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Abstract. The theory of analytic pseudo-differential operators is an extension of differential
operators, which is a powerful tool to study the application of Fourier analysis to partial
differential equations. This paper studies some profound applications of the analytic pseudo-
differential operator that has been of interest to some mathematicians. The space of entire
functions of exponential type is less than R and the algebra of pseudo-differential analytic
operators on this space are included in Part 2 of the paper. The criterion for identifying a
function in the space of exponent entire functions of type less than R is stated and proven in
Proposition 2.1. In Part 3 of the paper, an application of the analytic pseudo-differential
operator is presented, denoted as the exponent generator function of the extended Bernoulli
series of numbers, is presented to study the solution of differential equations, where the shift
operator and, the constant is the polynomial of the difference (5) introduced in Part 3. The
convolution operator is an analytic pseudo-differential operator cleverly used in the inverse
Laplace transform problem in the separable Hilbert spaces included at the end of the paper.
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Tém tit. Ly thuyét toan tir gia vi phan giai tich 1a mot phan mé rong cla toan tir vi phan, 1a
mot cong cu manh dé nghién ciru tng dung ciia Giai tich Fourier vao phuong trinh dao ham
riéng. Bai bio ndy nghién ctru mot vai ing dung sdu sic cua toan tir gia vi phan giai tich da va
dang dugc mot s6 nha toan hoc quan tam. Khong gian cac ham nguyén exponent type bé hon
R va dai s céc toan tir gia vi phan giai tich trén khong gian nay dwoc dua vao ¢ Phan 2 cua
bai béo. Tiéu chuan dé nhan biét mot ham thudc khong gian cac ham nguyén exponent type
bé hon R dugc phat biéu va chimg minh & Ménh dé 2.1. O Phan 3 cua bai bao trinh bay mot
tmg dung cua toan tir gia vi phan giai tich voi ky hiéu la ham sinh exponent cua diy sd
Bernoulli mé rong dé nghién ctru nghiém cia phuong trinh sai phéan (5) dugc dua vao & Phan
3. Toan tu tich chap 1a mot toan tr gia vi phan giai tich dugc st dung mét cach khéo 1éo vao
bai toan bién d6i Laplace nguoc trén khong gian Hilbert tach duge dugc dua vao ¢ phan cudi
cua bai bao.

Tir khoa: Toan tir gia vi phan, phuong trinh sai phan, bién doi Laplace nguoc.
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1. PAT VAN PE

Viéc nghién ciru toan tir gia vi phan bat dau tir nhimg nam 1960 voi cac cong trinh ctia Kohn,
Nirenberg, Homander va Bokobza. Vao nhiing nam 1980, Dubinskii (xem [1]) d2 nghién curu
toan tir gia vi phan giai tich v6i ky hiéu 1a ham giai tich trén mién tuy ¥ Q  R"va tmg dung
vao toan — ly. Co s cua cac ung dung nay 1a dai sO céc toan tir gid vi phan giai tich tac dong
bat bién va lién tuc.

Trong bai bao nay, tdc gid ing dung todn tu gia vi phan véi ky hi¢u la ham giai tich trong
mién Q c C d¢€ nghién ctru hai bai toan & Muc 3 va Muc 4. Cac két qua, cac chirng minh va
cac vi du cua tac gia 1a hoan toan mai.

Mot s6 kién thire h tro:

e Cong thic tong Euler-Maclaurin

< L po 1 S Bg, 2r-1 2r-1 2r-1
;f(ﬁkh):ﬂo f(x+t)dt—5[f(x+nh)—f(x)]+;mh [ £ et nh)— £ ()]

: . . . > B
trong d6 B, (r =1,2,...)1a c4c so Bernoulli, dugc x4c dinh boi Z 1%y Z a2
e —1 2 2!
e Gid st Xva Yla cac khong gian Hilbert va 4: X — Xva B:Y — Y la cac toan tir
tuyén tinh bi chan. Khi d6 chung ta no6i rang B la tuong duong unitary véi 4 néu ton tai toan
th U:X —Ysaocho B=UAU".

e Bién ddi Laplace L*(R")—Z—>I*(R*) 1a toan tor bi chin, hon nita ta co
P>1? :\/;‘

2. KHONG GIAN Exp,(C,) VA DAI SO CAC TOAN TU GIA VI PHAN GIAI TiCH

|

Chung ta xét cac ham nguyén u(z),z€ C.

