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Abstract. The split feasibility problem is a convex minimization problem. It is an active field
due to its effective applications in image restoration and signal processing. In this paper, by
combining the inertial technique and gradient projection method, we proposed a CQ
projection algorithm combined with the conjugate gradient method to solve the split
feasibility problem in Hilbert spaces. Polyak’s step size is used to improve the running time
in the case of large-scale problems. Unlike the existing conjugate gradient projection
methods, our new method is designed such that our algorithm only needs to compute one
value of the objective function and one value of the gradient in each iteration. With suitable
assumptions, we show that the algorithm converges weakly to a solution of the problem. Our
method extends and improves on some recent results in this field. As an example application,
we examine the performance of our method on the signal processing problem with synthetic
data. The results of numerical simulations in the sparse recovery problem and the comparison
with known algorithms show the effectiveness of the proposed algorithm.
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Tom tat. Bai toan chap nhan tach 12 bai toan t6i wu 16i. Bai toan nay dang dwoc nghién ciu
manh vi nhirtng ung dung hiéu qua cua nd trong xtr ly anh va xu ly tin hiéu. Trong bai bao
nay, chung toi dé xuat mot thuat toan dang chiéu CQ két hop voi phuong phap gradient lién
hop dé giai bai toan chap nhan tach trong khdng gian Hilbert. C& budc Polyak duoc sir dung
dé giam thoi gian chay trong trudng hop bai toan ¢ sé chiéu Ion. Thuat toan cua ching toi
chi can tinh mot 1an gia tri caa ham va dao ham trong mdi budc 1ap. Véi cac gia thiét pha
hop, chung t6i dd ching minh dwoc rang thuat toan hoi tu yéu dén mot nghiém cua bai toan
chap nhan tach. Phuong phap cta ching tdi ma rong va cai tién mot s6 két qua gan day theo
hudng nghién ciu ndy. Cac két qua sb trong bai toan khdi phuc thua va su so sanh véi cac
thuat toan da biét chi ra tinh hiru higu ciia thuat toan d& xuat.

T khoa: Bai toan chap nhan tach, phuong phap gradient lién hop, ¢& budc Polyak, phuong
phép CQ, hoi tu yéu, bai toan khoi phuc thua.

© 2023 Truong Dai hoc Giao thdng vdn tai

1. PAT VAN PE

Cho €, Q lan luot 12 c4c tap con 16i dong khac réng cua cac khdng gian Hilbert thuc H;, 7.
Khéng mét tinh tong quat, trong céc khdng gian Hilbert nay, ta ky hiéu tich vo hudng 1a (., .),
chuén cam sinh 1a ||. ||, todn tir d6ng nhat 13 I, va A: H; — 3, 1a toan tu tuyén tinh bi chan, A*
la toén tir lién hop cua A. Bai toan chap nhan tach (Split feasibility problems, viét tit Ia bai toan
SFP) 12 bai toan
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tim diém x* € C sao cho Ax* € Q. (1)
Ky hiéu tap nghiém cua bai toan la 2, tac la
N ={x*€eC:Ax* € Q}.

Bai toan chap nhén tach do Censor va Elfving [1] dua ra 1an d4u tién vao ndm 1994, c6 nhiéu
g dung trong xtt 1y tin hiu, xir Iy anh,... (vi du xem trong [1-12]). Cu thé, xét mot phép bién
dol tuyén tinh nhu sau: y = Ax, v6i A 1a ma tran 1y mau kich thudc M X N, véc to x la tin hiéu
gdc co kich thudc N, va y 1a véc to do dac duoc c6 kich thudc 13 M. Thong thudng, M nhé hon
N rét nhiéu, lam thé nao dé khoi phuc lai x khi biét y va A? Ta biét rang, trong trudng hop nay,
ta co M phuong trinh dé tim N nghiém, nhung M nho hon N nén s€ khong c6 nghiém duy nht.
Ta c6 thé minh hoa truong hop trén bang phep blen d6i Fourier roi rac (Dlscrete Fourier
Transform) vé6i y chi lay M tan sb trong sé N tan sb tir phep blen d6i Fourier day du. Cau hoi
dat ra 12 liéu c6 thé khoi phuc lai duoc tin hiéu x chi tir M tan s6 cua tin hiéu y do dugc? Piéu
thi vi 13 E. Candes, J. Romberg va T. Tao trong cong trinh [13] da cho thay cu tra loi cho cAu
hoi trén 12 khang dinh trong trudng hop x la tin hi¢u thua (sparse), tic 12 x c6 d6 dai N chi chua
I phan tir khac khdng. Cho tin hiéu thua x c6 chiéu dai N, trong d6 bao gém [ phan tir khac
khéng va N — [ phan tir con lai, dugc xem nhu 1a bang khéng. Thong qua phép chiéu véi ma
tran lay mau 4 ta c6 véc to do dac y:
y = A.x + 1,
trong d6 1 12 ham nhiu Gauss c6 trung binh bing khong va phuong sai 2.
Dé khoi phuc tin hiéu gbc ¥, van dé dugc dua ra 1a giai quyét bai toan t6i wu hoa cyc tiéu:
X =min||x|[y véi |[ly - Ax||3 < e )

