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Abstract. The "determining modes" concept introduced by Foias and Prodi in 1967 say that if two
solutions agree asymptotically in their P projection, then they are asymptotical in their entirety. In this
paper, we consider the 2D g-Bénard problem in domains satisfying the Poincaré inequality with
homogeneous Dirichlet boundary conditions. We present an improved upper bound on the number of
determining modes. Moreover, we slightly improve the estimate on the number of determining modes
and obtain an upper bound of the order G. These estimates are in agreement with the heuristic
estimates based on physical arguments, that have been conjectured by O.P. Manley and Y.M. Treve.
The Gronwall lemma and Poincaré type inequality will play a central role in our computational
technique as well as the proof of the main result of the paper. Studying the properties of solutions is
important to determine the behavior of solutions over a long period of time. The obtained results
particularly extend previous results for 2D g-Navier-Stokes equations and 2D Bénard problem.
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1. INTRODUCTION

Let Q be a (not necessarily bounded) domain in R* with boundary I". We consider
the following two-dimensional (2D) g -Bénard problem
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%+(u-V)u—VAu+Vp:§¢9+f,er, t>0,

V(gu)=0,x€Q, t>0,
%ﬂu-vw—me—z—K(Vg-V)e—%e:f,xeg,z>o, n
ot g g

u=0,xel’, t>0,
0=0,xel’, t>0,
u(x,0)=u,(x), xeQ,
0(x,0)=6,(x), xeQ,

where u =u(x,t) =(u,,u,) is the unknown velocity vector, & = 6@(x,t) is the temperature,

p = p(x,t) is the unknown pressure, f is the external force function, f~ is the heat source
function, v >0 is the kinematic viscosity coefficient, £ is a constant vector, K >0 is
thermal diffusivity, u, is the initial velocity and 6, is the initial temperature.

The g -Bénard problem is a variation of the Bossiness equations which consists of a
system that couples Navier-Stokes and advection-diffusion heat in order to model convection
in a fluid [1-12]. Moreover, when g = const we get the usual Bénard problem, and when
0 =0 we get the g -Navier-Stokes equations. The 2D g -Bénard problem arises when we
study the usual 3D Boussinesq equations on thin domains (2, =€Qx(0,g). In what follows,
we list some related results.

The conventional theory of turbulence asserts that turbulent flows are monitored by a
finite number of degrees of freedom [1-12]. The notion of determining modes in [2,4,5] is
rigorous attempts to identify those parameters that control turbulent flows. The theory of
determining modes was introduced by Foias and Prodi in 1967 [4]. Jones and Titi presented
improved upper bounds on the number of determining Fourier modes, determining nodes and

volume elements for the Navier - Stokes equations in [6]. The dependence of the number of
numerically determining modes in the Navier - Stokes equations on the Grashof number is

examined in [7,8]. Then, in [3,9] M.Ozlik and M. Kaya also study the number of
determining modes to 2D g -Bénard problem for periodic time boundary conditions.

Studying the properties of solutions is important to determine the behavior of solutions
over a long period of time.

We will study the number of determining modes to 2D g -Bénard problem in domains
that are not necessarily bounded but satisfy the Poincaré inequality. In particular, the
dependence of the number of deterministic modes of numbers on Grashof's numbers. To do

this, we assume that the domain €2 and functions f, f~ , g satisfy the following hypotheses:

(£2) 02 is an arbitrary (not necessarily bounded) domain in R* satisfying the Poincaré type
inequality
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i ¢ gdx < /lil i V| gdx, forallgeCr(Q); )
where A, >0 is the first eigenvalue of the g-Stokes operator in Q;
(F) feLOT:H,), [ eLO.T;L(Qg))
(G) g eW"*(Q) such that
0<m,<g(x)<M, forallx=(x,x,)€Q, and |Vg[.<m A, (3)

where A, >0 is the constant in the inequality (1.2).

The article is organized as follows. In Section 2, for convenience of the reader, we
recall the functional setting of the 2D g -Bénard problem. Section 3 we show the number of

determining modes.