2.1. Khong gian Exp,(C))

GidsitR>0vaS, ={&eC, :|£ < R} 1a mién tron mé ban kinh R .

Dinh nghia (xem [6]) : Ta dat

Exp,(C,)= {u(z) : |u(z)| <MeV ze CZ} , trong d6 M > 013 mot hang s6 va0 <r < R.

Nhu vay Exp,(C ) 1a khong gian con ctia khong gian cdc ham nguyén exponent typer < R.
Vidu 2.1:

+ Da thirc bat ky P(z) € Exp,(C,)v6iR >0 tuy y.

+ Ham e“” 1a ham nguyén exponent co type |a| = e” € Exp,(C,) v6iVR > |a| (xem [7]).

+ Hamsin 7z 1a ham nguyén exponent c6 type 7 = sinzz € Exp,(C,) V6iVR > 1.

+ Ham f thudc khong gian Paley-Wiener (xem [5]) (nghia 1a f'1a ham binh phuong kha tich
trén R va supij’ c [—L,L] , Vo1 L>0 va jA” 1a bién doi Fourier cia f) 1a ham nguyén
exponent type 27L, do d6 f € Exp,(C,)véi VR> L.
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M¢nh dé 2.1: Ham nguyén u(z) thudc Exp,(C,) khi va chi khi ton taiM > 0,0 < r < R sao
cho ‘D“u(z)‘ <M.t Nz e C.,Va la sb nguyén khong am va D“u(z) 1a dao ham cip «
cua ham u(z).

Diéu kién du 1 hién nhién.

Ta chirng minh diéu kién can.

That vay, gid st u(z) € Exp,(C,). Ap dung cong thirc tich phan Cauchy ta c6

oy @l S
BRI BT

; . . : a! . e
Ta cou(z)| < M. <M. véiM >0, do d6|D“u(z)| < M. - = < M.e™ . min—.
a a>0 ¢

ra

. . e
Vimin

a>0 aa 7

dat taia - ap dung cdng thuac Stirling [11] a!(gja ~27a khia — conén
tdn tai M > 0;7 <7 < R sao cho‘D“u(z)‘ < ]\_/I.e;‘z‘.(;)a ,Vz e C_ = Diéu kién can dugc ching
minh xong.

Su hoi tu trong khong gian Exp,(C))

Ta néi ddy{u,(z)} hoi tu dén hamu(z)khia — o trong khong gian Exp,(C,) néu thod man
hai diéu kién sau:

+ Day {u, (z)} hoi tu dénu(z) déu dia phuong trong C,, .

+ Ton tai hiang s M >0 va0 < r < R sao cho ua(z)| SM.er‘Z‘,z eC_,Va=12,..

Hién nhién véi sy hoi tu ndy Exp, (C,) 1a khong gian t6 po tuyén tinh day du.

2.2. Toan tir gid vi phan véi ky hi¢u 1a ham gidi tich trong S,

Gia st A(£)1a ham giai tich bat ky trong mién tron mé S »- Ta so sanh ham A(&) voi toan
tir A(D) , bang cach thay hinh thirc bién & boi toan tir dao ham D = % (xem [9]).

Ham A(¢&) duoc goi 1a ky hi¢u cua toan ti A(D) .

Ta da biét ham A(&) giai tich trong mién tron mo' S »1nén khai trién dugc thanh chudi Taylor
dang

A@) =Y a, &£ < S, trong doa, = 220
a=0

(xem [13]).