Ta biét rang bai toan (2) twong duong véi bai toan sau:
X =min|ly — Ax||3 véi||x|l; <t, 3)
X

Véi t 1a sb thyc duong thich hop.

Néu ta dit C = {x € Hy: ||x]|; < t}, Q = {y} thi vi€c gidi bai todn (3) c6 thé quy vé
giai bai toan SFP (1). Bai toan chip nhén tach ban dau dugc Censor va Elfving nghién ctru trong
khong gian hiru han chiéu, sau d6 duoc nhiéu nha toan hoc khac nghién ctru trong khong gian vo
han chiéu (chfmg han xem trong c4c bai b4o cung céc trich dan lién quan [2,5,6,8,9,11,12,14-19]).

Phuong phap 13p pho bién nhat dé giai bai toan SFP Ia thuat toan CQ do Byrne dé xuat
trong [3]. Phuong phap nay la truong hop dédc biét cua thuét toan chiéu gradient trong bai toan
t6i wu 16i véi gia tri ti wu 0:

. 2
min f(x) = %”Ax — PQAx” .

Nhu ta da biét ham f 12 16i kha viva Vf (x) = A*(I — Py)Ax, x € 3, la don diéu manh

nguoc véi hang s6 — , nghia la:

IIAII2 ’

(Vf(x) — Vf(y)x—y)_”AHZIIVf(x) VEWI?  vx,y € H;.

Tuy nhién, thuat toan CQ doi hoi phai biét chuan caa toan tir tuyén tinh bi chan, diéu nay

rd rang khdng dé trong tinh toan. Vi vy, cac phuong phép tu thich img da duoc dé xuat, xem
chang han trong [9,18,20,21]. Bang cht y 1a Lopez va cong su trong bai bao [9] da xay dung
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mot phuong phap chon ¢& budc sao cho khi ap dung thuat toan CQ thi khong yéu cau thdng
tin vé chuan cua toan tir. Luu y rang phuong phap CQ chi thu dugc hoi tu yéu trong khong
gian Hilbert. Vé céc két qua thd vi khac lién quan dén bai toan chip nhan tach, c6 thé xem
trong bai khao ctu cua Ansari va Rehan [22] va cac két qua gan day trong [5,7,11,15-17,19].

Niam 2022, Huang va Liu [7] d4 két hop thuat toan gradient da budc cua Kesornprom,
Pholasa va Cholamjiak [8] va phuong phap gradient lién hop cua Sakurai va liduka [23] dé dé
Xuit mot thuat toan gradient lién hop mai giai bai toan SFP va dua ra mot ng dung trong linh
vuc xu 1y tin hiéu. Tuy nhién qua nghién ctu ky bai bao nay chiing toi thay c6 mot sé nhugc
diém nhu sau: Khdi luong tinh todn con kha 16n (tinh hai lan gia tri caa ham va gradient);
phan chirng minh su hoi tu cua thuat toan c6 16 hong tir sau cdng thiee (19) (chi c6 thé suy ra
day lap 1a don diéu tya Féjer chir khdng thé don diéu Féjer nhu bai bao di chi ra); gia thiét
(C4) khong du dé dam bao cac dai wong M va M 1a hitu han. Dua trén nhirng phén tich do,
trong bai bao nay ching toi dé xuat mot thuat toan CQ véi hudng gradient lién hop méi va
chitng minh sy hdi tu yéu cua thuat toan d6. Thuat toan cua ching toi khic phuc dugc cac
han ché cua Thuat toan 1 trong [7], dong thoi cho mot phuong phap hop nhat cac thuat toan
dang CQ sir dung ¢& budc Polyak dwoc trinh bay trong cac nghién ciu gan ddy, nhu trong
[9,18,24].