2. PRELIMINARIES

In this paper, we use the following function spaces:

Cy (Q,) is a space of all infinitely differentiable functions with compact support in
Q,.
L’ (Qg) ={u:Q, > R'ureW, - (V@,Vr)g € is a Lebesgue measured function

and 1< p<+oo; I |u(x)|P dx<o} .  The norm on [? (Qg) is
Q

g

Ju

pay = [ [ Ju()| dx} .
Qg

L (Qg) is a Banach space. Its elements are the essentially bounded measurable

functions in Q with the norm:: [ | . :=esssup | u(x)|.

g

The Sobolev space W (Qg); I<p<owo;m>0 is defined to be the set of all

functions on such that for every multi-index « with |a| <m , the mixed partial

o 0“lu . . .
derivative ' =—— " exists in the weak sense and is in L’ (Q i.€.
a; a, g ’
1 n
ox/["...o0x,
4 L P
_ a
||u Wi, = E ”D u| dx <o,
=0,

0
The Sobolev space H,'(€,) =W,"; m >0 defined to be the closure of the infinitely

differentiable functions compactly supported in € in H' (Qg). The Sobolev norm
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defined above reduces here to
||u||ill(9g) = I |u|2dx+ I |Vu|2dx. When Q is bounded,
Q

Qg 4

Let I(Q,g)=(L(Q,g))* and H(Q, g) =(H,(€2,g))’ be endowed with the usual
inner products and associated norms. We define

Y ={ue(C(Qg):V-(gw=0,, N={0eC(Qg),

H, = the closure of ) in L'(Q,2), V, = the closure of ) in H, (€, g),

2
Hy(Q,)

u” =/1j |Vu|2 dx.
Qg

W, = the closure of ) in H,(Q,2), Vg’ = the dual space of V,,
W, = the dual space of .

The inner products and norms in Vg,H . are given by
2
(u,v), = Iu -vgdx, u,veH, and (u,v)), = I ZVuj Vv,gdx, u,vel,
Q Qi.j=1
2 2 _ . . 1

and norms |u[,= (u,u),, ||u||,=((u,u)),. The norms |-|, and ||-[|, are equivalent to the
usual ones in (€, g) and H (€, g). We also use ||-
duality pairing between Vg and Vg'.

. for the norm in Vg’, and (-,-) for

The inclusions V, cH,=H, cV,, W, c L'(Q,g)c W, are valid where each

space is dense in the following one and the injections are continuous. By the Riesz
representation theorem, it is possible to write (f,u), =(f,u),,Vf € H,,Yu eV,.

Also, we define the orthogonal projection F, as P, : H, — H, and I~’g as 13g :

r’'Q,g) — W, . By taking into account the following equality

—l(V-gVu) =—Au —l(Vg Vu,
g g

1
we define the g -Laplace operator and g -Stokes operator as —A u =——(V-gVu) and
g

Au=P[-A,u], respectively. Since the operators A4, and P, are self-adjoint, using
integration by parts we have

(Au,uy, = (Pg[—l(V -gVul,u), = IQ (Vu-Vu)gdx =(Vu,Vu),.
g

Therefore, for u € V,, we can write | Ai,/zu | =l Vul,=lull,.

Next, since the functional 7€ W, - (V 0, Vr)g € R is a continuous linear mapping on
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W, , we can define a continuous linear mapping A, on W, such that
VreW,(4,0,7),=(VO,Vr),, forall 0eW,.

We denote the bilinear operator B, (u,v) = P, [(u-V)v] and the trilinear form

2 ov,
— J
b, (u,v,w) = Zjﬂui = w,gdx,
i,j=1 i
where 1, v,w lie in appropriate subspaces of Vg . Then, one obtains that

b, (u,v,w)==b, (u,w,v), also b, satisfies the inequality
b,(u,v,v)=0, 4)
where u,v,we Vg .
Similarly, for u €V, and 6,7 € W, we define f?g (u,0)= Pg [(u-V)O] and

b, ,0,0)= 3. [ 1,0 22

i,j=1 j

7(x)gdx.

Then, one obtains that l;g (u,0,7)= —l;g (u,7,60) and l;g satisfies the inequality
b, (u,0,7) =0, (5)
where u eV, ,0,7eW,.
Also b, and l;g satisfies the inequality (see [10],[11])
by Gy w) | < [l 2y w2l wll?, v uvowe (6)

1b,u,0,0) |, <c, [ul*||ull?101,1 ]| 2 |[*, Vuer,.0,cem,. (7)

g

We denote the operators C,u = Pg[l (Vg- V)u] and C~'g(9 = 15g[l (Vg- V)H] such that
k g g
\% ~ ~ V
(Cv), = b, LK C,07), =6, (= F.0.7).