Dinh nghia: Tac dong cia toan tir A(D) dugc xac dinh bdi cong thire

A(D)u(z) = iaa D u(z),u(z) € Exp,(C),). (1)

a=0

Ménh d@é 2.2:
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Néu ham u(z) thudc Exp,(C,) thi hAm A(D)u(z) duogc xac dinh va cling thudc khong gian
Exp,(C,), hon nita &nh xa A(D) : Exp,(C,) = Exp,(C,)1a lién tuc.
Ménh dé 2.3:
Téap hop £ (S;) tat ca cac toan tir gia vi phan giai tich 4(D) c6 ky hiéu 1a ham A(&) giai tich
trong mién tron mo S »1a mot dai sO céc toan tir dang cau véi dai s6 O(S ») cac ham giai tich
A(&) trong S, . Khi do
A(D) > A(S),
aA(D)+ pB(D) <> aA(S) + fB(S),
A(D)B(D) <> A(S)B(S).
Dic biét néu A(E) va A7'(&) cung thude O(S,) thi 47'(D) 1a toan tir nghich ddo cua A(D)
(xem [14]).
Vi du 2.2: Nhu di biét cac sé Bernoulli [4] 12 cac hé sb B, cia ham sinh exponent

) I @

Ta c6 A(&) gidi tich trong mién tron mé S R = {§ : |§| < 27[} , 1a ky hi€u cua toan tir gid vi phan
gidi tich A(D) tdc dong trong khong gian Exp, (C,)dugc xac dinh boi cong thirc
A(D)u(z) = Z 5, D"M(Z) u(z) € Exp,,(C,).

k=0

Vi du 2.3: Xét toan tir vi - sai phan
Au(z)=D b;D’u(z+ay). (3)
B=0

S.ag

D& dang thdy ring Au(z) 1a toan tir gia vi phan giai tich voi ky hiéu 1a A(&) =D b, e
B=0
Vi du 2.4: Xét toan tir dich chuyén (xem [14]) Au(z) = u(z +a), trong d6 a € C 1a véc to dich

chuyén, zeC..

Ta c6 khai trién Taylor Au(z)=u(z+a)= Z D ”(Z) Z - Duz).

a=0 ' a=0 &

Do d6 toan tir dich chuyén 1a toan tir gia vi phén giai tich véi ky hiéu 1a ham
= a” .
A=) —- & =e".
9 ;a! g
Vi du 2.5: Gia st u(dw) 1a 36 do compact trong C. Xét toan ti tich chap
Au(z) = j u(z— ) u(dw), (4)
(6]

trong d6 u(z) 1a ham nguyén exponent trén C.
Theo cong thue Taylor ta co
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a=0

- 1
Au(2)=3 a,.D"u(z), trong dé @, =—- j (—0)* u(dw) .
a'l °
Nhu vy, toan tir tich chap 1a toan tir gia vi phan giai tich véi ky hi¢u la A(&) = z a,-&°.
a=0
3. TOAN TU GIA VI PHAN GIAI TiICH VA PHUONG TRINH SAI PHAN
Ky hiéu toan tir dich chuyén 1a Af(z) = f(z+1) va toan tir dao ham 1a Df (z) = f'(z).

Khi d6 ta co A = e” . That vay khai trién Taylor ham f(z +1)ta c¢6

f'(z)-l+%-lz+., [ D D?

Af(z)zf(z+l):f(z)+T .= 1+F-1+?-12+...]f(z)=eDf(z).

Xét phuwong trinh sai phan (xem [12])
P(A)f(z)=p(z2) (5)

trong d6 Af(z) = f(z+1) la toan tir dich chuyén va P(A)=> c,A” la da thic clia toén tir sai
a=0

phan véi hé s6 1a hing sd.