Phan con lai ciia bai bio dugc td chirc nhu sau: Phan dau ciia Muc 2 trinh bay mot sé két
qua co ban dé st dung cho viéc chimg minh, phén tich héi tu cua thuat toan CQ véi huéng
gradient lién hop trong phan sau cia muc nay. Két qua s giai bai toan LASSO minh hoa tinh
hiéu qua cta thuat toan do chung t6i dé xuat. Phan 3 13 két luan cta bai bao.

2. NOI DUNG CHINH
2.1. Kién thitc chuin bi

Cho day {x*} c #; va C 1a tap con 16i dong khac rong cia 7-[1 Su héi tu manh (twong
ung, yeu) cua day {xk} tol x duge ki hiéu 1a x* — x (twong tmg x* — x). Ta ki hiéu w,, (x*)
1 tap tat ca cac diém ty yéu cua {x*}:

wyw(x¥) ={x € Hy: x¥ — x v6i mbi ddy con {k;} cha {k}}.
Véi mdi x € Hy, ton tai mot diém gan x nhat trong C, ki hiéu P (x) sao cho
lIx — Pex|l = min{llx — y|l: y € C}.
~_ Pc duoc goti la phép chiéu metric ciia H; 1én C. Tinh chét co ban cta P, dugc cho trong
B6 dé 2.1.
B6 dé 2.1. P, thoa mén cac bat dang thuc sau:
() (x —Pc(x), y—Pc(x))<0,Vx€EH,,y €C;
(i) IPc(x) = 11?2 < llx — ylI?> = llx — Pcx||?, Vx € Hy, y €C.
Dé ching minh sy hoi tu ciia thudt toan dé xuat, ta can khai niém va két qua sau.
Pinh nghia 2.1. ([25]) Dy {x*} c H; goi la don diéu tya Féjer dbi vai tap S néu ton tai sb
N; € N sao cho v6imoi z € S: ||x**1 — z||2 < ||x* — z||? + o}, v&i moi k > N, trong d6 oy, 1a
day s6 duong sao cho Y.;7_, gy < 0.

B6 dé 2.2. ([25]) Cho H; 1a khong gian Hilbert thuc va {x*} c 7, 1a don diéu tua Féjer
ddi véi tap 16i dong khac rdng S < 3. Khi d6
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(i) V&imdiz €S, ton tai giéi han lim llxk — z|],
(i) Néu mdi diém tu yéu ctia {x*} thuoc S thi ton tai ¥ € S sao cho {x*} hoi tu yéu dén
X.

2.2. Thuat toan va su hi tu
2.2.1. Thuit toan CQ tu thich rng v6i hudng gradient lién hop

~ Trong phéan nay ching t6i s& dé xuét thuat toan CQ quan tinh v6i huéng gradient lién hop
dé giai bai toan chap nhan tach (1).

* Thuét toan 2.1. (Thuit toan CQ tw thich wng véi huéng gradient lién hop)

Buwéc khéi tao: Lay € > 0; 0 < 6 < 1 va cac diy duong {pr}, {sk} {,Bk} {Qk} sao cho
0<pr<4,0<0, B <1VAYT o&r <00, Y% By < 0. Ly tuy y x°,x*, d° trong 7, va
datk = 1.

Buéc k: Tinh

& .
min {H,ﬁ} néu xk = xk-1,
ay = ||k — xk=1|
2] néu xk = xk-1,
k= xk + ap(xk —xF1), (4)
k

= PElr Rz ey
dk+1 = —ﬂ.ka(Wk) + Bkdk,
L= po(wk + dkt1), (6)

Néu f(x**1) < & thi ding thuat toan va x**1 12 nghiém cua bai toan. Trai lai, ting k =
k + 1 va tinh nhu budc k.

Nhan xét 2.1. (1) Tur cach xac dinh a; trong Thuét toan 2.1 ta suy ngay ra rang

T allxk — x| < g, < oo,

(2) Truong hop aj = 0 va d* = 0 thi thuat toan trén quy vé Thuat toan 3.1 ciia Lopez va
cong su [9]. Néu d¥ = 0 thi ta nhan duoc phuong phap CQ quan tinh da nghién ciu trong
[6,24]. Thuat toan ctia chung toi cai tién ciia Huang va Liu [7] thé hién ¢ hai dl~em Mot 1a khéi
luong tinh toan giam, chi phai tinh gia tri cua ham va gradient mét lan trén moi budc lap. Hai
la ching t61 dung phuong phap quan tinh dé tang toc thuét toan.