. LA . . v v
Finally, let D 0 =P [?g 6] such that (D,0,7), = b, (?g,é’,r) b, (?g,z', 0).

Using the above notations, we can rewrite the system (1) as abstract evolutionary
equations
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%+Bg(u,u}+vAgu+ngu =50+ f,
4o - S 8
-+ B,(1.0)+x4,0-kC,0-xD,0=]. ®

u(0)=u,,0(0)=0,.

Let

172

F= }ggsup(jg £ (t,%) dx)m  F= }igsup(jg 7t %) dx)

We define the generalized Grashof number Gr and Gr as

Gr= FZ, Gr= Fz.
Av AK
The generalized Grashof number will play an analogous role as the Reynolds number and will
be our bifurcation parameter. In what follows all our estimates will be in terms of the

generalized Grashof number. Notice that if f, / are time independent, then Grand Gr are

the Grashof number G = @ and G = LL ,
A P

respectively.

In particular, we will use the following estimates (see. e.g., [1],[12]):
||1/l ||L3(Q)S C3 ‘ u ‘1/2”” ”1/2:
[l || = s e[

/2 /2
||u||L’°(Q)SCS||M||1 ‘Auyl .

3. DETERMINING MODES

We denote by Pm,f’m the orthogonal projection onto the linear space spanned by

W, Wy W b, AW, WL, W b, the first m  eigenfunctions of the Stokes operator
A, A,respectivelyand O, =I—P,,0, =1—-P,.

Let u,, 6, and u,, 6, solve respectively the g-Bénard problem

%-|-Bg(ul,ul)+1/Agul+VCgu1 =&0,+ £,(1), ©)
0 - _ . . ~

zlt"'Bg(upel)—i_KAgel_KCgQI_KDgQI =f1(l), (10)
%+Bg(“2a“2)+VAgu2+VCgu2 =c0,+ ,(0), ()
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0, = ~ ~ . ~
= +B,(u,,0,)+xA4,0,-xC,0,—xD,0, = f,(1),
where f,, f, are given force in L”(0,00; H ¢)»and
f], fz are given force in L*(0,00; L’ (Q, g)).
A set of modes {w,}"", and {w;.};'.':1 are call determining if we have
lim (1)~ 1, (1)], =0,
lim | 6,(1)~ 6,(1)], =0,
whenever

lim| £,(0)= £,(0)],= 0,1im| 7,(6) - /s(6) |, =0,
(13)lim| B,14(0) = Bty (1) |,= 0,1im| B,6,(1) = B,6,(1) = 0.

(12)

(14)

Lemma 3.1. [1] Let o be a locally integrable real valued function on (0, ©), satisfying for

some 0 <T < oo the following conditions:

>0

lim inf% :+Ta(‘[)d2' —A>0,

i lj’” “(0)dr =0
msup — o \(7T)art = <OO,
t—© pT t

(15)

(16)

where o~ =max{—a, 0}. Further, let [ be a real valued locally integrable function defined

on (0,0) such that
lim% [ B (@)dr =0, where = max (5,0},

Suppose that ¢ is an absolutely continuous non-negative function on (0,00) such that
d
E§+a§ < f,a.e.on(0,0).

Then ¢(t) >0 as t > .

Lemma 3.2. Let (u(t), 6(t)) are solve of the g-Bénard problem (1). Then the estimates
. 1 pt+7 ) ) ~ 5
}ggsup;_[t llull,dr <c,Gr +¢,Gr-,
}Lrlgsup% [ N6 Rdr<e,Gr

forevery t,T > 0.
Proof. Multiplying the first equation of (1) by » and the second by 9, we get
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1d \Y
ol vl +vbg(—g,u,u> = (E0,u), +(f.u),,

1d|6>| AR V€ 0.0)=(1.0),.