Bé d@é 3.1: Gia sit ¢(z) e Exp,(C,) va z=1 la nghiém bdi m cia da thic dic trung

P(z)=) c,z" . Khidé néu f(z)e Exp,(C,) la nghiém cua phuong trinh vi phan
a=0

D" f(z) = A(D)g(2) (6)
trong do6 A(D) = ZM
k=0
phuong trinh sai phan

-D"va B (m) la cac s6 Bernoulli mé rong thi f(z) 1a nghiém cua

P(A)f(z)=(z2) (7)
Chirng minh: Ta biét rang hamu(z) € Exp,(C,)néu va chi néu ton tai M >0,0<r < Rsao
cho ‘D“u(z)‘ < Me'Fre vz e C,VYa. Do d6 cac nguyén ham cua ham u(z) cing
thudc Exp,(C)).
Bay gio gia st ham f(z) 1a nghiém cta phuong trinh D" f(z) = A(D)p(z).

Ta c6 da thure toan tir sai phan P(A) = anA“ tac dong nhu toan tr gid vi phan giai tich trong
a=0

Exp(C,)va thod man P(A)= P(e”),nghiala P(A)p(z) = P(e”)p(z),9(z) € Exp(C,).

bat A(&) = Pf 5 = z B"]gn) £, trong d6 B, (m) 1a cac s6 Bernoulli mod rong, m chi s boi
e k=0 :

ctia nghiém & = 0. Khi d6 ham 4(&) gidi tich trong mién tron mo Se = {f eC, :|§| < R} (R1a
khoang cach bé nhat tir diém & = 0dén cac khong diém cua P(e?)).

Do d6 A(D) la toan tur gia vi phan giai tich xac dinh trén khong gian Exp,(C)) .
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T @6 suy ra P(e”).A(D)=D".

Theo gia thiét c6 D" f(z) = A(D)p(z) = P(e”).A(D) f(z) = A(D)p(z).

Nhan hai vé phuong trinh véi toan tir 47'(D) ta suy ra P(e”).f(z) = ¢(z) . Nhu vay néu ¢(z)

thudc khong gian Exp,(C,) thi f(z) la nghiém cua phuong trinh sai phan P(A)f(z) = ¢(z)

(dpcm).

Vi du 3.1: Tim nghiém ctia phuong trinh sai phan P(A) f(z) = ¢(z), trong trudng hop
p(z)=e“,0<a<R )

Taco ¢(z) e Exp,(C,), gidsu m 1a s6 boi ctia nghiém z =1 cua da thic dic trung P(z).

Ap dung B dé trén ta co

m B m OO B m) az ~ B (m) az az ~ B m)
D f(2)= 3 P Dy = 3 B pi ey < 3B g gy B
k=0 . k=0 . k=0 . k=0 .
w aﬂl
=e“- .
P(e")
Lay tich phan hai vé cia D" f(z)=e" lién tiép m lan (m>1) ta c6 nghiém cua
phuong trinh 1a
= +ez" ' . +c z+c,, 9
jﬁ( ) 1)( ) 1 m—1 m ( )

trong d6 c,,...,c, 1a cac hang s tuy ¥.

Vi du 3.2: Xét bai toan Cauchy ddi voi phuong trinh dich chuyén (xem [10])
S—Z)(a),z)+u(a),z+a)=0(a)e(c,ze(CZ), (10)
u(0,z) = ¢(z), trong 46 ¢(z) € Exp,(C,).
Ta ¢6 u(w,z+a)=e"u(w,z) nén suy ra aa—z)(a), 2)+e”u(w,z) =0, u(0,z) = p(z). Do d6
(e
n!

¢(z). Vy nghiém cua bai toan 1a u(w,z) =

n=0

w.e"?

u(w,z)=¢e " -¢(z) hodc la

(”“D(p(z)) z(_j) @p(z+na).

n=0 ' n=0

Truong hop riéng, nghiém co ban cua bai toan Cauchy da cho la

&(w,z)= z 5(z+na) (1)

n=0

4. TOAN TU GIA VI PHAN GIAI TiCH VA BIEN POI LAPLACE NGUQC
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Trong phin nay chung ta xét phép bién ddi Laplace [3]: I*(R*) —L— I*(R") duoc xac dinh
boi

L)) =[x dx. (12)

Bién d6i Laplace ciia cac ham thudc L2 (R*) lién quan mat thiét v6i cac ham thudc khong gian

Hardy duoc dinh nghiala H*(C") = {qo(x +1iy), giai tich véix >0 va sup “go(x + iy)|2 dy < oo} .
x>0 R

M¢nh @é 4.1: Bién d6i Laplace I’ (R*)—2— I*(R") 1a ham thuc khong gian Hardy H’(C").