2.2.2. Phan tich sy héi tu

bé ching minh sy hdi tu cia Thuat todn 2.1 ta can cac gia thiét sau:

(C1) infpe(4—pi) >0,
(C2) {x*} va {(I — Py)Aw*} 1a hai day bi chan.

Nhan xét 2.2. Néu tap C 1a tap bi chan thi do {x*} c C nén vé trudc cia diéu kién (C2)
hién nhién théa méan. Chii ¥ néu diy {x*} bi chan thi din dén {w*} bi chin. Vi thé néu xét
khong gian Hilbert hiru han chieu thi vi I — P, 1a 4nh xa khong gidn nén ta ciing co6
{(1 = Py)Aw*} bi chan. Do do, diéu kién (C2) khdng hé khién cudng Vi trong cac vi du thuc té
nhu bai toan xt ly tin hiéu, hinh anh thua, ta xét tap bi chan C 13 qua ciu chuan 1, tic 1a
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C={xeH:|lxll, = t},

trong d6 t 1a sb thuc duong.

Pinh 1y 2.1. Gia sir cac diéu kién (C1) va (C2) duoc théa méin va {x*} 1a diy sinh boi
Thuit toan 2.1. Khi d6 day {x*} s& hoi tu yéu dén mot phan tir cua £2.
Chimg minh:

Tir cach chon By ta suy ra ton tai k, sao cho By < % V6i moi k > k,. Khong giam tong
quat, ta cd thé coi ||[Vf(w*)|| = € véi moi k > k,. Theo (C2) ta suy ra ton tai M; > 0 sao cho
1
fw ) =211(1 = Po)Aw¥[|> < M;.

Ta sé& chi ra bang quy nap rang day {d¥} bi chan. That vay, gia st ||d¥|| < M véi k nao d6

(k = ky). Tir (5) ta thdy

K[| = p, LTI _ ava2My |
ANVEWON = oo mnzre, < 114711

Vi thé sup A, ||[VF (wH)|| < oo. Pt
k

M= m}gx{”d"”,z sup/lk”Vf(Wk)ll} < oo,
k

Khi do
¥ | = || = A VW ) + Bid®|| < A IVF W] + Biel|d*|| < M.
Tiép theo ta ching minh rang véi moi z € 2 ta co:
2(,k
A 22 < (W = 2| = pp (4 — p) ) 4 B M,
I I I I1* = pr(4 — pi) TRl BiMa

trong d6 M, = sup 2 (w* — 2, Vf(w*)+ %ﬁkdk —z,d").
k

Taco
Wk — 4 Vf(wk) — z||? = |lwk — z||2 + 22||Vf (wH)]|?
+20,(z — Wk, VF(w)) (7)
va
(VFWF),wk —z) = ((I — Py)Awk, Awk — Az)
= ((I — Py)Aw* — (I — Py)Az, AWk — Az)

> ||(1 — P)Aw*|” = 2f (w"). 8)

Tu (7), (8) taco
Wk — 4 VF(WH) = z||2 < Ik —z|? + 2ZIVF W12 — 42, f (w")

2 2k
— k _ 2+( f(—wk)> — 4 L)
W= =2l Pefereamt) ~ *Pe s

r2(wk)
< |lwk —2z||? — p (4 — e

Tur d6
[l = z||? < [lw¥ = 4 Vf(W5) + Brd® — z]||?
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= lw"* = 4 Vf W) = z|I* + 2B {w® = 1,Vf (W5) — 2,d%) + BElId*|I?

K 2 f2w") k K k 2119k [2
< |lw* —Z]| —Pk(4—,0k)”vf(—k)”2+2ﬁ’k(w = A VfW") —z,d*) + Billd"||
= = 21— (= p) D 2 k= AT+ B — 2, )
= lw Z Pk Pk ”Vf( k)llz w k fW Zﬁk Z’:Bk
k 1
= |lwk —z||? — p (4 — Pk)”fo((T))”z'*‘ 2By (wk — Aka(wk)+zﬁkdk — z,d¥)

2000k
< [lwk —z||1? — pp(4 - Pk)llvff((%"' BiM,

trong d6 M, = sup 2 (wk — Aka(W")+%,Bkdk — z,d¥).
k

Do vay
X+t = z||? < [lw* = z]1? — pr (4 — pi) v ff((wk)”z + M,
= (I — Il + llx* — kWY—m(—m)f%%+mM
Do do
|2+t — z]|2 < ||k — 2|12 + 2]|x* — zllapllx* — x| +(apllx* — x*71] )2
r2(wh)
—pi(4 = pr) =" + B M, 9
va
pr(4 — pi) ”fo(( k))nz < lx* = z||? = |2 — 2|2 + 2[|x* = zllag l|lx* — x*7H|
+(agllx® = x| )2 + BiM,. (10)