By using the properties of the trilinear from b, and l;g , the Cauchy-Schwarz and the Young

inequalities, we see that

d, 22180 L0 2
—lul; +vy, ||u; ||I< 20 + , 19
dt| ¢ +V70 Il |l o 101, %Vﬂ]lflg (19)
d 1 =
D10P sxy, |02 < 2, 20
dtl e Tx70 101l ;/Ozd1|f|g (20)
where }/0:(1_|Vg1|/2) 0.
Using || ]3> 4, | @, for (20), we have
d 1 =
— O +y kA |0 < 2.
dzl o T7ox A O], Wd]lflg
Now from Gronwall's inequality we obtain
At 1 o i-s) | 7
6™ 60, + [ &7 Fis)E, ds.
0 1
In particular, we have
F?
. 2<—
}{{gsup 10() [, < mRSTE (21

We integrate (20) over the interval (¢,+7), we obtain

t+T 1 t+T ~
K O dr <|0@) [ + 2 dr.
roc| I101Edz <00, e [T1Fe
That is
1+ o 2
1imsuplj QT e —_
e T Ty’ 2l yok’h
From Gr = and take T = (y,4,)”" , we obtain

KZ

: + 27° A =
hmsuplj.t T||9||z,dr§ 72/11 r?,
t—w T Jt }/0
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Mq

70

where y =max{v,x}and set ¢, = , we have estimate (18).

Next, using ||« [[;> 4 |u |, and Gronwall's inequality for (19) we obtain

2t s
mfoe WA ERIO +1 S T;)ds.
0" ™

u@) ;< e [u(0)[; +
In particular, we have
21EP F? . 2F?
R e

limsup |u(¢) |§ <
t—0

Using |0 |2g£ % X% ||§ for (19), then we integrate it over the interval (¢,7+7"), we obtain

[ ulfdr < juo +2EE [0 2ar e j’ e dr.
YoV 7’0V 21 !
That is
. 1 t+T >
limsup— [ [lulf;dz
J20ER P 2F  20ERFP 21EL FP 2VAF
_5324+ 332+ 5233+4222+ 2
Tyyvk A TyyvAr TyVviK AL vk A 7o
ﬁ
From Gr =—— and Gr=—o1 , we obtain
Av
. 1 t+T 5
timsup— [ [lulf;dz
<2K2|§|iér2+2vGr2+2K|e§|§oér2+2K2|e;|;ér 2V/11Gr
STy A Tyt Tyva YoV’ Vs
. 4y 277 |ER 4P| EF -
Setting ¢, = 7f,c8=( 74|3§|°°+ 74|€| we obtain estimate (17).
Yo oV A YoV

Theorem 3.1. Suppose that m satisfies
Ay = oGP + cloér2 +cs
At _cuGr +c3.

m

Then the number of determining modes is not larger than m. That is, if

t—0

lim| £,6,(t)~ £,8,(1)|,=0,
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then
lim | 4,(6)=1,(6) |, = 0, Tim | 6,(£) = 0,(0) |, =0.
Proof. Let
w(t) =u (1) —u, (1), p(¢) = B, m(1) and ¢(t) = O, w(®),
W(t) = 6,(1) =6, (1), p(1) = B,i(¢) and §(1) = 0, (2).
Then by assumption | p|—>0 and | p|—> 0 as t > .

Subtracting Equation (11) from (9) and (12) from (10), we obtain

cfl—vtv+vAgw+Vng+ B, (u;, w)+ B, (w,u)) = B, (w,w) =& w+ f,(6) = 1,(0), (22)

W ~ - ~ - ~ - ~ - ~ ~ - ~ ~
E+KAgW(9—KCgW—K‘DgW+Bg(ul,w)-i-Bg(W,@l)—Bg(W,W) =1, f,(). (23)

Taking the inner product (22) with g and (23) with ¢ . Then, using (4) and (5), we have

1d
>4 o v I1g < (B, (wyw), w) | +] (B, (u;, w) + B, (w,1,) — B, (w,w), p)|

+V|bg(%,w,q)|+|(§Vv,61)|+|ﬂ(t)—ﬂ(t)lg|qIg, (24)
ld ., 2B - B ~ o
EEICIIg +K |1 [ <[ (B, (w,6), W) |+ (B, (uy, W) + B, (W, 6) = B, (w, W), p) |

+K|5g<%,a,vv)|+|f1<t>—f2(t)|g|é|g. (25)

By using the (6), Cauchy-Schwarz inequality and Young's inequality we give some bounds on
the terms which occur in the (24)

[ (B, (w,u,), W) |
= (B, (q,u)), @) | +|(B,(q,u,), p) | +| (B, (p,u,), W) |

<clql gl i ll, +1 217 (o lal gl N NPl +e Il p I [l wiwlly®)

3012 2 2 |4 2
<5, bl lly +=lall,

+pl Clal gl L 21 e Lo I e Nl w i wll,™)

