting khi ting tham sé vat liéu doc truc nk va
giam tham sé vat liéu ngang n,.
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Hinh 2. Sy bién d6i ciia bdn tham s6 tan sé dau tién caa dam (1-1-1) theo cac tham sé vat liéu
(L/h=20; ky=100; k,=10: a=0,1).

Anh huong cua ty phan thé tich 16 rdng a Ién tham s tan s6 co ban cta dam (1-1-1) dat
trén nén dan hoi duoc thé hién trong hinh 3 véi nhitng gia tri khac nhau cua tham s6 vat liéu.
Quan sat trén hinh 3 cho thay tham 30 tan s6 cua dam nguyén ven la nho nhat tang dan ty
phan 15 réng a dan dén tham s6 tan sb ting, dung v4i moi gia tri cua tham sé n; (hinh 3a) va
tham s6 nx (hinh 3b). Nguyén nhan gay ra diéu nay cd thé giai thich nhu sau: ting ty phan thé
tich a s& din dén giam ty phan thé tich cua céc pha vat liéu cau tao nén dam, nghia 1a giam
mo-dun dan hoi hiéu dung va mat d6 khi hiéu dung cua dam, nhung d6 giam cua mat do
khi hiéu dung I6n hon nhiéu so véi mo dun dan hoi hiéu dung va diéu nay sé lam cho dam
ctng hon, do d6 tan s6 Ion hon.
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N
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[6)]
o
-
N
w
N
[$)]

‘+a=0 —&—a=0.1 —*—a=0.2 —v—a=0.3‘

Hinh 3. Su bién dbi caa tham s tan sb co ban caa dam (1-1-1) theo tham s vat liéu véi cac tham s6 15
rong khac nhau (L/h=20; k;=100; k.=10).

Hinh 4 chi ra anh hudng cta cac tham sé d6 cung nén ki va ko 1én tham s tan sé co ban
cua dam (1-1-1) c6 16 rdng. Céac két qua trong hinh 4 dugc tinh véi L/h=20; n=n,=0,5; a=0,1.
D& dang quan sét tir hinh 4 cho thay cac tham sé do cting nén anh huéng dang ké 18n tham sé
tan s6 cuia dam, ting ki va ko dan dén tham s tan s6 co ban cua dam ting.
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Hinh 4. Su bién d6i cua tham s tan s6 co ban cua dam (1-1-1) theo cac tham sé do cang nén (L/h=20;
n=n,=0,5; a=0,1).

8 , 7.56

7.725 W 7.5025
osooosend
< 7.45/Z;XMM < 7.445

—&—a=0
7175 2=0.1 7.3875 o122
(a) —*—a=0.2 (b) —e—1-11
—v—a=0.3 —v—1-2-1
6.9 7.33
5 10 15 20 25 30 5 10 15 20 25 30
L/h L/h

Hinh 5. Su Qién d6i ctia tham sd tan s6 co ban cua dam BFGSW theo ty Sé L/h véi n=n,=0,5; ki=100;
k2=10: (a) Dam (1-1-1) va céc gia tri khac nhau cua ty phan 16 rong; (b) Dam véi ty s6 d6 day cac 16p
khéac nhau va a=0,1.

Sy bién doi cua tham s tan sé co ban cua dim BFGSW theo ty s6 L/h dugc biéu dién
trong hinh 5 ddi véi n=n,=0,5; k1=100; k,=10. Hinh 5a dugc tinh véi dam (1-1-1) va cac gia
tri khac nhau cua ty phan 16 rdng, trong khi d6 hinh 5b khao sat dam c6 cac ty s6 do day cac
I6p khéc nhau va a=0,1. Quan sét tir hinh vé thay rang tham sé tan s co ban ting khi ting ty
s6 L/h, két qua nay dung véi moi gia tri cua a va ty s6 do day cac 1op.

4. KET LUAN

Bai bao nay di nghién ctru dao dong tu do cua dam BFGSW c¢6 16 rdng vi md nam trén
nén dan hoi. Dam gom 16p 16i 1a vat liéu dong nhat va hai I6p mat 1am tir vat liéu FG ba pha
¢6 co tinh bién bién theo chiéu dai va chiéu day dam bang quy luat ham iy thira. Anh huong
ctia nén dan hoi Pasternak va ty phan thé tich cuaa 16 rong dwoc nghién cau chi tiét trong bai
bao. Phuong trinh vi phan chuyén dong ctia dam duogc thiét 1ap dya trén nguyén ly Hamilton
va ly thuyét dam bién dang truot dang luong giac. Phan tir dam hai ndt véi tam bac ty do
dugc xay dyung va ap dung dé giai phuong trinh vi phan chuyén dong va tinh toan tan s6 dao
dong riéng cua dam. Cac két qua nhan duoc tir nghién ciru s6 cho thay ty phan thé tich cua 16
rong va tham sé do ciing nén dong vai trd quan trong dén gia tri cua tan sé dao dong riéng cua
dam. Bén canh d6, anh huong caa cac tham s vt liéu va tham sé hinh hoc toi tan sé riéng
cua dam ciing dugc nghién ciu va thao luan.

LOI CAM ON
Nghién ctru nay dugc tai trg béi Truong Dai hoc Giao thong van tai trong dé tai ma sb
T2023-CB-003.
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