Vi day {x*} bi chin nén két hop voi Nhan xét 2.1, bat qgmg thirc (9) ta thiy rang diy nay
la day don diéu tua Féjer doi vdi tap nghiém. Khi d6 theo Bo d¢ 2.2 vai
o = 2llx* = zllagllx’ = ¥+ (gl = 27D + My,

ta suy ra ton tai Ilim |lx* — z|| va khi @6 chuyén qua giéi han trong (10) ta dugc

k
Jim pr(4 — Pk)”fo((—Wk))Hz 0.

Véi gia thiét (C1) ta suy ra

m L0 (11)

koo [[vf(wh)|

Vi Vf la Lipschitz nén ta co
IVF W = IIVfF(W") = VE@)Il < IAIIPIIw" - zI| vz € Q.
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Tir day ta suy ra ddy {Vf(w*)} bi chin (hodc c6 thé 1ap luan nhu phin dau cta chimg minh
dé suy ra ||[VF (WO || < /2M,|1A*|]). Tir d6 két hop voi (11) ta di dén

lim f(w*) = 0. (12)

Ta s& chi ra ring w,, (x¥) c 2 . Liytuy y ¥ € w,,(x*) . Do day {x*} bi chin nén ton tai
mdt diy con {x*1} hoi tu yéu dén x. Mit khéc theo thuat toan thi w* = x* + a, (x* — x*~1)
nén

Wk — x*|| = llage (x* — x* 1|l < & - 0. (13)

Tir (13) suy raw” = ¥ € C. Do f(x) 1a ham 15i nta lién tuc dudi yéu va wkt — %, tir
(12) suy ra

f(®) < lim inf f(wkn =o.

Vay ta c6 Ax € Q. Piéu nay din dén x € Q. Vi x dugc chon bat ky thudc w,, (x*)
nénw,, (x*) c . Theo B6 dé 2.2 ta c6 diéu can chirng minh.

Nhan xét 2.3. Két qua hoi tu trén cua chung toi di md rong va cai tién cac két qua trong [6-
9,24]. Ching minh sy hoi tu cua thuat toan dé xuat cua ching t6i ciing khac vai cac két qua
khéc c6 su dung ky thuat quén tinh [6,16-19].

Nhan xét 2.4. Néu B, = 0 voi moi k thi trong ching minh cta Dinh 1y 2.1 s& khong con xuét
hién sb hang B, (W* — 4, VF(wk)+ %ﬁkdk — z,d¥), vi thé diéu kién (C2) 1a khong can thiét
nua.
2.3. Két qua sb

Trong phan nay, chung t6i xét bai toan LASSO sau dy:

.1 2
- — <
min > |Ax — b||5 saocho ||x||; <t, (14)

trong d6 b € R™ la tin hiéu quan sat duoc véi nhiéu 7, x € R™ 1a tin hiéu can khoi phuc,
A (m x n) la ma tran lay mau. N6i chung A 1a ma tran diéu kién xau. Dat

C={x: |lxll, =t}vaQ = {b}

thi bai toan t6i uu c6 rang budc (14) quy vé bai toan chap nhan tach (1).

Ta chon dir liéu nhu sau. Véc to x € R™ 1a mot I-tin hiéu thua duoc sinh ra tir phan phéi
Gauss voi [ phan tir khac 0 duoc chon ngau nhién. Ma tran A (m X n) duoc sinh ra tir phan
phdi chuan vai gid tri Ky vong bang 0, phuong sai bang 1. Chung ta s& so sanh Thuat toan 2.1
(CGCQ) v6i thuat toan CQ [9] (Lopez et al. algorithm), thuét toan gia tc cua Gibali-Mai-Vinh
(iCQ) [6], Thuat toan 1 cua Kesornprom et al. [8] (CQ-gradient) va Thuat toan 1 cia Huang-
Liu [7] (CGCQ-gradient). Véc to quan sat dwoc b = Ax +n, véi nhidu Gauss tring 1 co
phuong sai bang 1. Ta lay
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m = 2048,n = 4096, = 160 (so6 thanh phan khac 0),
1
Ekzﬁkz m, pk=3.9, 0 =0.6
va cing diém khoi tao x° = (0, ...,0) cho ca 3 thuét toan.