3¢} 1%
1=2—;|Q|Z||u1 [ +g||Q||(2g +M, ()| p 7, (26)
|(Bg(l/ll,W)‘l‘Bg(W,ul)_Bg(W,W),p)|

< (B, (uy, w), p) [+ (B, (W), p) |+ | (B, (W, w), p) |
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|l/2 ||1/2 1/2

ol ol 7w 2wl Pl

o [w w1 1 e Tw P lwIR2 1 el =M@ p 1, 27)

Y Y v Vel, Vel
15,8 w196, 8 g+, pog) 1< B g1, + Yk g
g g g m m

0 0
3|Vg|w
2 2

1 2 | Vel,
gl gllCIHg +4, m—|P|g|4|g

0

_3|Vgl
2 2

— 514

|+ gl +M, )| pl, (28)
|EW. <€ G+ (Ep. ISl ql, +1S LI Pllql,

1 20 ~ 2 l 2 ~

SglflwlfJIg+2|fJIg+|§|w|plgICI|g- (29)

Using estimations (26)-(28) and || ¢° > 4,.., | ¢[° into (24), we infer that

d 2 2 3¢} 2 3V|Vg|i v 2
E|(1|g +1ql, |:V/1m+1_(71||u1 Ilg +m—02+1 +§||f1||g

S2M ()| plg* +2M, (0| p |7 +2vM ()| pl+I LG,

21l Pllqly 21RO - L0 14, - (30)

Next, using the (7), Cauchy-Schwarz inequality and Young's inequality we give some bounds
on the terms which occur in the (25)

| (B, (w,6)),W)]

={(B,(4:0).9 | +1(B,(4,6), )| +|(B,(p,6),W)|

<c gl a6 1,111l +ey Ll lla 716 1l B2 A1
+, | P P16 LW I

= lql gl 1011111 +N OB +N, @0 I,

2
C ~ ~ ~
< qlllqll +—j 10 151G 1111l +N, )| p1g" +N, () | p 1,

3 1%
S—|q|§+—llq||§ —||61|| +N, )| 7 +N,(0) ] pl)7, (31
2v 6
|(Eg(upﬂ’)+1§’g(Wa6’1)—l§g(W,W),ﬁ)|

<|(B, (u, ), P) |+ (B,(w,6,), ) | +| (B, (w, W), p) |
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172 1/2

<51 (€ L [Pl |12 W B
iy w2 w2 G LI B +ey | w2l w2 #1512
=N, B2, (32)
- Ve . = Ve _ .~ Ve __ |Vel.. . Vel ... . .
15,28 2w 15, 8 a.)+15,28 4. 1< Ve 17141, + Y8k 41105,
g g g m, m,
|Vg|i ~p 10 |Vg|oo ~ ~
Sm—§|f]|g+z||f]||g+m—0||f1||g|p|g
VeP .o 1, . )
=Bk g R L1 N0 5, (33)
0

Using estimations (31)-(33) and || ¢ ||§2 A 1q |§, into (24), we infer that

d ~12 ~ 12 C4 4 2K|Vg|020
E|‘]|g+|‘1|g {K/Imﬂ_(g—;HQHg +T

0

3 v - -
S;VI i +§II qll; 22N, ()| B[ 2N, (0) | p|,* +2N,(0) | p .’

+2xN, ()| B, +2] (O - /OG- (34)

We sum equations (30) and (34) to obtain
d
—C+a(t)e < B0,
7 ¢+a(n)g < pr)

where

$=lql; +1ql;, a()=min {& (), &,(1)},

2 2
o (O)=Vi,., —[ﬁnul £ +M+3+1}
v my v

4 2
c 2| Vg,
az(r>=zdm+l—(8—j(||6a||‘;+—'ng' +|§|ij,

0

WO =2M,(1)| pl* +2M,(O) | p|;” +2vM, ()| p|+21 €11 B, 1],
2| L(O-L,O g, 2N, | ;7 +2N,(0) | p|,?

+2N,(0)| B I 426N, ()| B, +2| fi() - [, G, -

Since the solutions u,, u,, 6 and 6, are bounded uniformly for # bounded away from zero in
H, , V, and W, respectively and by assumptions (13) and (14) it follows that

P0)—>0ast—>o
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From (17) and (18), we see that

hmsup J. a; (Z')d2'< ‘(c7Gr +¢,Gri)+ 2= 3vIVel. += +1 VA, <0,
m; v

lim sup— [ e (@) < C—chér“ 2x|Vel. 2| Vel , 1EP KA, <

t—o0 Tt 8k

O
and the condition (16) of Lemma 3.1 is satisfied.