That vay, 4p dung cong thirc Fourier trong L* (xem [2]) ta co

Y fx+iv)dy= Tore 2 fQr)| dt.
| |
R 0

it 27t =v taco [|¥ f(x+iy)| dy = 272']?‘6’” SO avs 2;;T| SO dv=27|f] s, (@pem).
R 0 0

M¢nh dé 4.2: Néu £ 1a ham gidi tich trén nira mat phing C" ={z =x+iy,x >0} va thoa méan
sup j |f(x+iy)[ dy<oothi 12 bién di Laplace cia hamge L*(R*), hon nita bién ddi
x>0 R

Laplace L*(R*)—Z— H*(C*) 14 toan tir unitary (xem [15]).

Ta dua vao toan tir U xac dinh boi Uf (v) = e"?.f(e") . D& dang thiy rang U la toan tir unitary

tir L (R*) vao L*(R) . Xét toan tir tich phan Carleman trén L*(R") xé4c dinh boi
S (x) = I SO dy .
0X+y

Ta cé § = 9"1a toan tir bi chan, tu lién hop véi||S] = |#*| =z (xem [16]). Bay gié ta xéc dinh

toan tir T tac dong trén L*(R),

2R) —L 2R)
vy, Tu T=ULU" (13)
PR)—L 5 (R,
T 1a toan ti tich phan Carleman dugc xac dinh bai tich chép
T (x) = K(x)* f(x) = [ K(x= ) f (»)dy, (14)
R

trong d6 K(x)=

2 cosh X

Théy ring T'1a toan tit bj chin, ty lién hop véi|T| = 7.
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Bé dé 4.1: Gia sit e H*(CHNL*(R™) va U¥P(x) co thac trien giai tich trén dai
Gz{ze(C:|Imz|S7z}.Khidé

| USP(x +im) + USp(x —in)

7 P(x)=U" (15)
2
Chirng minh:
Trude hét ta chimg minh
ix& _
[=—a=—= 2 (16)
% cosh x cosh
That véy, vicosh x 1a ham chin nén gia thiét& > 0. Tap hop cac cuc diém cia ham " la
cosh x
A . . «oa |7 37 Swi
nghiém cua phuong trinh cos(ix) =0, 1a tap: PR
Ap dung tinh chét cta thang du ta c6
it gt T g 3T e ST e e s .
J dx =2rmi 2 4 2 4 2 4. |=2zilie 2 —ie 2 +ie 2 —..|=
g cOsh x sinh 2> sin hﬂ inh > COShﬁ
2
Thay hinh thic & bdi 2& va x boi —g vao cong thirc (16) ta co
R N — (17)
22 cosh cosh 75
Gia st f € I’(R) voi ]A” c6 gia compact. LAy bién doi Fourier ciia tich chap (xem [8]).
Tf (x) = K(x)* f(x) = S F )
2cosh—
2
va st dung (17) ta co
-~ _ cosh 7z§
O F(@ = (coshzD 1) ),
. d .. . . .
trong d6 D = - la toan tir dao ham.
X
Lay bién doi Fourier nguoc ta co
T f(x) :l-cos(ﬁD).f(x). (18)
V4

Tt cong thue (13) suy ra
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y*=v"'T'U=U" %.cos(;zD).U =9 = % U .cos(zD).U¥ . (19)
Theo gia thiétg € H>(C*)NL*(R*) nén ton tai @ € I*(R*)sao cho ¢ = Yp = U¥p=U% ¢ .
T (13) va (18) d& thiy ring U¥% thudc mién xac dinh cua %cos(ﬂD) , nghia 1a khi
pe H*(CHNL(R") tacod %cos(;zD)Uf[@ e ’(R).
Cong thirc (19) 14 cong thirc lién hé truc tiép giita phép bién ddi Laplace nguoc voi toan tir gia
vi phan giai tich.