Tham s6 quan tinh trong Thudt toan 2.1 va Thuat toan 1 ctia Gibali-Mai-Vinh dugc chon
nhu sau:

0, xk = xk-1

ay = . 1 k k-1
min {Q'kl-lllxk — xk_lllz}, x" #Fx .

Céc thuat toan ding khi sai s6 binh phuong trung binh

1
MSE = - |lx* — x||> < 107°

hoic khi sé budc lap dat dén 1000. Tin hiéu x duoc khoi phuc bang cach giai bai toan LASSO
(14). Cac két qua sb dugc tinh toan trén ngdn ngit Matlab 2016a. Dudi day, Hinh 1 va Hinh 2
minh hoa két qua sb cho truong hop m = 2048,n = 4096, | = 160; Hinh 3 va Hinh 4 minh
hoa thém két qua s6 cho trudng hgp m = 512,n = 1024, | = 40.

4 v T r r 0.8

-0.8 -
0 500 1000 1500 2000 2500 3000 3500 4000 4500 0 500 1000 1500 2000 2500

Hinh 1. Tin hiéu gdc va tin hiéu quan sat dugc véi m = 2048, n = 4096, = 160.

® — Original signal i
O Lopez et al. algorithm Lopez et al. algorithm | |
3r ica —ica |
CQ-gradient CQ-gradient
. O CGCQ-gradient 102 —— CGCQ-gradient
—CGCQ

Value of signal

0 500 1000 1500 2000 2500 3000 3500 4000 4500 10®

0 2 4 6 8 10 12 14 16 18
Length of signal

Running time (seconds)

Hinh 2. Tin hiéu khéi phuc va so sanh MSE (thoi gian tinh toan (gidy)) trong truong hop 1.
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2 . P . . . 06 . '
T © Original signal [~ observation
f 1 n o

® ® 0.4
RIE
s ; . . ‘
it \ s ‘T
05 of T ) 02 ]

-04

25 © -06

25 " L L L L ba

0 200 400 600 800 1000 1200 0 100 200 300 400 500 600

Hinh 3. Tin hiéu gdc va tin hi¢u quan sat dugc véi n = 1024, m = 512,1 = 40.

-1
2 —=9 Original signal 10 ¢ i
O Lopez etal. algorithm b Lopez et al. algorithm | ]
15h ica —ica |
CQ-gradient 2 CQ-gradient
1t O CGCQ-gradient 107 ——CGCQ-gradient
® ¥ coca ; ceea

051

Value of signal

0 200 400 600 800 1000 1200 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9
Length of signal Running time (seconds)

Hinh 4. Tin hiéu khdi phuc va so sanh MSE (thoi gian tinh toan (gidy)) trong truong hop 2.

Quan st cac két qua sé chiing tdi thdy rang cac thuat toan déu cho két qua khdi phuc kha
chinh x&c tin hiéu thwa ban dau. Véi ciing mot mic sai s6 € = 107°, thuat toan cua chung toi
cho thoi gian tinh toan nhanh nhét, diéu nay cho thay tinh hiéu qua cta viéc xdy dung diy véc
to {d*}. Tur Hinh 4 (trudng hop 2), trong su so sanh MSE chling ta thay ngoai thuat toan CGCQ
va CGCQ-gradient, cac thuat toan con lai chua dat dén mirc sai s6 mac du da chay hét 1000
budc lap. Ching ta ciing thay rang thuat toan CGCQ-gradient hiéu qua hon khi so chiéu nho.
Diéu nay ciing cho phép ta nhan dinh rang véi cac thuat toan co nhiéu budc tinh toan ciing nhu
phai tinh gia tri ham, dao ham nhiéu lan thi thuat toan chay twong d6i cham.

3. KET LUAN

Trong bai bao nay ching t61 da dé xuat mot thuat toan CQ quan tinh v6i hudng gradient
lién hop dé giai bai toan chip nhan tach (1) trong khong gian Hilbert. C6 budc dugc tinh bang
cong thirc Polyak, mét phuong phap rat hiéu qua khi biét gia tri toi uvu. Ching t6i chi ra rang
day sinh boi thuat toan dé xuét hoi tu yéu den nghiém ctia bai toan chap nhén tach. Thuat toan
ctia chung toi d cai tién va mo rong mot 5O phuong phap CQ véi ¢& bude Polyak dugc trinh
bay trong cac nghién ctru gan ddy. Cac két qua sb cho thiy tinh hiéu qua khi so sanh véi cac
thuat toan da biét.
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