Finally, we see that

2
hmmfljt Loy (0)dr2 v, —[ﬁ (¢,Gr* +¢,Gr*) + =1 —21= 3V Vg RN 1}
T y oy

t—0

4
liminf.[: Taz(z')dr > KA, —(;—;céér“ +ﬁ +| & |°°j’

t—w©
0

and if m is sufficiently large that the inequalities

Vel 3 1
Ay = —+ 1 (C7Gr +08Gr )+ 3 ‘2g|°° ++—,
m, vV
4 2 2
c ~ 2|V
ﬂlerl 2 22 CéGr4+ | §.|oo +|§|oo .
K m, K
That is
At _c9Gr +clOGr +¢1ps A _clzGr +c3,
where
2 2 2 4 2 2 2
3¢ 3¢ _3|Vgl, 3 1 GG _2lVel, IS
Co im0, Cg =5y = e R T e .
1% 1% my VeV 8k my K

Hence, from the above and Lemma 3.1 we conclude that:

lim |, (1) ~t, (1)],= 0 and lim| 6,()— 6, (1) |,=0.

4. CONCLUSION

In conclusion, we have presented an improved upper bound on the number of modes defined
for the 2D g-Bénard problem. Moreover, this is an important result in the study on the long-
time behavior of the solution when the time to infinity. The calculation techniques showed
here are able to be applied to other classes of equation systems such as: Boussinesq and
MHD.

REFERENCES

[1]. Davide Catania, Finite Dimensional Global Attractor for 3D MHD-a Models: A Comparison, J.
Math. Fluid Mech, 14 (2012) 95-115. https://doi.org/10.1007/s00021-010-0041-y
[2]. C. Foias, O. Manley, R. Temam, Y. Treve, Asymptotic analysis of the Navier-Stokes equations,

686



Transport and Communications Science Journal, Vol. 73, Issue 7 (09/2012), 674-687

Phys. D, 9 (1983) 157-188. https://doi.org/10.1016/0167-2789(83)90297-X

[3]. C. Foias, O. Manley, R. Temam, Attractors for the B enard problem: Existence and physical
bounds on their fractal dimension, Nonlinear Analysis: Theory, Methods & Applications, 11 (1987)
939-967. https://doi.org/10.1016/0362-546X(87)90061-7

[4]. C. Foias, G. Prodi, Sur le comportement global des solutions non stationnaires des équations de
Navier-Stokes en dimension two, Rend. Sem. Mat. Univ., Padova, 39 (1967) 1-34.

[5]. C. Foias, R. Temam, Determination of the solutions of the Navier-Stokes equations by

a set of nodal values, Math. Comput., 43 (1984) 117-133. https://doi.org/10.2307/2007402

[6]. D. Jones, E.S. Titi, Upper bounds on the number of determining modes, nodes, and volume
elements for the Navier - Stokes equations, Indiana Univ. Math. J., 42 (1993) 875-887.

[7]. E. Olson, E.S. Titi, Determining modes for continuous data assimilation in 2D turbulence, Journal
of Statistical Physics, 113 (2003) 799-840. https://doi.org/10.1023/A:1027312703252

[8]. E. Olson, E.S. Titi, Determining modes and Grashof number in 2D turbulence: a numerical case
study,  Theoretical and  Computational  Fluid  Dynamics, 22  (2008)  327-339.
https://doi.org/10.1007/s00162-008-0086-1

[9]. M. Ozluk, M. Kaya, On the weak solutions and determining modes of the g-Bénard problem,
Hacet. J. Math. Stat., 47 (2018) 1453-1466. https://doi.org/10.15672/HIMS.20174622762

[10]. R. Temam, Navier-Stokes Equations and Nonlinear Functional Analysis, CBMS Regional
Conference Series, No. 41, SIAM, Philadelphia, 1983.

[11]. R. Temam, Navier-Stokes Equations, Theory and Numerical Analysis, vol. 2 of Studies in
Mathematics and Its Applications, North-Holland, Amsterdam, The Netherlands, 3rd edition, 1984.
[12]. J. Roh, Dynamics of the g-Navier-Stokes equations, Journal of Differential Equations, 211
(2005) 452-484. https://doi.org/10.1016/].1de.2004.08.016

687