Ky hiéu toan tt tinh tién 13 £ ,2(x) = g(x+h)va toan tor dao ham 1a Dg(x) = g'(x). Khi do ap
dung cong thitc Taylor ta co

Ehg<x>=g<x+h)=g<x)+g'(x)-h+g"(").h2+..-=[1+D_h D*n’

I! 2! ’

T Y +...Jg(x)=ehDg(x).

Do d6 suy ra

&P 4P E_+E_
cos(zD)g(x) :T.g(z) =%-g(x).
gx+im)+g(x—im)

Do d6 cos(zD)g(x)= , v6i diéu kién ham g duoc xac dinh trén R va

2
c6 théc trién gidi tich trén dai o ={ze C:[Imz|<x}.

Theo gia thiét U%g(x)ciing co thac trién giai tich trén dai o = {z eC:|Imz|< 77} nén

UYPp(x+in)+U%p(x—ir)

cos(zD)U%¢(x) = 5 (20)
Tu (19) va (20) ta co
‘ . .
PPx)=U"- UYp(x+im)+U%P(x—ir) (dpem). @1
2
Vi du 4.1: Xét ham trong khong gian L*(R") x4c dinh béi
o(t)=H(t—-2021)-H(t—-2022), (22)

Lt>0 . ..

trong do H (¢) = la ham budc don vi Heaviside.
0,r<0

Ap dung tinh chét tich phan cua bién d6i Laplace ta co

—2021s

e e % ‘ ‘ w . .
Ph=P (Yo =P | = = [ g0 _ p2022s _ 3 .
=T [ s ] I (e —e ™ ki ;[[x+2021 x+2022j g

Suy ra #¢(x) =In(x+2022) —In(x +2021).

Do d6 U%(x) = ¢* | In(e" +2022) ~ In(e* +2021) |
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Theo nguyén ly phan xa Schwartz (xem [16]) trén daio = {z eC: |Im z| < 7r} ta co

UYPp(x—in)=U%p(x+in)=USP(x+ir).
Boi vay tu cong thirc (21) suy ra cos(zD)U%@(x) =Re [U‘S//(,iﬁ(x + iﬂ')] .

Tu do ta co
X

lcos(;zD)Uszqﬁ(x) ~1Re {Iez [ 1n(2022 - ")~ In(2021 - ex)]} =
T T

1o [ arg(2022 - ") —arg(2021-¢") |.
7
Suy ra
U lcos(;zD)UJ{’¢(t) = [arg(2021 t)—arg(2022 — t)]

, 0.,6>0 .
Str dung argé = ta co
7 ,£<0

U L cos(zD)UL4(¢) = H (1 —2021)— H(t - 2022) = (1) .
T

5. KET LUAN

Bai bdo da trinh bay vé toan tir gid vi phan giai tich v6i ky hiéu la ham giai tich trén mién
Runge trong C va ung dung dé dua ra cong thirc nghiém tudng minh cho phuong trinh sai
phan P(A)f(z)=@(z), ¢(z) € Exp,(C,) va cong thuc bién doi Laplace nguoc trong khong

gian Hilbert tach dugc L*(R").
LOI CAM ON

Téc gia xin tran trong gui dén Truong Dai hoc Giao théng vén tai 10i cam on chan thanh da
tao diéu kién thuan loi cho tac gia thyc hién nghién ciru bai bao nay. Déc biét tac gia bay to
1ong biét on sdu sic ciia minh dén Tién sy Nguyén ST Minh va ¢b Gido su Tién sy Tran Puc
Van nguyén 1a can bd Vién Toan hoc Viét Nam dd huéng dan tic gia nghién ctru vé ly thuyét
toan tr gid vi phan véi ky hi¢u 1a ham giai tich trén mién Runge trong C.
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